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Diffusion and Nuclear Spin Relaxation in Water* 
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The diffusion coefficient and the spin lattice relaxation time of protons in ordinary water have been 
measured in the temperature range 0-100°C using nuclear magnetic resonance free precession techniques. 
Unlike previous diffusion measurements, the present values describe the diffusion of protons rather than 
foreign isotopes introduced as tracers. To within the experimental error the Stokes-Einstein relation ade- 
quately describes the relative temperature dependence of viscosity and diffusion, but above the vicinity of 
40°C the spin lattice relaxation does not follow the viscosity in the predicted manner. 


temperature range 0 to 50°C.* The values for these 


HE self-diffusion coefficient D and the spin lattice 
three isotopes differ at a given temperature by as much 


relaxation time 7; of protons in water have been 


measured! over the temperature range 0-100°C using 
nuclear magnetic resonance free precession techniques.’ 
A water sample 7 mm in length was sealed in a Pyrex 
tube having a 3-mm inner diameter. The paramagnetic 
dissolved oxygen was removed by flushing the sample 
several times with helium gas. The helium was then 
evacuated and the sample sealed in equilibrium with 
its own vapor. 

Values of 7, were measured for 53 points in the above 
temperature range and D was measured for 29 points. 
The estimated maximum random error is 2% for the 7, 
data and 7% for the D data. The estimated maximum 
systematic error in the D data is 3%. No estimate of the 
maximum systematic error in the 7; data has as yet 
been made. Five possible smooth curves have been 
drawn through the D data and four such curves through 
the 7, data. The mean of the values read from these 
curves at each 5° interval is shown in Table I. The 
mean deviation for the values read from the D curves 
is 3% and from the 7) curves is 0.5%. 

The values of D given in Table I are the first directly 
measured values for proton diffusion in water as a 
function of temperature. The literature contains values 
of deuteron, triton, and O'§ tracer diffusion over the 


* This work was supported in part by the U. S. Air Force Office 
of Scientific Research and the Rutgers Research Council. 
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as 25°. Our proton values lie at the low end of this 
range. Our value for 7; near room temperature is about 
35% higher than the value given by Benedek and 
lower than that of Chiarotti, 
lower than that of 


Purcell,* about 20% 
Cristiani, and Guilotto,® and 6% 
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TABLE I. Oxygen-free water. 
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1.04 
1.02 
1.02 
1.02 
1.01 
1 

0.98 
0.97 
0.96 
0.95 
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Frc. 1. The activation energy Er for 7; is indicated with the 
crosses and the activation energy Ey for T/y is indicated with the 
dots. Typical estimated maximum errors are indicated bythe 
two vertical lines. The larger solid circles indicate alternate points 
related to discrepancies between the two sources of viscosity data. 


Anderson and Arnold.* Brown’ has measured 7°, for 
large samples at low fields obtaining close agreement 
with Anderson and Arnold.® Our measurements at 2000 
gauss and 7000 gauss have revealed no field dependence. 
It was first suggested by Brown‘ that the lower values 
for our small sample may be due to relaxation at the 
surfaces. We are initiating measurements as a function 
of the surface-to-volume ratio to determine any effect 
of surface relaxation. 

If one assumes (a) the Bloembergen-Purcell-Pound? 
theory of nuclear spin relaxation in liquids, (b) the 


4G. Benedek and E. M. Purcell, J. 
(1954). 

5 Chiarotti, Cristiani, and Guilotto, Nuovo cimento 1, 863 
(1955). 

6 W. A. Anderson and J. T. Arnold, Phys. Rev. 101, 511 (1956). 

7R. J. S. Brown, Bull. Am. Phys. Soc. Ser. II, 3, 166 (1958). 

8R. J. S. Brown (private communication). 

® Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
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Stokes relationship between viscosity » and the rota- 
tional correlation time, and (c) the Stokes-Einstein 
relationship between viscosity and the translational 
self-diffusion coefficient, one expects the following rela- 
tionships : 


T,« Da—a eF/RT, 
n 


The three activation energies are predicted to be equal 
and are denoted by FE. The last three columns of 
Table I contain ratios illustrating the relative tem- 
perature dependence of 7,, D, and T/n. Since the 
viscosity data” have an estimated maximum error of 
0.1%, and if one temporarily assumes no temperature 
dependence for the unknown systematic error in the 7; 
data, the estimated maximum errors of the ratios in 
the last three columns of Table I are 79%, 9°%, and 2%, 
respectively. Thus the ratios of Dn/T would indicate 
that to within the experimental error the Stokes- 
Einstein relationship adequately describes water. But 
the ratios of T/T, with smaller experimental error, 
indicate that JT; does not follow n as predicted. This is 
similar to a result of Benedek and Purcell‘ who made 
measurements as a function of pressure. A major 
deviation from the predicted relationships appears to 
begin at about 40°C. It is of interest to note that this is 
near a minimum in the heat capacity at constant 
pressure'' and an inflection point in the magnetic 
susceptibility.!* This deviation can also be described by 
assuming different temperature-dependent activation 
energies Er and Ey for T; and T/n. The activation 
energies calculated from our data on the basis of this 
assumption are shown in Fig. 1. 


1” Bingham and Jackson, J. Research Natl. Bur. Standards 14, 
75 (1918); Swindells, Coe, and Godfrey, J. Research Natl. Bur. 
Standards 48, 1 (1952). 

Osborne, Stimson, and Ginnings, J. Research Natl. Bur. 
Standards 23, 238 (1939). 

12S. Seely, Phys. Rev. 52, 662 (1937). 
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Transport Phenomena in Completely Ionized Gas Considering 
Electron-Electron Scattering 
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(Received May 15, 1958 


Hall mobility and other transport properties of electrons in a completely ionized gas have been investi- 
gated when a magnetic field is applied, taking into account electron-electron scattering. Results have been 


presented for different mean ionic charges. 


INTRODUCTION 


\ PITZER and Hirm! have investigated the velocity 

distribution of electrons in the presence of an 

electric field in a completely ionized gas with a mean 
ionic charge Z given by 


Z=>> 5 n:Z2/n, 


where », is the number of ions of charge Z,g per unit 
volume, g is the electronic charge, and m is the number 
of electrons per unit volume. 

Sodha and Eastman’ have shown that this analysis 
leads to an expression for time of relaxation of an 
electron due to scattering by ions and electrons, viz. 


r(x) = Be(x)/x, (1) 


where x= (m/2kT)'v, v is the electron velocity, m is the 
mass of the electron, & is the Boltzmann constant, T is 
the temperature of the gas, ¢(«)=ZD/A is a tabulated! 
function of x and Z, 


1/B= (4rq*/m?)(m/2kT)! in(h/bo) XD i nZ?, 


bo is the value of the collision parameter for which an 

electron is deflected by 90° in an encounter with a 

positive ion, and / is the Debye shielding distance. 
When Z — ~, g(x) — x‘ and hence Eq. (1) becomes 


To (x) = Bx’. (2) 


Spitzer and Harm! have investigated the variation of 
electrical and thermal conductivity of the gas with the 
mean ionic charge Z. In this paper the authors have 
investigated transport phenomena involving a magnetic 
field. 


EFFECT OF MAGNETIC FIELD ON 
CURRENT DENSITY 


The drift mobility u of an electron is given by * 


gq sid 
h=- ( (1), (3) 
3m \x° dx 


1 L. Spitzer and R. Hiirm, Phys. Rev. 89, 977 (1953). 

2M. S. Sodha and P. C. Eastman, Z. Physik 150, 242 (1958). 

3§. Chapman and T. G. Cowling, Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1939), p. 346. 

‘FE. Conwell, Phys. Rev. 88, 1379 (1952). 


where denotes average over the whole velocity 
distribution. 

When the electrons obey the Maxwellian distribution 
of velocities, the number of electrons having velocities 


between x and «+d« is given by 


V (x)dx= Nouv? exp(—a?)dx, (4) 


and Eq. (3) can be shown to reduce to 


q (xr) Bad 
(Sa) 


The current density J in the presence of an electric 
field E is given by 


ng’ (7x) 
J=nquk= —, (6) 
m (x 


It is a consequence® of the Boltzmann equation that 
the theoretical effect of a steady magnetic field is to 
replace the time of relaxation 7 by 


» 


T T 1W)T~ 


1 - tw T 1 ob w r 1 4 ww" r 


where w= (gH/mc), H is the magnetic field, ¢ is the 
velocity of light in vacuum, and i=./—1. Hence the 
current density in presence of a magnetic field H is 
given by 

J=J;+1J, (6a) 


TABLE I. Variation of u/u,, u’/u,, w’/m, (O4c?/wH*y,,?) (Ap/p), 
3H yu,us/O4c?, and (64/31) (us’/u,) with mean ionic charge Z. 


Transport 
property 2 16 2 


1.000 


0.7849 0.9225 
0.897 1.56 1.933 
1.31 1.69 1.933 

20.5 35. 73 120 
0.3384 ; 0.466 0.5 

2.148 2 


0.5816 
0.685 
1.18 
11.9 
0.3231 
3.095 


u/p, 0.6833 


'/ the 
bw’ /p 
64c°7Ap/prH* yn? 
3a Hu us/64c? 
O4u,'/ Srp, 


5 Dingle, Roy, and Arndt, Appl. Sci. Research B6, 144 (1956). 
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Fic. 2. Variation of u’/u,, with Z. 


where 


ngk Tx 
= (- — ) [te 
m (1+w’r?) 


and 


“in 
(tet ) 


Fic. 3. Variation of »’/u with Z. 
(i) When & and higher powers of w can be neglected 


ng’ E (rx*) 
Ji _ re" ’ 
m x") 


and 
ngE th oud 
J2= 
m "@ 


which lead to Eq. (5a) and 
¢ J q (x*r*) 


9 tems sas nme, (5b) 
HJ, m (x*r) 


where yw’ is the Hall mobility of the electrons. 
(ii) When w‘ and higher powers of w can be neglected 
J = (ng E/m)({ (x27) —w*(2?75) JL (a?) P. 
Thus, if p is the specific resistance, 
Ap AJ, (#r') 
— = —-— =4" _. (5c) 
p Ji (x?7) 
(iii) In the saturation range, when w*r?>>1, we have 
ngE ((x*/r)) 
ja , 
muy —- (x") 
J,=nPE/me, 
whence the saturation drift and Hall mobilities are given 


by 


q ((x*/1)) 


(6c) a, (Sd) 


(2") 


We shall consider three ranges of magnetic field in the ‘ (Se) 


subsequent discussion. 


Hh m (x2 /7)) 
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Fic. 4. Variation of 64c?Ap/prH2y,? with Z. 


EVALUATION 


From Eqs. (2), (4), and (5), the drift mobility for 
Z= © is given by 


Me = 89B/mr'. (7) 


From Eqs. (5a), (5b), (5c), (5d), (Se), (1), (4), and 


(7) we obtain 
(7a) 
aml I, 


1 Ap 64c? Ap Is 


But p xHu p lh, 


Ls= (64c? 3rHu.)] 4, 
M. = ei T Mex Is, 
where 


ss 


[= xo exp(— x*)dx, 


n= f x ¢* exp(—2*)dx, 
0 


x 


n= f xg exp(—x°)dx, 
n= f xp 
0 


lexp(—a")dx. 


PHENOMENA IN 


COMPLETELY IONIZED GAS 
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Fic. 6. Variation of 64y,'/37pu,, with Z. 


RESULTS 


Table I gives the values of u/u., w’/uo, w’/p, 
(640?/rH?y,.")(Ap/p), 37H? u,u,/642, and (64/32) (u,’/ 
Me) for Z=1, 2, 4, 16, and «©. J;, I, I3, and I4 were 
evaluated by numerical integration, using the tabu- 
lated! values for g(x) except for the case Z= ©, where 
evaluation was made analytically. 

The variation of »/u. with Z was obtained by 
Spitzer and Hiarm.! 

The variation is illustrated by Figs. 1 to 6. 
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Suprathermal Particles*+ 


E. N. PARKER AND D. A. TipMAN 
The Enrico Fermi Institute for Nuclear Studies and the Department of Physics, The University of Chicago, Chicago, Illinois 
(Received May 1, 1958) 


The production of suprathermal particles in agitated plasmas bearing magnetic fields is discussed. This 
is done by setting up a Fokker-Planck equation to describe the phenomenon. The role of such particles 
in astrophysics and in the problem of the production of thermonuclear power is considered. 


I. INTRODUCTION 


HERE are many phenomena in nature which are 

now believed to involve an abundance of high- 
speed ions far above the Maxwellian velocity distribu- 
tion of the general thermal matter. For example, in 
the aurora, Chamberlain! finds protons with velocities 
up to 5000 km/sec, and Van Allen? and others* find 
evidence for electrons up to perhaps 10° km/sec. 
Particles from solar flares have been observed to reach 
as high as 20 Bev/nucleon.‘ Such astrophysical phe- 
nomena as the exploded star forming the Crab Nebula 
appear to contain vast numbers of extreme relativistic 
electrons and ions.*:* On the largest scale there is the 
relativistic cosmic-ray gas which plays such an im- 
portant dynamical role throughout the galaxy and its 
halo.’ In the laboratory, on the other hand, the numer- 
ous attempts to initiate the production of thermo- 
nuclear power with high-density electrical discharges 
in deuterium plasmas have yielded neutrons*“* which 
are evidently'*'* the result of anomalous!’ high-speed 
deuterons in the plasma. Thus the presence of supra- 
thermal ions and electrons is widely observed in nature, 
and seems always to originate in regions of sufficiently 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. 

t This work supported by the U. S. Atomic Energy Commission. 
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6G. R. Burbidge, Astrophys. J. 127, 48 (1958). 
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181, 222 (1958). 
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15 L. C. Burkhardt and R. H. Lovberg, Nature 181, 228 (1958). 
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It is generally suggested'*~'* that the suprathermal 
particles occurring in the laboratory electrical discharge 
are the result of Fermi acceleration. More generally, 
it has been shown elsewhere'® that within the framework 
of our present understanding of plasma dynamics there 
are no particle acceleration mechanisms occurring out- 
side the laboratory which are not reducible to the 
Fermi mechanism. Therefore, it has been suggested 
elsewhere” by one of us that the generation of supra- 
thermal particles through Fermi acceleration of thermal 
ions is an intrinsic property of any sufficiently agitated 
and tenuous plasma carrying a magnetic field. The 
ions on the high-velocity Maxwellian tail are generally 
able to move freely across the macroscopic plasma 
motions” to experience Fermi acceleration. The acceler- 
ation of the tail ions to higher velocities forms a non- 
Maxwellian suprathermal tail which is continuously 
supplied with thermal ions through the usual mecha- 
nism of ion-ion collisions. 

It has been demonstrated quantitatively that the 
Fermi acceleration can produce the observed supra- 
thermal particle energies in the aurora,” in the solar 
flare," in the galactic cosmic-ray gas,’ and in the 
laboratory electrical discharge.'* Recognizing the gen- 
eration of suprathermal particles in so many diverse 
places to be a single general phenomenon, it will be our 
purpose in this paper to present a general formulation 
of the problem. We shall begin with a Fokker-Planck 
equation, evaluating the collision integrals for both 
Coulomb interaction between the Fermi 
interaction with the irregularly moving magnetic fields 
carried by the plasma. We shall be particularly inter- 
ested in the development of the suprathermal particle 
distribution as a function of time and in the expected 
net flux of suprathermal particles. The results of our 
calculations will then be applied to the problem of 
laboratory production of thermonuclear reactions. 


ions and 


18 FE, N. Parker, Phys. Rev. 109, 1328 (1958). 

9 E, N. Parker, Phys. Fluids, 1, 171 (1958). 

2” The scale of violent macroscopic plasma motions has been 
shown to be of the order of the Larmor radius of the mean thermal 
ion; see reference 7 and H. E. Petschek, Third Symposium on 
Cosmical Gas Dynamics, June 24-28, 1957 (Smithsonian Institu 
tion, Astrophysical Observatory, Cambridge, Massachusetts, 
1957); Revs. Modern Phys. (to be published). 

21 E, N. Parker, Phys. Rev. 107, 830 (1957). 
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SUPRATHERMAL 


II. BASIC EQUATIONS 


Consider an electrically neutral plasma of density V 
ions/cm? in which the ion velocity distribution function 
f(c,t) depends only upon the magnitude ¢ of the ion 


v= f dc c* f(c,t). (1) 


{ 


velocity, and 


The general Fokker-Planck equation for f(c,/) may be 


written 
of of Oo; 
QO, 
at al Cc al b 
where (0//0t)c is the contribution of Coulomb inter- 
action between the ions, and (0//0/)p¢ is the contribu- 
tion of Fermi acceleration. 
The Coulomb interaction has been worked out by 


Rosenbluth, MacDonald, and Judd” from the Langevin 
equation 


0 I ; le 9 0 
( . ) ( {(Ac,;Ac;))— (f(Ac;)), (3) 
Ose 2 dc; Oc 0c; 


where (Ac;) is the average increment per unit time of 
the individual ion velocity component c; due to Coulomb 
interaction with all its neighbors within a Debye 
radius. For the case of isotropic distributions, as we 
are considering here, (0//0/)c may be reduced® to 


of 2re' 20°/f ¢” 
( ) = ina lf du uf(u,t) 
Ot7c MM 3 ACLY, 
1 f° 4 Off r% 
+ f du u' f( wd {f du uf (1,t) 
Odo J 3¢ AcL a5 
€c 2 u 
_ fa fluiu( 1 ) (1 } )|e2e| (4) 
° Cc 2c 


0 
with the normalization of (1), where 


A= (3/2e*) (A8T?/aN)§=1.24X10'T!/N}; 
M is the ion mass and 7 the kinetic temperature in °K. 
We are particularly interested in the transfer of 
particles on the high-velocity tail of the distribution 
function. Hence we may neglect /® and all integrals 
from c to infinity, as compared to integrals from 0 to 
co. Then (4) reduces immediately to 


of a Ofl0of M 
sn 
Oso Codclc dc kT 
a=4rNkTe! |InA/ M3, 
f du ut f(u,t)=3NRT/M. 


0 


2 Rosenbluth, MacDonald, and Judd, Phys. Rev. 107, 1 (1957). 
8 MacDonald, Rosenbluth, and Chuck, Phys. Rev. 107, 350 


(6) 


PARTICLES 1207 
Note that even with the approximation made, the 
steady-state solution of (5) yields a Maxwellian 
distribution. 

For Fermi acceleration by 
irregularly moving magnetic fields carried by 
plasma we may evaluate (0f/d0t)r either from 


the 
the 
the 


interaction with 


usual collision integral** 


(Of/dt); 


fee fore c—C) [T(c1') fle’) a T'(¢1) f(c) |, 


or from the Langevin or Fokker-Planck equation 


oF oe 0 : 
[((Ac)?)F ]——[(Ac)F ], (8) 
Cc 


al Oc’ 0 
where we have written F(c,t)=cf(c,t). T(c) is the 
velocity distribution function of the field-bearing turbu- 
lent elements in the plasma, with the same normaliza- 
tion as f. (Ac) represents the mean change in ion speed 
per unit time as a consequence of the Fermi acceleration. 

The calculation of (0f/0t)p is carried out in the 
appendix by idealizing the field-bearing turbulent 
elements to hard spheres of radius a. The result is 


(af 0t) F>= BL 4ce f/ac+a f dc], (9) 


where 6 is 


 ) 


a=na' [ dc, eT (¢), 


0 


(10) 


or if V? is the mean square speed of the turbulent 
element and L the mean free path, 8= V?/L. 

If in addition to the Coulomb and Fermi interactions 
we suppose that there might be a loss due to diffusion 
out of the region of acceleration, with a characteristic 
life 1/2, then the complete equation is 


Of a oploaf Mf cof af 
29186 MOY fF OY a 
( 


Ot c dcle Oc kT 30c dc 


III. STATIONARY SOLUTIONS 


It is interesting to note that the general stationary 
solution of (2) follows immediately by elementary 
methods when (dF /0t)p is of the form (8). Writing F 
for ef we have 


OF OfloasF 
2) 
at OclLe Ac\ 2 

7? 0 


1 
4+-—[((Ac))F]-—[(AdF]. (12) 
Pot ap 2 dc 0c 
*% For example, see S. Chapman and T. G. Cowling, The 
Mathematical Theory of Non-Uniform Gases (Cambridge Uni 
versity Press, Cambridge, 1939), p. 65. 
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We suppose that 
(13) 


(14) 


$((Ac)?)=ahe(c), 
(Ac)=ahy,(c). 


Then with dF /d/=0 it is readily shown that 


del Mc/kT +03 (dhe/dce—h,) —2/c } 
P(Q=exp| - [—— indaedinas | 


dc ce 
xertes f- — 
(1+Apc*) 


1thect 
del Mc /RT +0 (dho/dc—h,)—2 =) | 
—----- , ‘s) 


xexp| ——_—_—__—— 
1+hoc3 
where C, and C2 are arbitrary constants. 
For the special case of hard spheres we have from 
the appendix that 


(Ac)=B=V?/L, ((Ac)*)= 3p. (16) 


Hence with® cot=a/8, ¢=Mce?/kT, and u= (c/o), 
we have?6 


F (u) = exp[— (v3¢/2) arctanu?/v3 | 


du u 
x {C40 ——— exp[(v3¢/2) arctanu?/v3]}. 
(1 


+3u') 


Note that when u<1 we have 
F (u)=C 2? exp(— fu?/2)4+-8C or? /¢', 
and when u>>1 we have 


F (u)=C yw? exp(—2v35/4)—C.3/2. (19) 


Thus the solution yielding a Maxwellian distribution at 
low velocities is obtained with C.=0. This yields at 
high velocities a spectrum proportional to «*, which is 
a Maxwellian distribution with an infinite characteristic 
temperature, corresponding to the temperature of the 
infinitely massive hard spheres; we see clearly, then, 
the two characteristic temperatures of a plasma in 
disordered motion. 


IV. TIME-DEPENDENT EQUATIONS 


The general time-dependent Fokker-Planck equation 
follows from (11), or from (12) and (16), as 


9 


Of1 0O/F Fy 1f @F oF 
aejarm ef 2 (2) | ay 


Oulu du wj 3L dw Ou 


sdlinlnesailini (21) 


Tt is obvious that ¢o is the velocity at which the Coulomb 
and Fermi interactions become comparable, with the latter 
predominating at high velocities and the former at lower. 

26 The remaining integral may be reduced to }fd6 exp(@Mc?/ 
2kT)/cosé by the substitution 1? =tané. 


T= ‘Co. 
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The first bracket on the right-hand side represents the 
Coulomb interaction and the second bracket the 
Fermi interaction. The expression may be rewritten 


1 OF 
(14+-4*/3)+ { ¢u?—ut/3—5] 


u Ou 


OF @F 
¢@—= 
Or OW 


+-(F/u?)(8—2¢u?). (22) 


In the coefficient (14/3) of the diffusion term 
@F/du*, the u4/3 arises from Fermi interaction and the 
unity from Coulomb interaction. We see again®® that 
the two interactions become comparable in the vicinity 
of u=1 (c=cp). 

In lieu of a general time-dependent solution of (22) 
we shall split the range of velocity at the critical point 
“= 1, supposing that we have only Coulomb interaction 
at lower velocities and only Fermi interaction at higher 
velocities. 

The Coulomb equation alone has been studied in a 
general way by MacDonald, Rosenbluth, and Chuck” 
using a computing machine. They introduced a delta- 
function distribution at time ‘=0 and computed its 
subsequent broadening and diffusion over c. They also 
showed analytically that growth of the high-velocity 
Maxwellian tail is in the form of an advancing front 
whose relative sharpness increases as it progresses 
toward higher velocities. Thus, as we shall soon see, 
their results immediately allow us to compute the rate 
at which the Coulomb interaction between ions in the 
Maxwellian distribution supplies ions to the Fermi 
acceleration at high velocities. 

Now consider the rate at which the Coulomb equation 
can be expected to deliver particles across u=1 into 
the Fermi range. MacDonald, Rosenbluth, and Chuck” 
have computed that the rate of advance of particles 
into the Maxwellian tail is &=4/4a7r where a=3/2/2/,, 
§=c/co, [g=123kT/Mce?, 12=N/A, and r= (22e4/M?*) 
X (A/eo*) (InA)t. From this it follows that the rate of 


advance of the particles is 
dc/dt=4mre!N InA/M?°c, (23) 


where A is the usual parameter™ (3/2e*)(k°7%/rN)!. 
Since the velocity distribution up to “= 1 is esseniially 
Maxwellian, we have that the particle density is 


F (c,t)=4aN (M/2xkT)'¢ exp(—Me?/2kT). 


Hence the rate of transport across c is 


16re'N? InAs M \3 Me? 
PF nan: aw ee 
M 2axkT 2kT 


An alternative derivation is to note from the Coulomb 
equation (5) that the flux is 


R( ey: + 
sl of wt 


c OC 
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If we consider a steady supply from c=0 to higher 
velocities, then the flux is uniform over c, and we find 
upon integration that 


f(c)=C2 exp(—MC/2kT)—RRT/aM, — (25) 


which vanishes at c=c,, where 


cP= (2kT/M) In(aMC2/RkT). (26) 


If ¢, is large compared to the mean thermal velocity, 
then R is very small, and in order that {de 2f(c)=N 
we must have 

C&4rN (M/2rkT)?. 


Thus solving (25) at c=c; for R, we have 


4raMN/ M \! Mc? 
we 
kT \2QekT 2kT 
l6n’etN? InA/ M \3 Mc? 
( ) ew(- ), (27) 
M? 2rkT 2kT 


which is identical with (24). 

Therefore, at the critical velocity co we expect a 
particle flux given by (27), with c; replaced by co, to be 
delivered by the Coulomb interaction from thermal 
energies into the Fermi range. Upon arrival in the 
Fermi range, this particle flux then undergoes acceler- 
ation to still higher velocities in accordance with the 
equation 


OF /d7r= 4 (ue? F/d1?— OF /du). (28) 


2 r* dB J»(Bw)[4¥2(8) 
F(w,T)= 2a 1+ f exp(—,°T) 
ry, B (4¥2(8)—8Y1(8) P+[4J2(8) —B1(8) P 


0 


The integrand is a nonoscillating function of 8 at w=1. 
Hence it is obvious that the value of the integral goes 
to zero in the limit as 7—>~, and F(1,7)~2Ro. Thus, 
for large values of 7 we have the same situation as 
when F'(co,7) is simply maintained at a constant value 
Fo. Applying the boundary condition H(1,7)= Ho, we 
find, in a manner similar to the above calculation, that 


2 “ dg 
F(w,T) = Pal 1— f exp ( 


T B 


Y2(Bw)Jo(B) — J o(Bw) Y2(B) 
x| = | i} (34) 
J2(B)+Y+?(8) 


-3°T) 


F(w,T) is plotted in Fig. 1 for r=12T= V°t/Leo equal 
to 1.0 and 10.0. This serves to illustrate the growth of 
the non-Maxwellian suprathermal particle tail. 
Examination of the way in which the oscillating part 
of the integrand of (34) is cut off by the exponential at 
large 6 indicates a characteristic time for the Fermi 


process of 


1S Leo/V?. (35) 
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Using the time variable T= 7/12 and writing F=w*H 
with w =uU=C ‘Co, 

0H/dT = 8H /dw*+ (1/w)dH/dw—4H/w*. (29) 


If we now introduce the Laplace transform 


h(w,p) -f dT exp(— pT)H(w,T), (30) 


0 


we are interested in the case where 
(29) 


and note that 
H(w,0)=0 for w>1 and H(«,T)=0 for all 7, 
becomes the modified Bessel equation 


0= 0°h/dw*+ (1/w)dh/dw— (p+4/u*)h. (31) 


We have obtained solutions to this for two cases of 
interest. The first is that in which the flux R of particles 
into the Fermi region is held constant at the value Ro, 
so that 


+2F (co,t). (32) 


Ro co(OF OC) co 
The Laplace transform of H(w,T) satisfying the 
boundary condition is 


h(w,p) = (2Ro/p)K2(wp')/[p'K1(p')+-4K o(p4) J. 
We let p?: 
since 

K,(—ix 
K,(+1x) 


i8 in the Laplace inversion theorem. Then 


(x/2) exp(inw/2)[—V n(x) +iJ,(x) ], 
(x/2) exp(—inw/2)[—YVa(x)— iJ ,(x) |, 
we find ultimately that 


8Y,(8) ]— V2(8w)[4J2(8)—BJ1(8) ] 
(33) 


The expected flux of thermal particles into the supra- 
thermal particle field is given by (27). 


V. ASTROPHYSICAL APPLICATIONS 


Before discussing the important problem of labora- 
tory thermonuclear reactions in a plasma, let us consider 
an astrophysical process involving the generation of 
suprathermal particles, which will serve to illustrate 
the general mechanism in a simple way. 
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Fic. 1. Growth of the suprathermal velocity distribution function 
F (c,t) as a function of time. 
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First we shall apply our results to the cosmic-ray 
production‘! in the solar flare of February 23, 1956. 
The flare, which had a volume” of 6X 10°§ cm’, produced 
about 10* particles (largely protons) with energies in 
excess of 2 Bev, and an unknown quantity of lower 
energy particles. If we suppose, for the sake of discus- 
sion, that the total number of suprathermal particles 
was 10*, we see that the total production was 1.6X 10° 
particles/cm*. If we arbitrarily suppose that the period 
of time over which particles were actually leaving the 
thermal range was, say, 100 sec, then we need a flux 
of R~1.6X10* particles/cm* sec. We shall suppose, as 
in our earlier investigation,” that as a consequence of 
strong shock waves, etc. the thermal energy density of 
the gas is comparable to the kinetic energy density of 
the plasma motions, MV*3kT (T=0.401X10°°V"). 
Then the critical velocity co is given for ionized hydrogen 
by 


cot=4eL NTS InA/M*V?=2X10"(LNT/V?) Ind 
=8.05X10LN InA, 


and 
A=3.14K10°V?/N}. 


The flux across co into the Fermi range is readily shown 
from (27) to be 


R=0.25(N2/T3) InA exp(—0.60X 10 8¢ (2 T) 
=0.98X 10"(N?/V*) Ind exp(—1.5c0?/V?). 


If we adopt typical chromospheric values of .V=10" 
protons/cm* and, say, L=10* km, we find that R is 
equal to the necessary 1.6X10*/cm* sec for cy’20V* 
(co=1000, V=230 km/sec). As has already been 
pointed out,’ mass motions of this order are to be 
expected in the flare site. The characteristic time of 
growth is found to be only 20 seconds from Eq. (35). 

The point of particular interest is that the Fermi 
mechanism is picking up particles on the high-velocity 
Maxwellian tail at a point about 4.5 times the mean 
thermal velocity V; the tail beyond 4.5V is steadily 
replenished by collisions between thermal ions at lower 
velocities. We suggest that all cosmic rays have come 
from thermal energies in this way. 


VI. THERMONUCLEAR REACTIONS IN A PLASMA 


Consider the observed production of neutrons in an 
electrical discharge through a deuterium plasma.*""° 
Spitzer'® has pointed out that the 2X10°°K ion 
temperatures, which are observed spectroscopically, are 
anomalously high in view of the expected slow heating 
by collision with the electron gas. And the anomalously 
high neutron yield, requiring 4X10°°K if thermo- 
nuclear, has been suggested'*'* to be due to Fermi 
accelerated deuterons. 

Now for deuterons the critical velocity co is given by 


cot = 2.5 10'8(LNT/V?) InA cm‘/sec*, 
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and the flux into the Fermi region (c> co) is 


R=0.18 InA(N?/T!) exp(—1.2X 10~8c?/T) 


deuterons/cm! sec. 


If we use the experimental setup of Thonemann et al.'° 
as an illustrative example, we have a density of V 
=10"/cm* and an initial magnetic field of B=160 
gauss. We expect disordered mass motions in the 
plasma of the order of the hydromagnetic velocity 
B/(4xrNM)}, which yields V=2.5X10° cm/sec and is 
of the same order as the 10®-cm/sec motions observed 
elsewhere’®>.’ with magnetic probes. We suppose that 
the mean Fermi interaction length ZL is comparable to 
the diameter of the discharge, say L=40 cm (the 
Larmor radius in B of a deuteron with velocity c~V 
is 3.3 cm). Spitzer’? suggests that by Coulomb inter- 
action with hot electron gas the ions may be heated to 
no more than ~3X10° °K, and probably rather less. 
Taking 10° °K as an order of magnitude value for 7, 
we have co= 1.210" cm/sec. 

The mean thermal velocity in a 10°°K deuterium 
plasma is 1.5X10’ cm/sec, and is larger than ¢». 
Therefore, most of the ions very soon experience Fermi 
acceleration and we suggest that it is Fermi interaction 
with the disordered motions of the magnetic field that is 
responsible for the observed rapid heating of the ion gas 
discussed by Spitzer.'’ The heating of the ions bypasses 
the electron gas and comes directly from the violent 
macroscopic plasma motions. To enhance the heating 
of the ion gas, we need to introduce more violently 
moving and more disordered magnetic fields. Perhaps 
it is possible to design fields which are unstable (or 
overstable**) along the central axis of the discharge. 

We see from our analysis that we may accelerate all, 
or a portion, of the ions depending upon whether co is 
comparable to, or greater than, the thermal velocities. 
Our estimates of co in the actual experimental setup 
indicate that co is very nearly equal to the thermal 
velocity. Thus all ions are heated by Fermi interaction 
but there is, nonetheless, some tendency to grow a 
high-velocity suprathermal tail as well, so that the 
neutron yield is in excess of that expected from the ion 
temperature alone. We suggest, therefore, that the 
experiments are perhaps not far from an optimum for 
a sustained thermonuclear reaction : there is a significanit 
portion of suprathermal particles to take advantage of 
the rapid increase of cross section with energy”; the 
bulk of the ions are appreciably heated, so that they 
too may soon participate if significant energy were to 
be released by the suprathermal particle reactions. 
Perhaps with these principles in mind further optimizing 
of co may prove possible. 


27 Burkhardt, Lovberg, and Phillips, Nature 181, 224 (1958). 

28S. Chandrasekhar, Proc. Roy. Soc. (London) A216, 293 
(1953); Phil. Mag. 43, 501 (1952); 45, 1117 (1954). 

” R. F. Post, Revs. Modern Phys. 28, 338 (1956). 
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APPENDIX 


We simplify the collision integral (7) and the Fokker 
Planck equation (8) for the case in which the field- 
bearing turbulent elements are idealized to hard spheres 
of radius a. 

Referring to Fig. 2, we consider an element of area 
dA on the surface of the sphere through which the z 
axis (e,) is drawn from the center of the sphere. The 
velocity of the sphere ¢; and that of a particle ¢ are 
then taken with polar coordinates ©, # and @, 4, 
respectively. Using C=ec—c¢, for the velocity of the 
particle relative to the sphere before collision, the 
velocity C’ after the encounter is 

oy - c -2e,C, 2€ 2e, c cos#—c, cos). (Al 
Thus one readily finds for the change of speed of the 
particle 
Ac=c'—c=— 2c, cosé cos 

+ (2¢;?/c) cos?© sin*6+O(c;*). 


The averages (Ac) and ((Ac)*) are then given by 


° ** sin@do® 
(ae) f T(ceitde | 
» 


0 0 


xf 5 sinddé C,Ac, etc., (A3) 


arc cos (ci cos@/c 


where the lower limit on @ is obtained from the require- 
ment that in order for there to be a collision the radial 
or z component of the relative velocity must be nega- 
tive. The above integrals yield 


(A4) 
(A5) 


(Ac)=nreV?=V?/L= 
((Ac)*) = (28/3)c, 


1 L 
V2= i a icy*T (1). 
ne 9 


With these expressions, the Fokker-Planck equation 


where 
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Fic. 2. Coordinate system for calculation of Ac, etc. 


8) becomes immediately 


3/8) (OF /dt) p= c?F/dc— dF /dc. (A6) 


Next consider the single-scattering integral (7). 
Since the slow moving sphere suffers a negligible change 
of velocity, and the particle only a small change in 
speed, we have 


of of 
( ‘J ) s fae foe, c—¢; r(«)| ae 
alr 0c 


ef 
+4(Ac)*— +0(a9| 


= 
0c’ 


= (Ac)d f/dc+}{(Ac)*)d f/ dc. (A7) 


Thus we have 


(1/8) (0f/dt) p= df/dc+ 40d? f/dc, (A8) 


which, using c’?f=F, yields Eq. (6) for the distribution 
function F. Thus the process can be considered either 
as a single scattering in the velocity of the particle or 
as a diffusion process in the speed which only suffers a 
small change in any one encounter. 
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It is shown that by a transformation of the usual expression for the kinetic energy matrix elements 
a simpler formula results which yields, for numerical wave functions, higher numerical accuracy for the 
kinetic energy than has previously been obtained. The derivation of the transformation and the numerical 


results of several applications are presented. 


N the one-electron approximation to solutions of the 
many-electron problem, accurate one-electron wave 

functions are necessary if reasonably accurate results 
are to be achieved. For problems involving the proper- 
ties of molecules and solids it is common to use as 
basis, sums of products of suitable linear combinations 
of a set of atomic functions which are accurate solutions 
of the Schrédinger equation for the free atom. As is well 
known, the “best” set of free atom wave functions are 
those found as self-consistent field (SCF) solutions of 
the Hartree-Fock equations. However, as these wave 
functions are tabulated to three decimal figures only, 
it is not easy to overcome the difficulties associated with 
calculating total energies. This is particularly true in 
calculating matrix elements of the kinetic energy 
operator because the radial parts of the SCF wave 
functions are usually rapidly varying and so are more 
difficult to differentiate numerically. 

It is the purpose of this note to show that by a trans- 
formation of the usual kinetic energy expression, a 
simpler formula results which yields a higher accuracy 
than has heretofore been obtained. 

The kinetic energy matrix elements K. E. are defined 
by the expression 


KE-- f $1*(r)V?¢2(r)do, (1) 


where ¢; and ¢2 are any two one-electron wave func- 
tions and V? is the ordinary Laplacian operator in 
spherical coordinates. In our applications the ¢’s are 
Hartree-Fock atomic functions; the method itself, 
however, is valid for any set of wave functions. 

The numerical calculation of kinetic energies using 
Eq. (1) yields poor results because even though the 
Hartree-Fock radial functions are smooth, they are 
rapidly varying functions and hence their first deriva- 
tives and more especially their second derivatives, 
which enter through the Laplacian, are not smooth, 


* This research was supported in part by the Office of Naval 
Research, and in part by the Army, Navy, and Air Force under 
contract with Massachusetts Institute of Technology. 

t Work supported in part by the Aeronautical Research Labora- 
tory, Wright Air Development Center of the Air Research and 
Development Command, U. S. Air Force, through its European 
Office with Uppsala University. 


thereby introducing numerical errors into the results. 
By using Green’s theorem Eq. (1) may be transformed 
into 


KE f Vou*(r)- Veo(r)dz, (2) 


with V the gradient operator. After performing the 
angular integrations in Eq. (2), the resulting equation is 


2 dP, dP» 1(l+1) 
K.E. -f | --+—— PPh, (3) 
0 Ldr dr r? 


where P;(r) denotes r times the radial part of ¢; and / is 
the ordinary angular momentum quantum number. 
The advantage of circumventing the use of Eq. (1) and 
its associated difficulty in attaining numerical accuracy 
has led to a widespread use of Eq. (3). 

The results obtained from Eq. (3), although much 
better than those obtained from Eq. (1) are not as 
accurate as we wish; kinetic energy integrals still 
represent the most inaccurate part-of the numerical 
calculations. This is particularly true for the wave 
functions of zero angular momentum as they are most 
rapidly varying at small values of the radial distance r, 
where the tabulated SCF wave functions are usually 
given to too few significant figures. 

We shall now show that by a transformation of the P 
functions most of these difficulties may be removed. 
Letting P=, where wu is an arbitrary function, and 
denoting the derivative with respect to r by the prime, 
we obtain 


L(l+1) 
NTs 


7 
= py po' +un'p;'potuu' pws’ 
l(l+1) 
+ (u’)*piot+— - 
r 


Ui > 


d L(il+1) u”’ 
= wpe! +—(uu' pie) + ( -- ~ wa 
dr “iz u 
The equation /(/+-1)/r?—wu’’/u=0 has the solutions, 
u=r't! and u=r~'. The former is numerically useful 
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for the functions P(r) under consideration, since the 
boundary condition P(0)=0 implies that P/r'*! remains 
finite at r=0. 

Substituting P=r't! into Eq. (3) and carrying out 
the integration, we have the final result that the kinetic 
energy matrix elements equal 


KE= f “dr. (4) 
0 dr dr 


The advantage of using Eq. (4) is now immediately 
apparent. First of all, a calculational simplification 
results by having reduced the number of terms in the 
formula. Next, since the function y,(r) is usually 
tabulated at small r to more significant figures and at 
closer intervals than P;(r), it is much easier to differ- 
entiate accurately. Furthermore, at small r, dyi/dr is 
smaller than dP,/dr, and the r**? multiplicative factor 
reduces the integrand even more. The peak of the 
derivative is thus shifted out to large r and broadened. 
All these effects systematically help to improve the 
numerical accuracy of the results. 

To illustrate these effects, we show in Fig. 1 a plot 
of the integrands in Eqs. (3) and (4) for the oxygen 1s 
Hartree-Fock function.' That this result is typical also 
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Fic. 1. Comparison between the integrands of Eqs. (3) and (4) 
for a typical Hartree-Fock 1s wave function. The crosses and 
circles indicate the r values at which the function is tabulated. 


' Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London) 


A238, 229 (1939). 
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Fic. 2. Comparison between the integrands of Eqs. (3) and (4) 


for a typical 1s function 2a! exp(—ar) with a=1. 


for other representations is seen from the graphical 
study of the integrands in Eqs. (3) and (4) given in 
Fig. 2 for the 1s function 2a! exp(—ar) having a=1. 
For functions of higher quantum numbers, the simpli- 
fying effect of Eq. (4) is still more striking. 

When the basis functions are of the simple Slater? 
form, or when the Hartree-Fock functions are expressed 
as linear combinations of such exponential functions,’ 
Eq. (4) also results in another useful simplification. 
For example, for the simple 1s function cited above, 
the integrand in Eq. (3) is (4r?—8r+4) exp(—2r) 
whereas the integrand of Eq. (4) is just 4r? exp(—2r). 
For more complicated wave functions the reduction of 
the algebraic computations is of course much greater. 

The accuracy of this method has been tested in 
calculations on several atoms using Hartree-Fock func- 
tions. The kinetic energy integrals for atomic oxygen* 
and atomic nitrogen> were calculated by one of us 
(A.J.F.) using both Eqs. (3) and (4).° For oxygen and 
nitrogen the difference between the results obtained 
from Eqs. (3) and (4) was 0.066 and 0.064 Rydbergs, 


respectively, for the 1s electron and much smaller for 
the 2s and 2p electrons. Furthermore, the results of 
applying Eq. (4) gave a total kinetic energy which 
satisfied the virial theorem, whereas those of Eq. (3) 


did not. 


2 J. C. Slater, Phys. Rev. 42, 33 (1932). 

3 P. O. Léwdin, Phys. Rev. 90, 120 (1953); 94, 1600 (1954). 

4A. J. Freeman, J. Chem. Phys. 28, 230 (1958): 

5H. Kaplan, J. Chem. Phys. 26, 1704 (1957). 

®As a test of accuracy, 5-point and 7-point differentiation 
formulas were used in separate calculations, and after doubling 
the integration intervals (at which the functions are tabulated), 
the calculations were repeated in order to determine the effect 
of the mesh size. 
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Because of their highly collective nature it is predicted that 
plasma oscillations in a thin metal film should, under the proper 
circumstances, give off ultraviolet radiation. The plasma oscilla- 
tions can be excited by fast electrons, incident normal to the film 
and inelastically scattered by it. Surface effects are essential, and 
of the special types of oscillations which can occur in a plane 
parallel slab of electron gas, only that involving motion normal 
to the slab can radiate. The yield is computed to be one photon 
for every one thousand electrons incident at 10 kev. The radiation 
is at the plasma frequency, w,, or at 2100 A for a sodium film. 
Its identification should be facilitated by the characteristic cosé 
dependence of the intensity, where @ is the angle between the 


I. INTRODUCTION 


NE of the most striking of the electronic properties 

of a metal is the ability of its electron gas to 
undergo plasma oscillations. These oscillations, in 
which all of the conduction electrons participate, are a 
consequence both of the inertia of the electrons and 
of their repulsive Coulomb interactions. Definite 
evidence for these oscillations is obtained from experi- 
ments in which a metal foil is bombarded with fast 
electrons (of, say, 20 kev) whose energy is precisely 
measured both before and after they have passed 
through the foil. The energy lost is found not to have 
random values, which might be expected from chance 
collisions with conduction electrons of various velocities 
in the metal, but on the contrary to be quite discrete. 
For some metals (such as Al, Mg, and the alkali 
metals) the energy loss spectrum consists of especially 
sharp lines—the so-called characteristic energy losses 
or eigenlosses. These lines appear at multiples of a 
basic quantum of energy which is generally found to 
be equal to Planck’s constant times the classical 
frequency of oscillation of the electron plasma in the 
metal. For this, and other reasons, the energy loss 
experiment is most naturally interpreted in terms of 
plasma excitation’ and the basic unit of energy has 
been termed the plasmon.’ 

The accuracy and resolution of the energy loss 
experiments are limited by the necessity of using high- 
energy electrons. (The mean free path of the incident 
electrons must be of the order of magnitude of, or 
greater than, the thickness of the foil. Otherwise more 
complicated multiple scattering processes will occur.) 
The energy loss is of the order of a few electron volts 
and quite small by comparison. The quantity of 
interest is thus unfortunately the difference of two 


* Supported in part by the Office of Naval Research. 

1R. A. Ferrell, Phys. Rev. 101, 554 (1956). 

2R. A. Ferrell and J. J. Quinn, Phys. Rev. 108, 570 (1957). 

3D. Pines, Revs. Modern Phys. 28, 184 (1956). This survey 
article should be consulted for further references in the field. 


foil normal and the direction of emission of the photon. Straight- 
forward computation yields a radiative mean life of w,)~(Ap/r7r) 
X (cosé/sin%), which is generally shorter than that due to 
intrinsic interband damping, except at small angles. A, is the 
photon wavelength and r the film thickness. From the competition 
of the two decay modes it should be possible to determine the 
intrinsic damping rate, and hence the product of the optical 
constants nk. The radiative lifetime is so short as to produce 
appreciable line-broadening, and thereby provide an independent 
check on the experiment. In the appendix the inelastic electron 
scattering coefficient is derived for the excitation in a thin film 
of the radiative-type plasma oscillations. 


large and practically equal numbers. It would conse- 
quently be highly desirable to find an alternative 
method of measuring the frequency of the oscillations. 
Since accelerated electric charges in general radiate, it 
is only natural to hope that under suitable circumstances 
the plasma oscillations will give off electromagnetic 
radiation. The wavelength of this ultraviolet light would 
then yield a precise value for the frequency. It is 
immediately clear that the oscillations must have 
wavelengths at least as long as the radiation arising 
from them. As a consequence the electric field, which 
acts between different portions of a plasma wave and 
sustains its oscillation, may suffer important retardation 
corrections. Although these corrections have not yet 
been thoroughly studied,‘ we want to present in this 
paper several conclusions which seem to be independent 
of retardation. In particular, we find that fast electrons 
passing through thin metal foils should yield some 
fluorescent radiation via plasma oscillations. 

Although the sharp eigenlosses observed in many 
metals are quite generally attributed to collective 
oscillations of the electron plasma, there seems to 
have been no attention, either experimental or theore- 
tical, to the possibility that these oscillations might 
give off detectable radiation, of wavelength correspond- 
ing to the characteristic frequency of the plasma.® 
This situation is without doubt attributable to the 
longitudinal nature of plasmons in a bulk electron gas. 
In such a case the electron motion is in the direction 
of the plasmon momentum and is therefore not coupled 
to the transverse waves of the electromagnetic field. 
This. restriction does not, however, apply to the thin 
foils which are used in the transmission-type eigenloss 
experiments. The image force at the surfaces of a 
foil constrains the electrons to remain inside, and 


‘ They are presently being investigated by the present author 
and E. A. Stern of this university. 

5 A report on these ideas has been given at the Eugene, Oregon 
meeting of the American Physical Society [R. A. Ferrell, Bull. 
Am. Phys. Soc. Ser. IT, 1, 244 (1956) ]. 
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contributes an uncertainty to the momentum normal 
to the foil. The plasmon thereby acquires a degree of 
transversality, which enables it to radiate. Experimental 
detection of this radiation should not be difficult, and 
promises to be a useful tool for studying the plasma 
oscillations in metals. Not only would it constitute 
decisive evidence for the collective nature of these 
oscillations, but, as mentioned above, it would provide 
a means of measuring the plasma frequencies with an 
accuracy in excess by orders of magnitude of that 
attained by the conventional method of electron energy 
loss. As we have seen above, the energy loss method 
requires taking the difference of two large quantities, 
each of which exceeds the quantity of interest by a 
factor of the order of 10°. The optical method, on the 
other hand, would measure the difference directly. 
Both methods are familiar in the analogous field of 
nuclear physics. The “optical” method in the latter 
case is, of course, the general technique of gamma-ray 
spectroscopy, and is an indispensable tool for investigat- 
ing the excited states of nuclei. It may be expected 
that the corresponding technique in solid-state physics 
could assume comparable importance. To push the 
analogy further, the experiment we are here advocating 
for the metal foils* corresponds, for the nuclei, to the 
well-known Coulomb excitation by incident charged 
particles followed by detection of the fluorescent gamma 
ray. 

The plasmons which radiate must have essentially 
zero momentum parallel to the foil, since the wave- 
length of the optical radiation, \,=2mc/w,, is very 
long (of the order of 10° A). (c¢ is the velocity of light 
and w, the plasma frequency.) As will be shown below, 
the type of oscillation which radiates involves electron 
motion primarily normal to the foil, and consists 
essentially, over’ any particular region of the foil, 
of a vibrating double layer with phase appropriate 
to the region. The phase varies gradually as one passes 
along the foil from one region to another, and is 
specified by the factor expi(k.v+hk,y), where the front 
surface of the foil has been taken in the «—y plane and 
hk, are components of the plasmon momentum in 
this plane. This vector, which we designate by Ak, 
determines the direction of the photon emitted by the 
plasmon. Letting the photon wave number be of 
magnitude k,=22/X,=w,/c and have its direction at 


angle @ with the z axis (direction of motion of the 


incident electrons), conservation of momentum in the 
x—y plane requires k, sind=k, or 


sind = k/R ». (1) 


(Throughout this paper we deal only with the case of 
normally incident electrons.) Thus, plasmons of 
momentum greater than hk, cannot radiate and can 


* Efforts to detect the radiation from sodium foils are being 
made by E. J. O’Brian, R. M. Talley, and E. P. Trounson of the 
Naval Ordnance Laboratory. 
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only decay by ordinary electronic damping. Those with 
k<k, decay with both modes of damping competing. 
According to estimates arrived at in Sec. IV below, 
the effective lifetime due to radiation alone is surpris- 
ingly short. Therefore, in relatively ideal metals, such 
as aluminum, magnesium, and sodium, radiation 
competes so favorably with electronic damping that 
the decay can be expected to go almost entirely by 
radiation, provided momentum conservation permits. 
The radiation lifetime determined below is, to be sure, 
angle dependent and increases as @* for small @. 
Therefore, in the limit of small angles electronic 
damping is bound to dominate, and no radiation will 
be detected. The angle at which the radiation intensity 
begins to fade provides therefore a measurement of the 
intrinsic electronic damping rate. 

By assuming that every plasmon which is allowed to 
radiate will do so,-we can very easily determine the 
angular distribution of the radiation. As explained in 
the preceding paragraph, this assumption can be 
expected to be valid except at the small angles, where 
the intensity determined here is an overestimate. From 
reference 1, Eq. (8), we see that the probability of 
creating a plasmon by inelastically scattering a fast 
incident electron is independent of plasmon momentum 
hk, for small values of k. Equation (8) must by modified 
for very thin foils, as is shown in Appendix I, but its 
constancy for small k remains unchanged. Let us define 
the scattering coefficient u(a; 7) by writing the probabil- 
ity of inelastically scattering the incident electron by 
angle a into solid angle dQ as u(a; r)dQ, where 7 is the 
thickness of the foil.? Conservation of momentum for 
the plasmon creation process determines dQ as (h/p)* 
times the element of area in the k,—k, plane, where 
p is the momentum of the incident electrons. The 
element of solid angle corresponding to photon emissioa 
into a cone between @ and 6+d8 is obtained by referring 
to Fig. 1 of reference 1 and to Eq. (1) above. One finds 


dQ= (hk,/p)?2m sin6d siné 


= (hk,/p)* cos0(2m sinédé), 2) 


( 


where the quantity in parentheses is now the differential 
solid angle for the photons. The probability per unit 
solid angle per incident electron of emitting a photon 
at angle @ to the z axis can consequently be written as 


up(O; r)=[u(0; 7)/2 ](Akp/p)? cos, (3) 
where u»(6; 7) is the scattering coefficient for photon 
emission. A factor of one-half has been included because 
any given plasmon will radiate equally both above and 
below the «—y plane. 

The photon yield per incident electron, V(r), can 
be found by integrating Eq. (3) over all photon solid 


7 yudQ is r times the “differential inverse mean free path” of 
reference 1. We prefer to avoid introducing an equivalent cross 
section per electron, as done by some authors, since the scattering 
is a property of the interacting electron plasma and does not 
exist for individual electrons isolated in space. 
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angles, 
V(r) =n (0; r)r(hk,/p)?. (4) 
The scattering coefficient y»(0;7) is calculated in 
Appendix I, but here a few qualitative considerations 
will suffice for our purpose. The main point to be noted 
is that, for optimal yield, the incident electrons should 
be of as high velocity as possible. This is seen by 
considering the equation AE= v- Ap, essentially one of 
Hamilton’s canonical equations of motion, where AE 
and Ap are the energy and momentum lost by the fast 
electron and v is its velocity. Setting AE=hw,, the 
plasmon energy, we find the minimum value of Ap by 
taking the two vectors parallel: 
Ap=hw,/v=2thd 7 (0/c)7. (5a) 
This momentum change corresponds to a difference in 
the wave numbers of the initial and final states of 
the electron of Ak=Ap/h. Consequently, using the 
Born approximation to describe the interaction of the 
electron with the plasma, we see that the electron causes 
the excitation by means of an effective potential which 
has a variation in space corresponding to the wavelength 


Nex = 29 /AR= (v/c)A>. (5b) 
If the foil is too thick compared to Acx the effective 
potential will act on different parts of the plasma with 
different phases and be ineffective for the present 
purpose. For v/c=} (about 10-kev electrons) and 
A,»=2100 A (Na plasma radiation), Eq. (2) gives 
Nex =420 A. The optimal thickness of the foil would 
generally be approximately one-half a wavelength, 
which in this case amounts to about 200 A. In carrying 
out the experiment care should be taken not to exceed 
this limit, which, however, can be raised by using 
higher energy electrons. 

Having determined the optimal film thickness, we 
now need an explicit expression for the scattering 
coefficient u(a;7). As a first approximation we can 
take over the expression for the bulk electron gas 
(Eq. (8) of reference 1]: 


d(1/rA) ss Thy 
pal ieee 


1 
oo aon preres | 





(Here we use a instead of 6 for the angle of scattering, 
to avoid confusion with the angle of photon emission.) 
By re-examining the derivation of this expression it is 
easily seen that it is relativistically correct, provided 
6% is defined as Ap/p=hw,/vp. In Appendix I it is 
shown that as a consequence of the finite thickness 
of the film two correction factors arise. The first is 
(arr/Nex)? sin?(#7/Aex) and expresses quantitatively 
the effect discussed in the preceding paragraph. 
The second is 6*/(a?+6,") and results from the special 
nature of the plasma oscillations in thin films. Thus we 
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have, after substituting from Eq. (Sb) 


é 6x" sin?(47/Xex) 
ula; )=—( )( ). (6a) 
thy \ (a?+6")* wT/ex 


It is interesting that the total scattering coefficient 
integrated over all angles of scattering yields simply 


a é /sin?(rr/dex) 
‘ ula; ")2rada=—(—— -— ), (6b) 
0 hv WT /Nex 


and does not contain the logarithmic factor of Pines’® 
expression for the mean free path for plasmon excitation 
in a bulk electron gas. Equation (6b) is consequently 
independent of the short wavelength cutoff for 
plasmons.® This is because only plasmons of a certain 
type are included in Eq. (6a). Setting a=0, making 
the choice r=,x/2 of the preceding paragraph, and 
substituting into Eq. (4) yields 





2é 
VY (Aex/2) =- — -. 
whee 


(7a) 


This result can be increased somewhat by choosing the 
somewhat smaller thickness r=0.37)cx, giving 


Y =0.00530/c. (7b) 
Equation (7b) gives one-tenth of one percent, or one 
photon for every thousand incident electrons, for the 
case of »/c=}. As already emphasized, the yield will 
be increased to the extent that it is possible to use 
electrons of higher incident velocity and films of 
appropriately greater thickness. In this way the 
scattering pattern can be contracted more into the 
very small angles which correspond to the very long 
wavelength radiative-type plasma oscillations. Equa- 
tion (7b) predicts a maximum yield of one-half of 
one percent. 

A further item which we mention here only in passing 
is that, in the preparation of these relatively thin 
foils, the metal generally aggregates on the substratum 
in the form of small spherical droplets.!°" Special 
experimental techniques are required (e.g., deposition 
at low temperature) to obtain a uniform flat slab of 
metal with plane parallel surfaces. Being the simplest, 
this is the only case dealt with below. It is hoped, 
however, that in the future some detailed calculations 
can be made on the radiation to be expected from the 
nonideal case of separate spheres distributed at random 
over the substratum. If the spheres are sufficiently 
isolated from one another they will all vibrate independ- 
ently, but in unison, at the reduced frequency w,/v3. 


8D. Pines, Phys. Rev. 92, 626 (1953). 

®R. A. Ferrell, Phys. Rev. 107, 450 (1957). 

100. S. Heavens, Optical Properties of Thin Solid Films (Butter- 
worths Scientific Publications, Ltd., London, 1955). 

1H. Mayer, Physik Diinner Schichten (Wissenschaftliche 
Verlag Sgesellschaft, Stuttgart, 1950), Vol. I. 
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Since they are all excited at the same time by the 
incident electron they will oscillate in phase and 
contribute coherently to some detectable radiation at 
this reduced frequency.” 

In the following pages, Sec. II gives a treatment of 
the long wavelength plasma oscillations by means of 
the frequency dependent dielectric constant. Of the 
two different possible types, the type which can 
actually radiate is selected in Sec. III, which discusses 
the effect of retardation. The radiation lifetime of 
these “normal’’ oscillations is computed in Sec. IV 
and shown to be much shorter than the ordinary 
interband damping lifetime, for relatively ideal metals. 
Section V concludes this paper with a brief summary. 


Il. DIELECTRIC THEORY 


The dynamic electrical properties of a medium are 
expressed by the frequency dependent dielectric 
constant e(w). Generally ¢ is also a function of wave 
number, but in the present problem we are interested 
only in long wavelengths, i.e., in the limit of vanishing 
wave number. For the free electron gas 


€(w)=1—o,” Ww, (8) 


« is defined as the ratio of the electric displacement 
vector D=E+4zxP, (where P is the polarization), to 
the electric field E. Thus, 


D=cE. (9) 


For a bulk gas in the absence of external sources D=0, 
which requires «€E=0. The condition for a nonzero 
electric field is therefore «=0, which according to 
Eq. (3) gives 

(10) 


W=Wp, 


just the classical frequency of oscillation. The case of a 
bounded slab of gas extending from the plane z= — 7/2 
to z=+ 1/2 is more complicated. In the absence of 
external charge we can no longer conclude that the 


displacement vanishes, but only that it satisfies the 


continuity equation 


V-D=0. (11) 


This equation has the well-known consequence that 
the normal component of D, in this case D,, is con- 
tinuous across the boundaries. Substitution of Eq. (9) 
into Eq. (11) gives V-E=0, except at the boundaries, 
where ¢ is discontinuous. Setting E=— Vg, where ¢ is 
the electric scalar potential, we find Laplace’s equation. 
Because of the symmetry about the z=0 (i.e., x—y) 
plane the solutions must be either even or odd functions 
of z, and it is necessary to consider only positive values 
of z. For 0<z<1/2 we have 


‘ ¢= go cos(k-x+6) (e*+e-*), 


2 The optical properties of nonuniform metallic films of this 
type have been studied by E. David [Z. Physik 114, 389 (1939) ; 
115, 514 (1940) ]. 
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where k and x are vectors in the x—¥y plane and 6 is an 


arbitrary phase shift, while for z>7/2 we have 
¢= go cos(k-x+5)e-*(e*7 +1). 


The time dependence can be included either in ¢o 
(standing wave) or 6 (running wave). The normal 
components of E at the boundary in these two cases are 


E,= —kgo cos(k- x-+8) (e*"/?Fe-*"?2), 
and 
E,=k¢o cos(k- x+6) (e*? 24 ¢ kr 2) 


Using Eq. (9) and equating values of D, gives 
6 EY | 8 
e* 7/2 +e kr/2 
e(w) = — ; 
e* 7/2 ek r/2 
the dispersion relation between the wave number k 


and the natural frequency of vibration w. Substitution 
from Eq. (8) and solving for w gives the relation more 


1-e*\! 

2 ) { 

This equation, first derived by Ritchie" in a different 
way, has two interesting limiting cases. For short 
wavelengths, kr>1, «**<1, and the surface waves 
become decoupled and do not interfere with one 
another. Each surface sustains independent oscillations 
at the reduced frequency of w,/V2, characteristic of 
a semi-infinite electron gas with a single plane boundary. 
The opposite limit of very long wavelengths interests us 
here, in which case we get “‘tangential”’ oscillations, at 
the highly relaxed frequency w~w,(kr/2)', and the 
electron motion is essentially parallel to the surfaces of 
the foil. In addition we have ‘“‘normal”’ oscillations, at 


(14) 


(12) 


explicitly as 


(13) 


w= w»(1—kr/4), 


or essentially the full bulk frequency. In this vibrational 
mode the electrons flow back and forth across the foil 
from one surface to the other. As will be seen in the 
next section, it is only for the normal oscillations that 
there seems to be any prospect of radiation. 


III. RETARDATION 


For a foil to radiate it is necessary for the phase 
velocity of the plasma oscillation to surpass that of 
light, or 


w/k>c. (15) 


(This is equivalent to the conservation of momentum 
condition of Sec. I.) It is therefore essential to know 
how w varies in the limit k-0. In this long wavelength 
limit the plasma oscillation involves the transport of 
electrical charge over considerable distances (i.e., 
roughly \/2) and the resulting current sets up magnetic 
fields. These in turn, according to Maxwell’s equations, 


13R.H. Ritchie, Phys. Rev. 106, 874 (1957), 
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produce additional electric fields and exert additional 
forces on the electrons in the gas, thereby shifting the 
frequency. The additional fields can be considered as 
the corrections in the instantaneous Coulomb interac- 
tions which are necessary to take into account the time 
needed for the propagation of the true retarded interac- 
tion from one point in the wave to another. Investiga- 
tion of the effect of retardation is still under way. 
Stern’ has shown that the correct dispersion relation 
for a semi-infinite gas is 


1 4 a 
of te(ed)] 
4q' 


where g=k/k,. For short wavelengths (¢>1) we have 
Ritchie’s'® simple result w=w,/V2, found above in 
Sec. II without regard for retardation. Equation (16) 
gives considerable relaxation at the longer wavelengths, 
however. As a result, the crucial quantity, the phase 
velocity 


1 
1+ 94 
2¢° 


(16) 


Ww k=cl3+¢?+ (3+9')*] } (17) 


never attains the necessary value c but only approaches 
it asymptotically in the limit g—-0. Thus there can be 
no radiation from the surface oscillations of a semi- 
infinite gas. 

The effect of retardation in the actual case of thin 
foils has not yet been worked out, but it is fairly clear 
that the tangential oscillations, already greatly relaxed, 
will be further relaxed by retardation and can be 
dropped from consideration. The normal oscillations, 
on the other hand, must have a much different behavior. 
In the limit of infinite wavelength one has simply a 
plane parallel condenser discharging across itself. 
The displacement current cancels out the convective 
current, so that no magnetic field is set up and no 
retardation correction is necessary. This can also be 
seen from the fact that the restoring force acting upon 
any given electron originates from charge piled up at 








Fic. 1. Radiation field outside a plasma oscillation in a thin 
metal film. The metal film fills the region between the planes 
z=-1/2 and extends indefinitely in the directions of the x and 
y axes. (The y axis is into the paper.) The radiation field at P 
is the coherent sum of radiation originating at all parts of the 
film as a result of the oscillatory motion of the electrons in the 
z direction. 


4 FE. A. Stern (private communication). 
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relatively nearby points on the surfaces of the foil. 
Therefore Eq. (14) is valid in this limit (k-0, ww»), 
as well as for the relatively shorter wavelengths. In lieu 
of a definitive retardation calculation we will for the 
present interpolate and assume that Eq. (14) also 
holds for the intermediate wavelengths, or at least, 
that it is not seriously altered by retardation. The phase 
velocity then becomes, approximately, 


and the inequality (15) is satisfied for 
ARD>Apt (x/2)r. 


IV. RADIATION 


The polarization current which generates the radia- 


tion is 
a 
4r J Ot 
1—e 0¢ 
- (— *) grad—. 
4a Ol 


It is expedient to change to a more convenient notation 
than that of Sec. II and adopt the convention that the 
physically real field variables are only the real parts of 
the complex expressions which we now write for them. 
The potential inside the foil then becomes, for a normal 
oscillation, 


oP 
a 


e—1 
J 


(20) 


p= 2 gee" *-*9 sinhkz, (21) 


where we have included explicitly the time dependence 
for a running wave. (The phase 4 is absorbed in the 
definition of the origin of time.) For a thin foil only the 
z component of current is appreciable*and,*from Eqs. 
(12), (20), and (21), is approximately 


wk 
J «7 -i(=) oie wt) 
ar 


independent of z (since k is a two-dimensional vector). 
To calculate the radiation at a point P, many wave- 
lengths from the foil, it is convenient to choose the 
orientation of the coordinate axes so that the direction 
of propagation of the plasmon falls along the x axis. 
Then k-x reduces to kx. It is further useful to choose 
the origin of the y and x coordinates so that P lies in 
the «—z plane and so that the radius vector to P makes 
the angle @ with the z axis (foil normal), respectively. 
6 gives the direction of radiation and is defined by 
Eq. (1) of Sec. I. If ro is the distance of P from the 
origin then, as seen from Fig. 1, the distance of P from 
any other point in the «—y plane is 


r=[ (ro cos0)*+ (ro sind— x)?++" }! 
= ro—x sinb+ (x* cos’0+-y*)/2ro. 


(22) 


(23) 
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As is also evident from Fig. 1, the transverse vector 
potential A(P,t) at P makes the angle 7/2—6 with the 
z axis. Therefore the retarded potential solution gives, 
with the substitution of Eqs. (22) and (23), 


A(Pj=c sind ff fc r/c)rdxdydz 
wkr 
ee i( ‘ en sin6e a ff eon “dxdy 
2rcro 


wkr 
—— } ¢o sinde 
2rcro 


« 
xf f exp ( Je cos*é+y*) |dxdy. (24) 
2cro 


Because of the thinness of the foil the variation of 
phase in the z direction has been neglected. The integrals 
are of the familiar form 


sz 
J exp(tAu*?)du= (wi/A)?, 
x 


so that Eq. (24) reduces to 


(P,)=kr¢o tande'er0/0), (25) 
From this expression the normal component of Poyn- 


ting’s vector averaged over time is easily found to be 


wh?7? 
S= ( - Jee sin8 tané. 
Src 


Since radiation is propagated from both sides of the 
foil, Eq. (26) gives one-half of the rate at which energy 
is lost, per unit area. To find the lifetime it is now only 
necessary to find the amount of energy actually stored 
in the oscillation described by Eq. (21). 

Differentiating Eq. (21) and taking the real part 
gives an electric field of approximately 2k go cos(kx—w1), 
or an average energy per unit area stored in the electric 
scalar field of 


(26) 


U= rh go?/4r. (27) 

Because of the equality of potential and kinetic energy 

for a harmonic oscillator, U’ is just one-half of the total 

energy of oscillation per unit area. The radiative mean 

life 7, is therefore given by 

; mr\ sin’é 

tp t=S/U = (w*r/2c) sind tand=w,{| — ; Ss 
Ap/ cosé 


As an example, for the case of radiation at 30° (@= 2/6) 
and r equal to one-tenth \,, this formula yields 7,1 
=0,.09%,, a surprisingly fast decay rate. The mean 
jife itself is 7-= 1.8(24/w,), or only about two periods of 
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are 
, while 


atoms 
1 


oscillation. Electronic transition rates in 
generally of the order of magnitude of 10% sec 
the plasmon decay rate found here is of the order of 
magnitude of 0.1 w,, or 10" sec”!. This astonishingly 
large enhancement factor of 107 is caused by the 
extremely high degree of collectivity in the long wave- 
length plasmons. Because of the lack of dependence of 
the amplitude of the vector potential A(P,/) on ro we 
can think of P approaching to within only a few wave- 
lengths from the foil. It then becomes clear that a 
rough picture of the process is that all the electrons 
within a square of the foil one wavelength on a side 
contribute coherently to the radiation field. From the 
classical formula for the plasma frequency we have 
\ p= 2nc/wp= (rmc?/ne*)’, where n is the density of 
electrons in the metal, and e and m are the electron 
charge and mass. The number of electrons contained 
in the square is 


TA pn = 1 (7/do) (h?c?/e4 210", 29) 


for r~200 A~400a, (where do is the Bohr radius of 
the hydrogen atom). This enormous number of electrons 
radiating coherently accounts for the collective enhance- 
ment, since the transition rate of a many-particle 
system is in general proportional to the number of 
particles participating in the transition. The situation in 
the metal foils is analogous to, but much more extreme 
than, the well-known collective enhancement of 
Coulomb excitation and gamma ray emission in the 
heavy nuclei.'® 

As @ is allowed to increase toward 2/2 
rate given by Eq. (28) rises to excessive values, corre- 
sponding to a drastic broadening of the plasmon 
energy. On the other hand, as small values of @ are 
approached the plasmon energy sharpens up. The 
radiative decay rate decreases and eventually becomes 
comparable to the damping rate 7°! due to interband 
transitions. When this happens the probability of the 
emission of a photon by any given plasmon is reduced 
Ih te 1) = (1+-7,/Ta) 


the decay 


from unity by the factor 7, +d 
because of the branching. Consequently the factor 
cosé in Eq. (3) of Sec. I, which gives the angular 


distribution of the radiation, must be replaced by the 


intensity function 
} Ay ~~) ; 


Taw» WT Sind 


(30) 


1(@)= cos + 


The damping lifetime can be calculated from the 
optical constants of the metal along lines indicated by 
Fréhlich and Pelzer.'® The complex index of refraction 
n+ik is related to the dielectric constant by the 


15 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). A similar collective enhancement also occurs 
in the superradiant states of a gas [R. H. Dicke, Phys. Rev. 93, 
99 (1954) and A. Gamba, Phys. Rev. 110, 601 (1958) ]. 

16H. Frohlich and H. Pelzer, Proc. Phys. Soc. (London) A68, 
525 (1955). 
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Fic. 2. Optical constant product mk for sodium as a function of 
frequency (in units of ev/h). nk is one-half the imaginary part of 
the complex dielectric constant. The circles give the measured 
values of Ives and Briggs.!* The dashed curve shows the extrapola- 
tion which yields nk = 0.006 at the plasma frequency of w,=6 ev/h. 
The intrinsic mean life of a plasmon against interband damping is 
consequently 0.9 10~" sec, or about thirteen periods of oscilla- 
tion. Because of the arbitrary nature of the extrapolation this 
should be regarded only as a order-of-magnitude estimate. For 
photon emission angles greater than about 10° the radiative mean 
life is shorter than this estimate, so that the majority of the 
plasmons of the corresponding wavelengths decay by emitting 
a photon. 


equation 


e= (n+ik)?=n?— k’?+2ink. (31) 


For relatively ideal metals the imaginary part of «, 
2nk, will be small, while the real part will be reproduced 
sufficiently accurately by the ideal expression appearing 
in Eq. (8). For nk#0 the frequency at which e=0 is 
shifted from the real axis to the value w—i/2ra. 
Substituting from Eq. (8) into Eq. (31) gives 


€=1—w,?(w—1i/2ra)?+2ink 


2 2 
Wp (> 
os 1 ——_—_— 3] —_— 2h 3. 
2 3 
w Tq 


Thus the real part of the natural frequency of vibration 
of the system remains unshifted (to first order in mk) 
from w=w,, while the imaginary part is fixed by 


(32 


= 


Td 2w nk. (33) 


This formula for the rate of damping by interband 
transitions has already been derived by Wolff!’ and is 
also discussed by Pines.* Both these authors seem, 
however, to have made an error of a factor of two. 
The expression they give is too small by this amount. 
Unfortunately, the optical constants have not yet 
been measured in the necessary frequency range for 
most metals. Ives and Briggs'® have, however, investi- 
gated the alkali metals and their data for sodium, 
which we shall now consider as a special case, are 
shown in Fig. 2. The value of nk is plotted vs the 
frequency times Planck’s constant, measured in electron 
volts. Although Ives and Briggs covered a considerable 
frequency range, their highest frequency unfortunately 
still falls short of w,, making necessary the extrapolation 
shown in Fig. 2 by the dashed line. Since the plasmon 


17 P, Wolff, Phys. Rev. 92, 18 (1953). 
18H. E. Ives and H. B. Briggs, J. Opt. Soc. Am. 27, 181 (1937). 
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Fic. 3. Predicted photon intensity as a function of the angle 6 
from the foil normal, for a sodium film. Because of the competition 
of the interband damping with the radiative decay, the photon 
intensity falls below the ideal cos@ distribution (dashed curve) 
at the smaller values of @. In the limit of very small angles the 
radiative mean life varies as the inverse square of the angle, so 
that the corresponding very long wavelength plasmons decay 
almost entirely by intrinsic interband damping. The angle (here 
10°) at which the intensity drops by a factor of two provides a 
determination of the intrinsic damping rate. Although the figure 
has been drawn for sodium, it should be regarded only as schematic, 
because of the uncertainty in the optical constants for sodium. 
(See Fig. 2.) 


energy amounts to 5.95 ev (Table I of reference 1), we 
find nk=0,006, 7a !=0.012w,, and 


Ta~0.9X10-" sec. (34) 


This value should only be regarded as an order of 
magnitude estimate of the mean life with respect to 
interband damping. Because of the highly arbitrary 
nature of the extrapolation in Fig. 2, Eq. (34) could 
easily be in error by a factor of two in either direction. 
If, however, with this risk of error clearly in mind, we 
proceed to substitute 74 from Eq. (34) into Eq. (30) 
we find that the critical quantity, the coefficient of 
cos6/sin’@, takes on the value 


1 (~) 
TdWp \ UT 
Because of the smallness of this quantity it has an 


effect only at small angles, where we replace cos@ by 
unity and sin@ by 6. Thus, Eq. (30) becomes 


2nkr 
——=(),04. 
1T 


(35) 


cosé 
T(6 


)~ - (36) 

1+ (00/6)? 
where 6>~0.2 radian~10°. This function is plotted 
in Fig. 3, which shows how the expected intensity 
distribution should follow a cos@ law (shown as the 
dashed curve), except at the small angles where it 
drops below and passes to zero in the direction normal 
to the foil. 4 is characterized as the angle at which the 
intensity drops below the cosine curve by fifty percent. 
Hence experimental determination of 4, and conse- 
quently the value of mk at the plasmon frequency 
should be quite feasible. 

An independent experimental test of the present 
theory would be provided by measuring the broadening 





PREDICTED RADIATION 
of the radiation at various angles. The net mean life 
7, resulting from the total damping is determined by 


tet=ret+rg (37) 


As a consequence of the finiteness of 7; the radiation 
at any angle 6 will be spread over a range of frequency 
according to the extended distribution function 


1(6; w)=1(0)[1+47r?2(w—w,’)? F. (38) 


The prime on w, indicates the slight shift determined in 
Sec. II for the normal oscillations. The half-width of 
the curve of intensity vs w is just 7/-'. Measurement of 
the angle-dependent part of r;~' should give, according 
to Eq. (37), an independent verification of Eq. (28). 
The irreducible constant part of the half-width, on the 
other hand, is just the interband damping breadth 
td ' and provides a check on the angular distribution 
method of determining this quantity. As shown above, 
these breadths are of the order of a few percent at the 
small angles. There should be no difficulty in accurately 
measuring them, even with a spectrometer of very 
modest resolution. 
V. SUMMARY 


Experimental! verification of the radiation predicted 
in this paper would be of considerable interest, since 
it would constitute conclusive proof of the existence of 
plasma oscillations in metals. The required outlay in 
apparatus is very modest, consisting only of an electron 
gun, a photon detector, and a means of preparing the 
target film. Because the electron energy is not measured 
the equipment needs to be very much less elaborate than 
that required by the conventional energy loss experi- 
ment. Preparation of the target is the most critical 
part of the radiation experiment, since both the 
thickness and the structure of the film must be carefully 
controlled. 

The characteristic angular dependence of both the 
photon intensity and the line breadth should make the 
identification of the radiation quite unique. It is 
possible from each of these measurements separately 
to derive the intrinsic interband damping rate of the 
metal. The experiment consequently contains an 
internal check. Although it may be argued that this 
damping rate, as well as the frequency of plasma 
oscillation, can be obtained from the optical constants, 
it should be borne in mind that experimental values of 
the latter in the necessary frequency range are virtually 
nonexistent at the present time. This situation is no 
doubt due to the technical difficulty of obtaining a 
satisfactory source of short-wavelength radiation. The 
experiment proposed here does not contain this dif- 
ficulty, since the target is itself the source of the 
radiation. Thus the possibility arises that the radiation 
from oscillations in metal foils will not only give 
information on the optical constants of the target, 
but might also provide a practical source of radiation 
in the ultraviolet for more conventional optical experi- 
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ments. Of course, difficult intensity problems might 
well be encountered here. In this connection it should 
be emphasized that the radiation should be expected on 
both sides .of the foil. Such background radiation as 
that from bremsstrahlung might be minimized by 
placing the detector on the same side as the incident 
electron beam. 

In conclusion, although there is as yet no experi- 
mental evidence for radiation from plasma oscillations 
in metal foils it is clear that under proper conditions 
this radiation must actually exist. The quantitative 
predictions made in this paper are the result of straight- 
forward calculations based on well established physical 
principles. Although the calculations have been carried 
out classically, they can easily be put into quantum- 
mechanical garb with very minor modifications. This 
is because of the very simple nature of the harmonic 
oscillator. In particular, Eq. (28) for the radiative 
mean life remains completely unchanged. 


APPENDIX I 


In this Appendix a brief derivation will be given 
of the formula for the scattering coefficient of a thin 
metal film. This formula has already been exhibited in 
Sec. I as Eq. (6a). Although the problem can be handled 
completely quantum mechanically as in reference 1 
the equivalent but simpler semiclassical approach of 
reference 9 will be used. Let us suppose that a normal 
plasma oscillation of amplitude sufficiently large to be 
treated classically is present in a square of the film of 
area A and thickness 7. Suppose in addition that the 
incident electrons are quantized in a rectangular 
parallelpiped of the same cross-sectional area but of 
the much greater thickness 7’. Thus the volume of 
quantization is V’= Ar’, while the volume of the square 
of foil is V=Ar. From the real part of Eq. (21) the 
energy of interaction of an incident electron [ coordinates 
z and x= (x,y) | with the plasma oscillation is 


— ego(e™ x iwtt ik -x+iwt) 


sinhks, Zi< 
Xx (39) 
+te*lelekt/2 sinh(kr/2), > 7/2, 


where + is the sign of z. Only the second term in the 
parentheses can cause the incident electron to lose 
energy. It is therefore convenient to abbreviate the 
coefficient of et in Eq. (39) by H’, which is thus the 
perturbing term in the Hamiltonian for the incident 
electron. We can now employ first order time-dependent 
perturbation theory to determine the transition rate 
caused by H’. According to Fig. 1 of reference 1 the 
incident electron makes a quantum jump from momen- 
tum state p to p—/k®. k® is a three-dimensional 
vector whose x and y components, by conservation of 
momentum parallel to the foil, equal those of k. The 
component of k‘ on the other hand has its values 
concentrated about Ak=w,/v, because of conservation 
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of energy. The matrix element of H’ between the 
initial and final states is therefore 


(40) 


(H')= vf daas eiSkete mH! 


At this point it should be noted that it is of vital 
importance to include in Eq. (40) the contributions to 
the integral which come from the field outside the foil, 
as well as inside. Gabor'® has studied the excitation 
of plasma oscillations in thin foils but failed to take 
into account the energy of interaction outside the foil. 
As a result he reached the erroneous conclusion that 
the probability of excitation is extremely small for 
very thin films. As we shall see below, the dependence 
on thickness is merely linear and not according to the 
higher power found by Gabor. 

The right-hand member of Eq. (40) is most easily 
evaluated by considering the integral to be the energy 
of interaction of an effective incident electron density 
of —e(V’)e'4**+*-» with the electric scalar potential 
set up by the plasma oscillation. But by reciprocity of 
the Coulomb potential, this energy is the same as that 
of the charge density in the plasma oscillation integrated 
over the effective potential 


gett = —4reV’—[ (AR)? +2 Peiaeet kx (41) 


set up by the incident electron. The coefficient of e'*‘ 
in the charge density for a normal oscillation is simply 
a surface density at <= +7/2 of 


+—(1--)p.=+ (1- ) sinh(kr/2)e~** 
4r € 4a € 


keo Reo 
(=) 2e ik = (—")e ik 3 
dar 


19D. Gabor, Phil. Mag. 1, 1 (1956). The present author feels 
that Gabor’s attempt to give a complete account of all the types 
of plasma oscillations excited in thin films is premature, because 
of the considerable uncertainty which exists concerning the 
electron distribution in these special modes of oscillation. It is 
by no means correctly represented by his simple cosine dependence 
as is clear from the oscillations studied here, which involve only 
surface charges. In any case it should be noted that the spurious 
cross-shaped scattering pattern he finds arises from the arbitrary 
omission of certain modes, and is not absent for the reason he 
gives. Also, there seems to be a numerical error in his discussion 
of the function he defines in his Eq. (24). The sum can be evaluated 
in closed form as F (x) =4$[1—(#x/2)~* sin*(xx/2) ]. Consequently 
the asymptotic value of F(x) is $ and not 0.481. Finally, it must 
be remarked that Gabor’s use of time-dependent perturbation 
theory has been criticized by many authors (see, for example, 
reference 13). We likewise disagree with Gabor’s statements 
concerning coherence, and claim that the theory of the scattering 
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where use has been made of Eq. (12). The charge density 
is therefore approximately 


Rego 
o-( ye ik-x§(s—7/2)—6(s+7/2)], (42) 


dn 


and Eq. (40) becomes 


(H’) =f eoupdats 


2iek go 


— sin(Akr/2). 
rT (AR)P+ ] 


(43) 


It is now necessary to find the degree of quantum 
excitation to which our classical oscillation of amplitude 
¢o corresponds. If the plasma oscillator is in its mth 
excited state the excitation energy is nhw,. Equation 
(27) gives one-half the energy per unit area calculated 
classically. Imposing the correspondence principle yields 


(44) 


n=VR o¢"/(2rhw,). 


Because of the special nature of the harmonic oscillator, 
the matrix element for creating a plasmon from the 
ground state, which we designate by Hy’ is (n+1)~! 
times (H’). Since we have assumed »>>1, we obtain 


( 


It remains merely to multiply Eq. (45) by 2x/h times 
the density of states 


sehen ) sin?(Ak7/2). (45) 


H,’ So sian 
rr'V'[(Ak)?-+k P 


p(E)=V'pdQ/vh'. (46) 


According to first-order perturbation theory, this gives 
the rate of scattering into the infinitesimal solid angle 
dQ. Dividing by dQ times the rate at which electrons 
impinge on the film, 7/7’, yields the scattering coefficient 


tT [hwy Oe \?/sintr/Acx\? 
nn Coe 
2ray \mv? J \cP +62 1T/Nex 
where Ak has been put in terms of A,x. An equivalent 


form of Eq. (47) appears in Eq. (6a) and has been used 
in Sec. I to compute the photon yield. 


of plane-wave incident electrons gives essentially a complete 
description of the phenomenon. The scattering coefficient for 
less ideal experimental situations is found by making incoherent 
summations over the ideal plane-wave cases. (In this connection, 
the author wishes to acknowledge valuable discussion with 
R. H. Dicke.) 
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Ferrimagnetic resonance in single crystals of hexagonal NiMnO; has shown that the magnetic anisotropy 
is axial and the easy direction of magnetization lies in the basal plane. The magnetic anisotropy field 2K/M 
equals 5.2104 gauss, corresponding to an anisotropy energy of 2.6X 10° ergs/cm*. Resonance could not 
be observed at any orientation in single crystals of the isomorphous compound CoMnQ3. 


INTRODUCTION 


N a recent paper by Swoboda, Vaughan, and 

Toole,' new ferrimagnetic compounds, NiMnO; and 
CoMnO;, were reported. As shown in a preceding 
paper,’ these compounds are of the ilmenite crystal 
structure belonging to the uniaxial crystal class 3. 
Since these compounds possess a unique axis, and since 
several crystallographically related compounds, such as 
Cr,O; and a-Fe,03, possess uniaxial magnetic ani- 
sotropies, it would be expected that magnetic anisotropy 
in these oxides would also be uniaxial. Negative uniaxial 
anisotropy was found by electron spin resonance in 
single crystals of NiMnQ3. 


THEORY 


Spin resonance in ferrimagnetic crystals with uni- 
axial magnetic anisotropy has been treated by Weiss 
and Anderson’ for the case of ‘‘Ferroxdure” in which 
the easy direction of magnetization is parallel to the 
hexagonal axis and the anisotropy energy is given by 
U=K sin’. In the case being treated here, the ani- 
sotropy energy can be expressed to a first approximation 
as U=K cos’#, and thus the torque arising from 
anisotropy will be 

au 2K 
T ——= +—M,,M.,. 
M? 


Therefore, the result of Weiss and Anderson may be 
adapted for our purpose by changing the sign of 
A=2K/M? in their formulas. This procedure yields 
for the resonance condition: 


(w/y)?=H.(H,+AM,)+ (H,—AM,)’, (1) 


where A=2K/M® is the anisotropy constant. The 
resonance equation is subject to the condition 


(H.—AM,)M,=H,.M., (2) 


which determines the equilibrium orientation of the 
magnetization. It is convenient in discussing the reso- 
nance results to restate Eqs. (1) and (2) in terms of 6, 
the angle between the anisotropy axis and the applied 


t = Vaughan, and Toole, Phys. and Chem. Solids 5, 293 
(1958). 

2 W. H. Cloud, Phys. Rev. 111, 1046 (1958). 

3M. T. Weiss and P. W. Anderson, Phys. Rev. 98, 925 (1955). 


magnetic field, and in terms of a, the angle between 
the magnetization direction and the anisotropy axis. 
Equations (1) and (2) then become 


w > # H 
( ) : sno( snd+ sina) 
yAM AM AM 
( H 
“\u4M 


6) =sin2a. (4) 


cosé— cosa) > te 


sin(a@ 


2(H/AM 


These equations are general and depend only on the 
ratio of the strength of the applied magnetic field to 
the magnitude of the maximum anisotropy field. The 
resonance condition cannot be obtained as a function 
of @ and H, but must be obtained numerically by solving 
first for a in Eq. (2) and substituting in Eq. (1). A plot 
of the resonance conditions for various values of 6 and 
for small values of H/AM is shown in Fig. 1. For large 
values of H/AM, a=6 from Eq. (4), and Eq. (3) can be 
solved approximately yielding 


w=yH— ay. 1M (3 cos*@—1), 


the angular dependence found for spin resonance absorp- 
tion for smal] axial anisotropies. 


EXPERIMENTAL PROCEDURE 


Spin resonance was obtained at room temperature in 
a reflection-type resonant cavity operating in the TE011 
mode at 24 300 Mc/sec. The resonant field was modu- 
lated at 500 cps and the microwave signal reflected 
from the cavity was detected by a 1N26 crystal recti- 
fier. The amplified 500 cps signal was phase-detected 
and recorded on a strip chart recorder. 

Single crystals of NiMnOs were used for this study. 
These crystals were thin, almost hexagonally shaped 
platelets approximately 500 microns across the flat face 
and 30 microns thick. The hexagonal axis is normal to 
the flat face. The crystals were mounted against a 
milled face on a js -inch diameter plastic rod that pro- 
truded coaxially into the resonant cavity. The plastic 
rod was attached through a coupling to a synchronous 
motor which rotated at 4 rph. 

The resonance absorption was recorded as a function 
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Fic. 1. Dependence of the resonant frequency (in units of yA M) 
on the applied magnetic field (in units of AM, the maximum 
anisotropy field) for various values of the angle 6 between the 
magnetic field and the anisotropy axis. The intersections of the 
dotted line with the solid curves give the magnetic field strength 
for resonance absorption at various angles for constant w/yAM. 


of the angle of rotation for various fixed magnetic field 
strengths. This procedure allows very accurate determi- 
nation of the angular position of the resonance peak in 
regions of the rotation spectrum where the field strength 
for absorption is increasing sharply for small changes in 
the angle @. X-ray examination of the mounted crystal 
showed that the hexagonal axis was aligned within 1° 
from the normal to the rotation axis. 


EXPERIMENTAL RESULTS ON NiMnO; 
Rotation Spectrum 


Measurements of the resonance absorption were made 
at field strengths between 1000 and 14000 gauss. The 
field strength for maximum absorption is plotted as a 
function of @ in Fig. 2. It should be noted that the 
position of the minimum in Fig. 2 occurs at an angular 
orientation of 90°. This result shows that the easy 
direction of magnetization in NiMnO,; is in the basal 
plane of the crystal and that the anisotropy is negative. 

Because the microwave frequency is held fixed and 
the magnetic field is varied, the theoretical rotation 
spectrum is obtained from Fig. 1 by drawing a line 
parallel to the abscissa at w/yAM and plotting as a 
function of @ the values of the magnetic field at the 
intersections with the curves for constant angle. This 
procedure assumes that the g factor is independent of 6 
and equal to 2. 
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In general, the curve obtained does not account for 
shape anisotropy. Since a small sphere, which has a 
demagnetization factor independent of orientation, 
could not be cut from these crystals, correction for the 
demagnetization factor should be made on the data. 
If it is assumed that the crystal is a thin plane of 
infinite extent, the anisotropy field due to shape‘ has 
the same form as the crystalline anisotropy. Therefore, 
the anisotropy constant A can be replaced by (A+4n), 
where 4x is the demagnetization factor. 

The value of w/yAM=0.162 provides the best fit 
with experimental data. From this value, after cor- 
recting for shape anisotropy, the maximum crystalline 
anisotropy field 2K/M=5.2X10* gauss is obtained. 
According to the results of Bozorth and Walsh,® the 
value for saturation magnetization in NiMnO; extrapo- 
lated to O°K is 0.61 Bohr magneton, or 119 gauss. 
Assuming that the saturation magnetization as a func- 
tion of temperature obeys the Weiss theory, the 
saturation magnetization at room temperature becomes 
0.50 Bohr magneions. The value of anisotropy energy at 
room temperature then becomes K = 2.6X 10° ergs/cm’. 


Line Shape 


The resonance line shapes observed in the crystals of 
NiMnO; were unusual in two respects. First, in the 
rotation spectra the derivative of the absorption 
(plotted against @) was strongly modulated with a 
multitude of very sharp peaks, Fig. 3. These peaks 
showed approximately 180° symmetry when the crystal 
was rotated; and, in certain instances, they seemed to 
depend in their strength and other characteristics upon 
the thermal and magnetic history of the specimen. The 
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Fic. 2. Magnetic field strength for maximum resonance absorp- 
tion at 24.3 kMc/sec in NiMnO; as a function of @. The circles 
represent the experimental values. The solid line is the theoretical 
angular dependence obtained from Fig. 1 for AM =5.2 x 10* gauss. 


4P. E. Tannenwald and M. H. Seavey, Jr., Phys. Rev. 105, 377 


1957). ; 
; ’R. M. Bozorth and D.JE. Walsh, Phys. and Chem. Solids 5, 


299 (1958). 
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Fic. 3. Spectrum obtained at 
a constant field of approxi- 
mately 1500 gauss for a 180° 
rotation of the crystal. The 
orientation of the crystal is the 
same as that used to obtain 
the results shown in Fig. 2. 
The multitude of sharp peaks 
that modulate the primary line 
is evident. This spectrum was 
taken at 81°K where the modu- 
lation effect is somewhat more 
pronounced than at room tem- 
perature. 


other unusual aspect appears in spectra taken as a 
function of field strength for constant orientation. 
With the external field in the easy direction on the 
order of 100 peaks ranging from 10 to 80 gauss in width 
were observed (Fig. 4). The width decreased with in- 
creasing field. The total spread of the absorption for 
this orientation was from 400 to 3000 gauss. 

These low-field spectra were quite reproducible for 
a given orientation. However, spectra for different 
orientations could not be superimposed even though 
they had similar characteristics. This indicates the 
existence of some anisotropy in the basal plane (see 








RESONANCE 


IN NiMnO; 


next section). For the field oriented near the hard 


direction, a smaller number of very broad peaks was 


observed. They were not well resolved, but the separa- 
tion averaged about 600 gauss, and the absorption 
extended from 11 600 gauss to the highest field available 
A spectrum taken in an X band 
spectrometer with the 


(~14000 gauss). 
(approximately 9000 Mc/sec) 


magnetic field in the basal plane was qualitatively 
similar to the corresponding spectrum at K band. The 
absorption extended from zero field to about 500 gauss. 

To the authors’ knowledge, such extreme multi- 
plicity as was found for the external field in the easy 
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Fic. 4. Derivative of absorption at 6=90° as a function of magnetic field strength. 
An extreme multiplicity is also evident in this spectrum. 
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direction and for the rotation spectra has not been 
previously reported. However, the occurrence of more 
than one peak in ferromagnetic resonance spectra has 
been described frequently. Extra peaks have been 
variously ascribed to lack of alignment between H 
and M,*’ to “Barkhausen jumps’” to “dynamic surface 
charges” induced on domain walls,’ and to the excita- 
tion of other than the primary mode of oscillation for 
the magnetization vector’ in inhomogeneous magnetic 
fields. Kittel® has proposed that these peaks may arise 
from the excitation of spin waves pinned at the surface 
boundary of the thin plate-like crystals. The various 
experimentally observed resonance peaks may arise 
from the excitation of higher and higher odd-spin wave 
modes even though the rf field is uniform. However, the 
perfection of the absorption peaks was not sufficiently 
high to permit an analysis of the spectrum in terms of 
one of the foregoing mechanisms. 


Anisotropy in the Basal Plane 


Attempts were made to measure the anisotropy in 
the basal plane. The first attempt involved rotating the 
crystal about the hexagonal axis with that axis parallel 
to the rf magnetic field, H,;, and normal to the applied 
field, H. Resonance could not be detected at any 
orientation. Presumably, the magnetization due to the 
radio-frequency field is much smaller for the rf field in 
the hard direction, and therefore the intensity of the 
resonance absorption is extremely small. If, however, 
the crystal is mounted so that the hexagonal axis (the 
axis of rotation) is normal to the plane containing 
H and“H,;, resonance is observable -at ‘field strengths 
near 1300 gauss. Apparently at this orientation, transi- 
tions of the magnetization vector are allowed since the 
magnetization can make these transitions without 
leaving the basal plane and passing through the hard 
direction. Because of the fine structure in the absorption 
peak, an accurate value of the field strength for reso- 
nance was not obtained for each orientation, however, 
a limit of 700 gauss may be placed upon the anisotropy 
in the basal plane. 

The resonance spectrum for rotation of the external 
field in the basal plane showed 180° symmetry rather 
than 60° symmetry expected on the basis of the twinned 
crystal structure. If it is assumed that the anisotropy 


6A. F. Kip and R. D. Arnold, Phys. Rev. 75, 1556 (1949). 
7P. E. Tannenwald, Phys. Rev. 100, 1713 (1955). 

8D. Poler and J. Smith, Revs. Modern Phys. 25, 89 (1953). 
*R. L. White and I. H. Solt, Phys. Rev. 104, 56 (1956). 

” C, Kittel, Phys. Rev. 110, 1295 (1958). 
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axes in the basal plane are orthogonal, the expression 
for resonance in an ellipsoid"! 


w/y={(Hit+(Ai—A)MIM+(Aj—-ADM J}, (5) 


where k, the direction of the magnetic field, is along 
one of the principal axes and the A’s represent the 
anisotropy constants, may be used to determine the 
basal plane anisotropy. This formula applies to the 
case of the magnetization being parallel to the external 
field. For the field in the basal plane this condition is 
very nearly met, since the anisotropy is small. By 
solving Eq. (5) for the resonance field along the two 
principal axes in the basal plane, and by assuming 
that the anisotropy field in the basal plane and the 
applied magnetic field are small compared to A.M, 
the difference in the magnetic fields for resonance, 
measured to be a maximum of 700 gauss, becomes 


AH=2M(A,—A,)=4K,,/M, 


where K,, is the anisotropy constant in the basal plane. 
The maximum value of K,, therefore is 1.75X10* 
ergs/cm* at room temperature. 

Since absorption is observed for one orientation of 
the hexagonal axis normal to H and not for the other 
orientation, the question arises as to how the absorption 
disappears for intermediate angles. These intermediate 
angles may be obtained by orienting the rotation axis 
parallel to H and mounting the crystal such that the 
hexagonal axis is always normal to H. The amplitude 
of resonance absorption was observed to vary approxi- 
mately as the cosine of the angle between H,_ and the 
plane of the crystal. The other characteristics of the 
spectrum did not change with the angle of the rf field. 
Thus, it appears that only the component of H;, in the 
plane of the crystal is effective in inducing resonant 
transitions of the magnetization. 


EXPERIMENTAL RESULTS ON CoMnO; 


Resonance could not be observed in single crystals of 
CoMn0QO; at field strengths up to 14 000 gauss. Although 
magnetic susceptibility measurements on single crystals 
have not been made, the behavior of a crystal in a 
magnetic field indicates that the easy direction of 
magnetization also lies in the basal plane and the 
anisotropy is also negative for this compound. The 
absence of resonance appears likely to be the result of 
an anisotropy in the basal plane that is much larger 
than the anisotropy observed in NiMnQ3. 


"C, Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953). 
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Studies of the rectification between a metal point and p-type semiconducting diamond show that the 
formation of the potential barrier is essentially independent of the work function of the metal. The rectifying 
barrier apparently is formed by the establishment of equilibrium between charges in surface and interior 
states as proposed by Bardeen for the case of silicon. The semiconducting diamonds are photoconducting in 
the ultraviolet and visible regions with the maxima occurring at 224, 228, 640, and 890 mu. Generally, 
diamonds have not been observed to be photoconducting in the visible region; however, it has been observed 
that in some cases an enhancement of conductivity induced by ultraviolet radiation results upon simul 
taneous irradiation with red light. There is agreement between the spectral response of photoconductivity 
and photovoltages developed at metal contacts with the exception that photovoltages developed near 


440 my were not obtained in photoconductivity. 


I. INTRODUCTION 


HE early investigations of the physical properties 
of diamond by Robertson, Fox, and Martin! 
disclosed the possible existence of two types, designated 
as Type I and Type II. The separation of diamond into 
two types was based primarily on differences in their 
optical absorption spectra, photoconductivity, birefrin- 
gence, and x-ray diffraction. According to their classifi- 
cation, Type I diamonds exhibit strong infrared absorp- 
tion in the 2 to 6x and 8 to 13u regions. Type II 
diamonds do not show the 8-13u band in the infrared. 
Photoconductivity produced by ultraviolet radiation is 
considerably less in Type I diamonds than in Type II 
diamonds. 

Custers? distinguished further differences in the 
Type II diamonds and proposed the division into two 
groups designated as Ila and IIb. The Type IIb 
diamond has a characteristic luminescence when irradi- 
ated with ultraviolet light in the region of 2500 A and 
conducts electricity. Type IIa does not exhibit the 
property of luminescence and is a good insulator. 
Subsequent investigations*® have shown that the proper- 
ties of these unusual conducting diamonds are charac- 
teristic of impurity activated semiconductors; however, 
this has not been definitely established. The purpose of 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command. 

t Now with Phillips Petroleum Company, Bartlesville, Okla- 
homa. 

1 Robertson, Fox, and Martin, Trans. Roy. Soc. (London) 
A232, 463 (1934). 

. F. H. Custers, Physica 18 489 (1952); Physica 20, 183 
(1954). 

3R. Smoluchowski and W. J. Leivo, Phys. Rev. 98, 1532(A) 
(1955); R. Wolf and J. Woods, Phys. Rev. 105, 921 (1957); 
J. F. H. Custers, Nature 176, 173 (1955), and 176, 360 (1955); 
J. J. Brophy, Phys. Rev. 99, 1336 (1955); Stein, Bell, and Leivo, 
Bull. Am. Phys. Soc. Ser. IT, 1, 127 (1956); M. D. Bell and W. J. 
Leivo, Bull. Am. Phys. Soc. Ser. II, 1, 382 (1956), and Bull. Am. 
Phys. Soc. Ser. II, 2, 171 (1957); H. B. Dyer and P. T. Wedepohl, 
Proc. Phys. Soc. (London) B69, 410 (1956); I. G. Austin and 


R. Wolfe, Proc. Phys. Soc. (London) B69, 329 (1956); P. T. 
Wedepohl, Proc. Phys. Soc. (London) B70, 177 (1957). 


this investigation is to extend the knowledge of the 
properties of semiconducting diamonds from studies of 
rectification, photoconductivity, and the photovoltaic 
effect. 

The two diamonds used in our investigation origi- 
nated from the Premier Mines in South Africa and have 
properties characteristic of the Type IIb diamond, i.e., 
both show luminescence on irradiation with ultraviolet 
light and are conductors of electricity. The diamond of 
lower conductivity is a rectangular parallelepiped of 
dimensions 2.2 3.56.5 mm. One end of the diamond 
is faintly blue; the remainder of the crystal is practically 
free from coloration as distinguished with the eye. The 
room temperature resistivity of the blue end is about 
65 ohm cm and of the clear end is 3.6X10° ohm cm. 
Hall measurements conducted on the specimen show 
that it is a p-type semiconductor. The second diamond, 
which is irregular in dimensions, has a more intense 
blue color than the other diamond and a higher electrical 
conductivity. The slope for the dependence of & InR on 
1/T as determined by Smoluchowski and Leivot was 
found to be 0.35 electron volt at room temperature, 
where R is the resistance, JT the absolute temperature, 
and k the Boltzmann constant. 


II. RECTIFICATION AT METAL-DIAMOND CONTACT 


Rectification studies were carried out to determine 
whether the rectification between a metal point and the 
diamond was dependent upon the work function of the 
metal. In the case of silicon and germanium, Meyerhof*® 
found that the rectification is largely independent of the 
work function of the metal. The lack of dependence of 
the rectification upon work function was explained by 
Bardeen® on the basis of surface states. Similar to 
silicon, no significant dependence upon work function 
existed, thus indicating that surface states in diamond 
are responsible for developing the potential barrier. 


*R. Smoluchowski and W. J. Leivo, Phys. Rev. 98, 1532(A) 
(1955). 

5 W. E. Meyerhof, Phys. Rev. 71, 727 (1947). 

6 J. Bardeen, Phys. Rev. 71, 717 (1947). 


1227 





a. D. BELL 


MILLIAMPERES 
MILLIAMPERES 


N 
° 








(8) PLATINUM 


Pp 
y 


& § @ 
£ 


2 


MILUAMPERES 
Pp 


MILLIAMPERES 








(0) TUNGSTEN (Cc) INDIUM 


Fic. 1. Rectification between semiconducting diamond and 
metal points of varying work function. All the curves are for a 
diamond having a relatively high electrical conductivity. 


The point contact rectification characteristics of both 
diamonds were determined under direct current condi- 
tions. Metals used for the point contact were, in the 
order of increasing work function, indium, aluminum, 
copper, tungsten, silver, and platinum. The dependence 
of the rectifying properties of the diamonds on the work 
function of the metal used as the point contact is shown 
in Figs. 1 and 2. The curves in Fig. 1 are characteristic 
of the diamond of higher conductivity, and those of 
Fig. 2 show the rectification characteristics of the 
diamond of lower conductivity. The reverse charac- 
teristics of Fig. 1 show that break-down begins at 
approximately 30 volts for the higher conducting 
diamond. Reverse breakdown for the diamond of 
lower conductivity occurs between 50 and 60 volts. 
The direction of easy flow (forward bias) occurred 
when the diamond was positive with respect to the 
metal point. The curves of Fig. 2 were obtained with 
the point contact at the same position on the diamond 
of lower conductivity. 

The measurements on the rectification properties of 
the diamonds indicate that the work function of the 
metal used as the point contact has negligible effect in 
forming the rectifying barrier. According to diode 
rectification theory and assuming that the potential 
barrier arises from the difference in work functions, the 
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Fic. 2. Rectification between different metal points and a 
semiconducting diamond having a relatively low electrical con- 
ductivity. 


current is given by 
[= AeOs-bo IEP) (eeVi/ET)— 1) = J ,(eeV/ETM—1), (1) 


where A is a constant, y, and y,, are the work functions 
of the semiconductor and the metal, & is the Boltzmann 
constant, g the electronic change, V the applied poten- 
tial,’ and T is the absolute temperature. If the rectifica- 
tion current is dependent upon the work function, as 
given by Eq. (1), the reverse saturation current J, 
should vary by a factor of at least 10°. From the curves 
it can be seen that the variation is less than a factor 
of 10. Metals of both high and low work functions give 
considerable rectification and show variations in the 
degree of rectification over the surface of the diamond. 
The variations over the surface are shown in Fig. 3 for 
a copper point contact on the diamond of higher con- 
ductivity. Rectification measurements were obtained in 
the temperature range 25°C to 300°C. At 300°C fairly 
good rectification curves were still obtained as shown 
in Fig. 4. 

During the measurement of the rectifying properties 
it was observed that upon application of 45 volts to 
the point contact, in the direction of forward bias, the 


7 In comparing the rectification curves, the applied voltage V is 
not the actual voltage across the rectifying barrier. The applied 
voltage is reduced by the “spreading resistance” which includes 
the conductivity of the specimen. See H. C. Torrey and C. A. 
Whitmer, Crystal Rectifiers (McGraw-Hill Book Company, Inc., 
New York, 1948), p. 83. 
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diamond of higher conductivity developed an intense 
blue luminescence which appeared to vary in intensity 
throughout the diamond. Light also appeared at the 
point contact. Electroluminescence has been observed 
in other specimens of semiconducting diamond.* 


Ill. PHOTOCONDUCTIVITY 


The spectral response curves for photoconductivity 
were determined at room temperature using a light 
source chopped at a frequency of 480 cps. After amplifi- 
cation, the spectral photoresponse was automatically 
recorded. Photoconductivity measurements were ob- 
tained on the diamond of lower conductivity in the 
ultraviolet, visible, and infrared regions of the spectrum. 
Since visible differences in the blue color of different 
portions are observable, the diamond was divided into 
five equal sections by successive masking of the surface, 
as indicated in Fig. 5. Photoconductivity measurements 
were made on each section. Measurements in the visible 
and infrared regions were taken without previous 
activation of the diamond with ultraviolet radiation. 
The spectral photoresponse of the photoconductivity is 
expressed as the relative photocurrent per photon of 
incident radiation. 

The visible and infrared response of the blue portion 
of the diamond (Sec. A), is less than that of the. clear 
portion near the center of the diamond (Sec. B). The 
peak response is broad and located at approximately 
600 my as shown in curve A of Fig. 5. In this section of 
the diamond there is no detectable photoconductivity 
in the ultraviolet with the electric fields employed. 
Curve B of Fig. 5 shows the increased photoresponse in 
the visible and infrared obtained in a relatively clear 
portion (Sec. B) of the diamond. The peak response of 
the curve occurs at 630 mu. As in Sec. A there is no 
detectable photoconductivity in the ultraviolet. 

The visible response of Sec. C (not shown) is similar 
in response to B, but the photocurrent is greater. A peak‘ 
occurs in the visible at 630 mu. Section C is the first to 
show photoconductivity in the ultraviolet region, as 
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Fic. 3. Rectification between a metal point and a semicon- 
ducting diamond for various positions over the surface of the 
diamond. 


8 R. Wolf and J. Woods, Phys. Rev. 105, 921 (1957). 
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shown in curve 5 of Fig. 6. The ultraviolet response is 
broad and occurs in the region 220 my to 240 mu. 

The photoconductive response of Sec. D is shown in 
curve D of Fig. 5. A peak is present at 640 my in the 
visible region. Subsequent measurements in this portion 
of the diamond gave indications of a second peak at 
890 my in the infrared. There is an increased response 
to ultraviolet radiation in the section as shown in 
curve 6 of Fig. 6. Two peaks occur with maximum 
response near 228 my and 224 mu. 

Section E has a reduced photoresponse in the visible 
and infrared ; also, no photocurrent could be detected in 
the ultraviolet. The response in the visible and infrared 
has two peaks at 640 my and 890 my which corresponds 
to 1.94 ev and 1.39 ev, respectively. The results of the 
above measurements of the photoconductivity in the 
diamond of lower conductivity are shown in Table I. 

Definite indications of two peaks in the ultraviolet 
were obtained in subsequent measurements as shown in 
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Fic, 5. Photoconductivity in various sections of a semicon- 
ducting diamond for the visible and infrared regions. Each curve 
represents the corresponding section of the diamond shown in the 
inset drawing. 
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curves 1, 2, 3, and 4 of Fig. 6. The entire crystal was 
irradiated to obtain curve 1. Curve 2 is characteristic 
of the lower third portion of the diamond (clear end) 
scanned from long to short wavelength. Scanning the 
same portion from short to long wavelength gives 
curve 3. Curve 4 was obtained when the central third 
of the diamond was irradiated. Curves 5 and 6 corre- 
spond to Secs. C and D of Fig. 5. Peaks occurred near 
224 my and at 228 mu. The peak at 224 my varied in 
position and was not detected in all measurements as 
shown in curve 4. In the spectral regions 250 my to 
350 my and 1.8 to 12y, there was no detectable photo- 
conductivity at room temperature with the electric 
fields employed. 


IV. PHOTOVOLTAIC EFFECT 


The photovoltaic effect was observed in the diamonds 
in the visible and infrared using a light source chopped 
at 480 cps. The photovoltages generated in the diamond 
of lower conductivity show maximum response at 
440 my and 640 mu, with a minor peak at 890 my 
(Fig. 7). The two peaks at 640 my and 890 my corre- 
spond to those observed in the photoconductivity; 
however, the peak at 440 my was not detected in photo- 
conductivity. All photovoltaic measurements in the long 
wavelength regions were taken with no previous activa- 
tion of the diamond by ultraviolet radiation. Measure- 


TABLE I. Photoconductivity response in different sections 
of a semiconducting diamond 


Visible and 
infrared 
response 


Ultraviolet 
response 


Resistivity 
Section (ohm cm 


A Blue Broad 


600 mz 


65 peak at None 


Partially blue 


Relatively clear 


Clear 


3.6 K105 


Peak at 630 my 


Peak at 630 my 


Peaks at 640 my 
and 890 mug 


Peaks at 640 my 


None 


Slight response ; 
220 my to 240 my 
Good response; 
peaks at 228 my 
and 224 mu 


None 


D W LEIVO 

ments in the ultraviolet region on the diamond of 
higher conductivity give the maximum response near 
230 mu. A photovoltaic effect was not detectable in the 
region 1.34 to 12u at room temperature. The spectral 
response of the photovoltage is expressed as relative 
photovoltage per photon. 

The preceding measurements on the photovoltaic 
effect used a chopped light source in measuring the 
photovoltages developed; however, a constant light 
source was also used to illuminate the potential barrier 
between a metal point and the diamond of higher con- 
ductivity. Measurements were taken using a vibrating 
reed electrometer. The diamond was illuminated near 
the point contact using the desired radiation from a 
tungsten lamp or a quartz mercury arc. 

The polarity of the photovoltage changed over the 
surface of the diamond. Also, at certain positions on the 
surface of the diamond the polarity changed sign on 
changing the light source from the full spectrum 
tungsten light to the full spectrum mercury arc. For 
example, the diamond was positive with respect to the 
metal point when irradiated with the tungsten source, 
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Fic. 7. Photovoltaic effect at metal-diamond interface. 


but was negative when exposed to the mercury arc. 
The process appeared to be completely reversible. This 
effect was not observed over the entire surface. 

The dc measurements were complicated by the polar- 
ization of the diamond upon illumination of the point 
contact. On continued irradiation of the diamond, the 
photovoltage would decrease to zero, and on inter- 
rupting the light, the photovoltage gave a deflection in 
the reverse direction. It was necessary to wait several 
hours before optimum response could again be obtained. 
The magnitudes of the photovoltages generated were 
of the order of 0.4 volt with the mercury arc and 0.1 
volt using the tungsten source. 


V. DISCUSSION 
A. Rectification 


The results of the rectification studies show that the 
work function of the metal has negligible effect in 
forming the rectifying barrier. Consequently, the barrier 
apparently is formed by establishing equilibrium be- 
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tween surface states and the interior of the diamond. 
The surface states indicated by our results must be 
such that the energy bands are depressed as they 
approach the free surface of the crystal. The existence 
of surface states may be caused by adsorbed atoms, 
crystal imperfections, or impurities near the surface, 
although their exact nature is not known. Shockley® has 
predicted surface levels on diamond that are half filled 
and which would allow surface conductivity to occur. 
The rectification curves at higher temperatures indicate 
that the useful range of elemental semiconductors may 
be extended. 


B. Photoconductivity 


Robertson, Fox, and Martin! observed photocon- 
ductivity in diamonds in the ultraviolet and they also 
found the photoconductivity could be enhanced by 
simultaneous irradiation of the crystal with red light. 
However, they did not obtain photoconductivity with 
red light alone. Specimens used in this investigation 
were photoconducting in the visible without simul- 
taneous or previous irradiation with ultraviolet light. 

Several recombination lifetimes may be expected to 
be present in a complex physical situation as that 
existing in semiconducting diamond. The magnitudes 
of the photocurrents obtained with a constant light 
source are different from those obtainable with a 
chopped light source because of the lifetimes of the 
carriers involved. Carrier lifetimes which affected the 
equilibrium dark current for several hours were present, 
as well as those responsible for the ac response with 
lifetimes less than the period of the chopped light 
source. 

The change in magnitude of the photoresponse in 
various regions of the diamond, as shown by the curves 
in Fig. 5, is partially the result of determining the photo- 
response under the condition in which a constant dark 
current is present in the crystal. Consequently, since 
the resistivity varies through the diamond, the magni- 
tude of the electric field across each section is different 
when the current is constant. Thus, the resulting electric 
field in the blue portion of the diamond would be very 
small since the clear region has a much larger resistivity. 
It is not possible to obtain an accurate value of the 
resis.ivity in the various sections without cutting the 
diamond, and the use of potential probes would also 
alter the experimental conditions. 


§ W. Shockley, Phys. Rev. 56, 317 (1939). 
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C. Photovoltaic Effect 


In general, one can expect a close correlation between 
the spectral response in photoconductivity and the 
photovoltaic effect. However, one may also expect 
differences to occur because the photovoltaic effect is a 
surface phenomenon and the photoconductivity, in a 
region of considerable optical transparency, can be a 
bulk property. Different types of energy states existing 
at the surface and in the interior will affect the spectral 
response. 

The measurements of the photovoltaic effect as a 
function of activating wavelength, in the visible and 
infrared, are in accord with the photoconductivity 
spectral response. Peaks at 640 mu and 890 my in the 
spectral response of the photovoltaic effect correspond 
to peaks found in the photoconductivity. The peak at 
440 my was not detected in photoconductivity measure- 
ments and could possibly be associated with energy 
levels formed by crystal defects corresponding to the 
electroluminescence observed in IIb diamonds. 

The observed polarization, which reduces the photo- 
voltaic response to zero on continued illumination, is 
probably the result of the immobilization of current 
carriers by trapping at crystal imperfections or at the 
electrodes. The polarity change of the photovoltage at 
different positions on the surface of the crystal can be 
explained if certain regions of the surface exhibit im- 
purity band conduction, whereas, in other regions this 
does not occur. 

At the present time several energy level schemes can 
be obtained which could be considered consistent with 
the results obtained from optical absorption, photo- 
conductivity, photovoltaic effect, Hall effect, and the 
temperature dependence of resistivity. In particular, an 
acceptor level with an activation energy of 0.35 ev 
agrees well with experimental results. This would corre- 
spond to a group III impurity. Also, an intrinsic energy 
gap of 5.32 ev for diamond may be obtained from the 
ultraviolet response of the photoconductivity. However, 
considering multiple valence bands, and the various 
possible crystal imperfections, it is premature to estab- 
lish the origin of the various energy levels without 
strong speculation. 


ACKNOWLEDGMENT 


We thank Dr. J. F. H. Custers, Director of Research, 
Diamond Research Laboratory, Johannesburg, for fur- 
nishing the specimens of semiconducting diamond and 
for the assistance he has given us in the work. 





PHYSICAL REVIEW 


VOLUME 111, 


NUMBER 5 EPTEMBER 1, 1958 


Elastic Constants of Zinc from 4.2°K to 77.6°K* 
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The adiabatic elastic constants of zinc single crystals have been measured by an ultrasonic pulse technique. 
The values extrapolated to 0°K are: ¢:,;= 1.770, c33=0.685, ¢44=0.459, ¢12=0.348, ¢13=0.528 in units of 10" 
dynes/cm*. A Debye characteristic temperature, 6, of 327°+5°K has been calculated at 0°K by averaging 
the inverse cube of the longitudinal and transverse elastic wave velocities over all directions of propagation. 


I. INTRODUCTION 


ECENTLY, low-temperature elastic constants 

have been reported for two hexagonal close-packed 
metals. Slutsky and Garland! determined the elastic 
constants of magnesium, an almost ideally packed 
structure (c/a=1.622) from 4.2°K to 300°K. Alers 
and Neighbours? studied zinc, a highly anisotropic 
structure (c/a=1.855) from 4.2°K to its melting point 
(692.5°K). In their work on zinc, low-temperature 
measurements were not made between 4.2°K and 
77.6°K. This is a region of interest because the thermal- 
expansion data of Gruneisen and Goens* indicate an 
expansion perpendicular to the hexagonal (c) axis on 
cooling between 75°K and 0°K. 

In the present work, the five independent elastic 
constants of a zinc single crystal were determined as a 
function of temperature between 4.2°K and 77.6°K 
by an ultrasonic pulse technique. The relations between 
the elastic constants ¢y1, C33, C44, aNd Ce, and acoustic 
wave velocities parallel and perpendicular to the ¢ 
axis have been stated previously.'* Additional measure- 
ments are necessary along a direction at some inter- 
mediate angle to the c axis in order to obtain ¢3. A 
direction at 30° to the c axis was chosen because ¢;; 
determined from velocities in this direction is least 
affected by uncertainty in the direction of propagation. 
For propagation at 30° to the c axis,® we have 


pU 2= (cee+3c44)/4 (polarized perpendicular 
to the c axis), (1) 


pU?= ££} (Citas) +3 (C33 + Cas) [ge (C11 — Ca)” 
+36 (Cs3— Cas)? +3 (C11 — Cas) (Cas— C33) 


+2(crstcaa)?) }4}. (2) 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research). 

t Union Carbide and Carbon Corporation Predoctoral Fellow, 
1956-1957; Alfred P. Sloan Foundation Research Assistant, 
1957-1958. 

1L, J. Slutsky and C. W. Garland, Phys. Rev. 107, 972 (1957). 

2G. A. Alers and J. R. Neighbours, J. Chem. Phys. Solids (to 
be published ). 

3 E. Gruneisen and E. Goens, Z. Physik 29, 141 (1924). 

4L. J. Slutsky and C. W. Garland, J. Chem. Phys. 26, 787 
(1957). 

5 L. Gold, J. Appl. Phys. 21, 541 (1950). 


The quasi-longitudinal velocity (U4:) is given by the 
plus sign, and the quasi-transverse velocity (U4) by 
the minus sign in Eq. (2), where p is the density. The 
velocity of the pure transverse wave propagated at 30° 
to the c axis was measured only at 4.2°K and 77.6°K 
as a check on the internal consistency of the css and 
C44 Values obtained from other directions of propagation. 
The velocities of the quasi-longitudinal and quasi- 
transverse waves at 30° to the c axis and of the five 
other waves parallel and perpendicular to the c axis 
were measured as a function of temperature from 
4.2°K to 77.6°K and were used to calculate the elastic 
constants of zinc. 


II. EXPERIMENTAL WORK 


A large single crystal of zinc in the form of a right 
circular cylinder 5 inches long and 2.8 inches in diameter 
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Fic. 1. The adiabatic elastic constants ¢4 and ¢g_ and pU? for 
the quasi-transverse wave in the direction at 30° to the ¢ axis 
versus temperature. 
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Fic. 2. The adiabatic elastic constants ¢,; and ¢33 and pV? for 


the quasi-longitudinal wave in the direction at 30° to the ¢ axis 
versus temperature 


was obtained from Horizons, Inc.® The purity, as given 
by the manufacturer, was 99.99+-%. After determining 
the orientation of the c axis relative to the cylinder 
axis by back-reflection Laue photography, a specimen 
was cleaved from the crystal at liquid nitrogen tem- 
perature. This gave a pair of parallel cleaved faces 
perpendicular to the c axis. To avoid slip in the basal 
plane, a pair of faces parallel to the ¢ axis were cut by 
acid sawing. This technique, in which a_ braided 
stainless steel wire, wet with nitric acid, was drawn 
back and forth across the crystal, did not produce faces 
satisfactory for pulse work. Final finishing of these 
faces was accomplished by careful fly-cutting on a 
precision jig borer. No cut larger than 2 mils was taken, 
and finishing cuts were no larger than 0.2 mil. This 
provided a pair of parallel planes whose normal was 
perpendicular to the ¢ axis. On a second cleaved 
specimen, a pair of planes whose normal was at 30° to 
the ¢ axis were cut by fly-cutting exclusively. All 
fly-cut faces were finished with emery paper and then 
polished on an aluminum oxide wheel to remove surface 
dislocations. Orientation errors were estimated as 
+0.2°. 

Details of the experimental technique for measuring 
ultrasonic velocities and temperatures have been 
described previously.! The acoustic seal was made with 
a high-viscosity silicone fluid (Dow Corning 200). 


6 Horizons, Inc., 2891 East 79 Street, Cleveland 4, Ohio. 
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PROM 4.2°R TO 77.6°R 1233 
Difficulty was encountered with seal failure on slow 
(~1 hr) cooling to liquid nitrogen temperature; with 
faster (3 min) cooling, good echoes were obtained in all 
cases. Seal corrections of 0.03 ysec for longitudinal 
and 0.04 usec for transverse waves were used throughout 
this work.! The temperature, as determined by a 
thermocouple, was accurate to +0.2°K. No readings 
were taken between 4.2°K and 13°K because of poor 
thermocouple sensitivity and rapid change of sample 
temperature in this region. 

The path lengths at 20°C were 8.1607 cm perpen- 
dicular to the ¢ axis, 7.0308 cm parallel to the ¢ axis, 
and 5.4791 cm along the direction at 30° to the c axis. 
A density of 7.139 g/cm’ at 20°C was calculated from 
the lattice parameters obtained by Jette and Foote’ 
and the 1954 atomic weight of zinc. Variations in path 
lengths and density with temperature were calculated 
from the thermal expansion data of Gruneisen and 
Goens*® and corrected with the recent data of Smith.® 
The change in the elastic constants when changes in 
density and path length are taken into account amounts 
to only +1.5%, thus errors in the elastic constants 
arising from uncertainties in thermal expansion may 
be neglected. 

The two major sources of uncertainty are the seal 
correction (which is assigned a probable error of 
+0.03 usec) and the error in ranging individual echo 
pulses. 


III. RESULTS 


The elastic constants of zinc obtained from a single 


velocity measurement (¢i1, ¢33, C44, Ces) and those 


calculated from more than one velocity (¢12, ¢13) are 


plotted in Figs. 1, 2, and 3. The values of pl® for 
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Fic. 3. The adiabatic elastic constants cz. and ¢3 versus tem- 
perature. These quantities are not obtained directly from a single 
velocity measurement. 


7E. R. Jette and F. Foote, J. Chem. Phys. 3, 605 (1935). 
8 J. F. Smith (private communication, 1958). 
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TaBLe I. Adiabatic elastic constants, ¢j, and reciprocal 
adiabatic compressibility, K = (2¢:1+¢s33+2¢:2+4¢13)/9. All en- 
tries are given in units of 10% dynes/cm*. These values are taken 
from smooth curves, and the number of significant figures does 
not indicate the accuracy of the absolute value. 








T (°K) cu K 


0 = 1.7696 0.4589 0.7814 
10 =: 1.7694 0.4589 0.7812 
1.7687 0.4587 0.7808 
1.7669 0.4578 0.7800 
1.7645 0.4561 0.7788 
1.7597 0.4541 0.7767 
1.7531 0.4517 0.7734 
1.7457 0.4489 0.7688 
6 1.7392 0.4466 0.7643 











quasi-longitudinal and quasi-transverse waves propa- 
gated in a direction at 30° to the c axis are also shown. 
The constants ci: and Ces are not independent; ¢12 is 
calculated from the relation c¢es=(¢i1—C¢12)/2._ The 
values of c;3 were calculated from the difference of pU? 
for quasi-longitudinal and quasi-transverse waves in 
the 30° direction, and correction was made for the 
slight change in the direction of propagation caused by 
thermal expansion. Experimental points are shown in 
Figs. 1 and 2; the calculated points that were used to 
obtain the smooth curves in Fig. 3 are not shown. 

As seen from Fig. 2, the scatter of experimental 
points about the smooth curve is greatest for cy. After 
repeated rapid cooling to liquid nitrogen temperature, 
fine cracks parallel to the basal plane were observed. 
These distorted the pulse shape for c,: measurements 
and increased the uncertainty in ranging echoes. A 
probable error of +1.5% is assigned to ¢; values. For 
C33, C44, aNd Cog, a probable error of +0.8% is obtained. 
A propagation-of-errors treatment gives a probable 
error of +10% for ci. and +5% for ¢;3. 

Several checks on the internal consistency of the 
data can be made: (1) ca, values are obtained from 
propagation both parallel and perpendicular to the c 
axis, (2) pU* for the pure transverse wave in the 30° 
direction can be calculated from ces and cas, and (3) 
the sum of pU® for quasi-longitudinal and quasi- 
transverse waves in the 30° direction can be calculated 
from ¢11, C33 and C4. All of these checks agree well 
within experimental error. 

The elastic constants read from smooth curves are 
tabulated in Table I. Values of the reciprocal adiabatic 
compressibility, K = (2¢1+¢3s+2ci2t+4¢13)/9, calcu- 
lated from smooth-curve values of the elastic constants 
are also given in Table I. A comparison between the 
results of this work and the data of Alers and 
Neighbours? at 4.2°K and 77.6°K is given in Table IT. 
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TABLE II. Elastic constants of zinc single crystals obtained 
from the present measurements (P) compared with the results of 
Alers and Neighbours* (AN). All results are given in units of 
10" dynes/cm?. ; 
Obs. 


Pp 








Temp. cu 


1.7696 
1.7909 
1.7392 
1.7677 











* See reference 2. 
IV. DISCUSSION 


The highly anisotropic nature of zinc is shown by the 
elastic data. At O°K, ¢e¢/ca4= 1.449, and ¢33/c1;=0.387. 

The work of Gruneisen and Goens* indicates a 
negative coefficient of thermal expansion perpendicular 
to the c axis below 75°K. This effect might well be due 
to an anomalous change in the atomic force constants 
for the lattice in the low-temperature region. Such an 
anomaly should be reflected in the temperature varia- 
tion of the elastic constants; however, within the 
precision of our measurements the elastic-constant-vs- 
temperature data show no unusual behavior. The 
absence of an anomaly is confirmed by the recent 
thermal-expansion data of Smith,* which show no 
expansion reversal in the perpendicular direction. 

The Debye characteristic temperatures at 0°K, 
calculated by averaging the inverse cube of the elastic 
wave velocities,! is 327°4+5°K. By analyzing the low- 
temperature calorimetric measurements of Keesom and 
Ende,’ we have calculated a value of 6)>=320°K. Daunt 
and Silvidi'® reported a value of 6>=291°K from heat 
capacity measurements on both bulk and powdered 
zinc. Using their data for bulk zinc, we find @>=305°K 
from a plot of C,/T vs T?. The specific heat data of 
Smith" do not extend down to the true 7* region , 
(below 4°K) but are consistent with the 4 values given 
above. Very recently a calorimetric value of 69= 302° 
was obtained by Seidel and Keesom.” The agreement 
between elastic and calorimetric 40 values is not as good 
as that obtained for cubic materials; the elastic con- 
stants of cadmium are currently being measured to 
provide another comparison for hexagonal materials. 

The central-force model that worked well for mag- 
nesium'* is not adequate for describing the elastic 
data for zinc. However, these low-temperature elastic 
constants for zinc do provide a convenient experimental 
test of the validity of more general force models. 

®*W. H. Keesom and J. N. van den Ende, Proc. Roy. Acad. 
Amsterdam 35, 143 (1932). 

A. A. Silvidi and J. G. Daunt, Phys. Rev. 77, 125 (1950). 

1 P, L. Smith, Phil. Mag. 46, 744 (1955). 


2 G. Seidel and P. H. Keesom, Bull. Am. Phys. Soc. Ser. II, 3, 
17 (1958). 
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Pure KCl, KCl-Ag, KCI-Tl, and KCI-Pb, after x-ray irradiation at liquid nitrogen temperature, show 


identical Cl,~ paramagnetic resonance spectra. The optical absorption of the Cle 


molecule-ion has been 


identified and is found to consist of two bands, one at 365 my and one at 750 mu. This identification was 
made possible by bleaching irradiated samples with polarized light and observing the effects on the optical 


and also the paramagnetic resonance spectra. It was possible to reorient the Cl. 


molecule-ions such that 


a large fraction of them were in only one of the six possible (110) directions. 


INTRODUCTION 


ANZIG! and Castner and Kinzig* have reported 

V-center type paramagnetic resonance spectra in 

pure potassium chloride crystals which have been 

heavily irradiated with x-rays at liquid nitrogen tem- 

perature. They have identified the species giving rise 
to the resonance as Cl.~ molecule-ions. 

Delbecq, Smaller, and Yuster’* have observed the 
identical Cl,~ resonance spectra in KCI-Tl, KCl-Ag, 
and KCI-Pb crystals which have been weakly irradiated 
with x-rays at liquid nitrogen temperature. 

Since the V; band? in the optical absorption spectrum 
disappears in the same temperature range as the Cl, 
resonance absorption in pure KCl, there has been some 
speculation? that the V, band is an optical absorption 
band of the Cl,~ molecule-ions; however, no positive 
correlation has been reported. This investigation was 
undertaken, using both optical absorption and para- 
magnetic resonance absorption measurements, to de- 
termine the optical absorption of Cl.~ molecule-ions in 
potassium chloride crystals. 


Experimental Procedures 


The electron spin resonance detection system used is 
the same as that described previously® except for two 
modifications. The dual modulation system was modified 
to operate at 25 cps and 17 kc/sec. In addition, the 
method of holding the sample was changed to allow 
orientation of the crystal in the magnetic field. The 
crystal was mounted on the end of a Lucite rod, the 
axis of which could be tipped with respect to the mag- 
netic field. The crystal could be further oriented by 
rotation about this axis as indicated by a pointer at the 
top of the rod. 


* Based on work performed under the auspices of the U.S 
Atomic Energy Commission. 

1W. Kinzig, Phys. Rev. 99, 1890 (1955). 

?T. Castner and W. Kinzig, J. Phys. Chem. Solids 3, 178 
(1957). 

3 Delbecq, Smaller, and Yuster, Color Center Symposium at 
Argonne National Laboratory, 1956 (unpublished). 

“Yuster, Delbecq, and Smaller, Bull. Am. Phys. Soc. Ser. II, 2, 
302 (1957). 

5 Casler, Pringsheim, and Yuster, i Chem. Faye. 18, 1564 
(1950) ; F. Seitz, Revs. Modern Phys. 26, 7 (1954). 

* Delbecq, Smaller, and Yuster, Phys. Rev. 104, 599 (1956). 


Some of the pure KCI single crystals used in these 
experiments were obtained from the Harshaw Chemical 
Company. Other single crystals of pure KCl as well as 
the single crystals of KCI containing either TI*, Agt, 
or Pb**+ were grown in this laboratory using the 
Kyropoulos method. In general, the crystals used for 
optical absorption measurements were 12X7X1 mm, 
and those used for electron spin resonance measure- 
ments were 2.5X2.5X10 mm. The crystals were irradi- 
ated with x-rays produced in a Machlett tube operating 
at 50 kv and 50 ma, and filtered through 1 mm of 
quartz. 

Polarized light was obtained by using an Ahrens or 
Glan-Thompson prism. The prism was mounted on the 
Dewar flask used to hold the crystal. The axis of the 
prism was oriented parallel to one of the cubic axes of 
the crystal; the prism could be rotated about its axis 
so that the electric vector of the transmitted polarized 
light made any desired angle with the other two cubic 
axes of the crystal. Absorption spectra were taken 
using, in general, polarized light with the electric vector 
oriented in either the [011] or the [011] direction, the 
light from the monochromator passing through the 
polarizing prism and then through the crystal to the 
detector. In bleaching a crystal with polarized light, 
the light from an AH-6 mercury lamp was passed 
through an appropriate filter combination and then 
through a polarizing prism before impinging upon the 
crystal; in most bleaching experiments, polarized light 
with the electric vector oriented in the [011] direction 
was used. Bleaching of samples used in electron spin 
resonance measurements was done while the crystal, 
mounted on a Lucite holder, was immersed in a Dewar 
flask filled with liquid nitrogen; the polarized bleaching 
light entered the Dewar flask through quartz windows. 


EXPERIMENTAL RESULTS 

Figure 1 shows the absorption spectrum of a crystal 
of pure potassium chloride which had been exposed to 
x-rays for four hours at liquid nitrogen temperature. The 
well-known V.2(235 mu), V1(350 my), and F(540 mu) 
bands are observed. The intensity of the F band was so 
great that the absorption could not be measured at the 
center of the band. The F’ band is also observed as a 
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Fic. 1. Absorption spectra of Argonne grown “pure” KCI: 

— after 4 hours x-ray irradiation at liquid nitrogen temperature, 
—-—- after warming to —155°C for 2 minutes and remeasurement 
at liquid nitrogen temperature. 


broad absorption to the long-wavelength side of the 
F band. Figure 2 shows the absorption spectra of 
irradiated KCI-Tl, KCl-Ag, and KCI-Pb crystals. It 
will be noted that in each case there is an absorption 
band at about 365 my and that the x-ray dosage 
needed to obtain equivalent absorption intensity in this 
region of the spectrum in these three crystals is a good 
deal less than that needed in the pure potassium chloride. 
All of the above-mentioned irradiated crystals (pure 
KCl, KCI-Tl, KCl-Ag, and KCI-Pb) show identical Cl.- 
electron spin resonance spectra. In order to compare 
the thermal stability of the V, center and the Cl,- 
molecule-ion in pure potassium chloride, pulse annealing 
experiments were carried out in which the optical ab- 
sorption of the V, band and the resonance intensity of 
Cl,- were followed as functions of annealing tem- 
perature. In both cases the crystals were held at liquid 
nitrogen temperature for measurement, warmed rapidly 
to the desired annealing temperature, held at this tem- 
perature for two minutes, and then cooled to liquid 
nitrogen temperature for remeasurement. It is quite 
clear from Fig. 3 that the optical absorption of the 
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Fic. 2. Absorption spectra after x-ray irradiation at liquid 
nitrogen temperature. (a) KCI-Pb, 10-min x-ray, (b) KCI-T]l, 10- 
min x-ray, (c) KCl-Ag, }-min x-ray. 
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V, band and the spin resonance of Cl; have their 
maximum decay rates at appreciably different tem- 
peratures. The thermal stabilities are sufficiently differ- 
ent that holding the crystal at — 155°C for a period of 
time causes the V, band to disappear while leaving the 
intensity of the Cl,~ resonance essentially unchanged. 
Warming the crystal again to —155°C causes little 
change in the intensity of the Cl: resonance; this 
result indicates that the decay of V; centers does not 
result in the formation of Cl.~ centers. 

Another method used to check the correlation be- 
tween the V; center and the Cl,~ molecule-ion was the 
comparison of the intensity of the Cl.~ resonance for 
equal optical absorption in the region of the V; band 
for pure KCI and for KCI containing either Tl*, Agt, 
or Pb**. Since in the case of irradiated KCI-Pb crystals 
the absorption band at 365 my is relatively free from 
overlapping neighboring absorption bands, KCI-Pb was 
chosen to be used as comparison with pure KCl. These 
two crystals were irradiated such that the intensity of 
the absorption in the region of the V; band was the 
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Fic. 3. Fraction of (a) V; absorption, and (b) Cl2~ electron 
spin resonance absorption remaining after pulse anneal, plotted 
as a function of annealing temperature. 


same in both crystals, and then the intensity of the 
Cl. resonance was measured in each. The intensity of 
the Cls~ resonance was ten times greater in the KCI-Pb 
crystal. This result, as well as the results of the thermal 
annealing experiment, shows that the V,; band is not 
an absorption band of the Cl.~ molecule ion. 

Castner and Kinzig? have shown that the Cl. 
molecule-ions are oriented in the six (110) directions of 
the KCl crystal. It therefore might be possible with 
the use of polarized light to bleach preferentially those 
Cl.- molecule-ions having certain orientations. Ueta’ 
has already shown that it is possible to obtain such 
anisotropic bleaching in the case of M centers in KCl. 

If we let the faces of a cube be parallel to the (001), 
(010), and (100) planes of a KCl lattice, then the face 
diagonals indicate the six possible orientations of the 
Cly~ center in the lattice. It is possible that bleaching a 
crystal containing Cl,~ centers with [011] polarized 
light’ of the appropriate wavelength will excite all Cl.- 

7M. Ueta, J. Phys. Soc. Japan 7, 107 (1952). 


[011] polarized light indicates polarized light with the electric 
vector oriented parailel to [011] in an alkali halide lattice. 
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centers except those oriented in [011]. The result of 
such an excitation might be that the number of Cl- 
centers oriented in [011] remains constant and that 
the number of Cl,~ centers in the other five orientations 
will decrease; or, if the excited Cl. center is not very 
mobile and loses its excitation energy before annihila- 
tion, there will be a reorientation of the Cly~ centers 
into [011] from the other five directions. Since the 
intensity of the Cly~ resonance obtained upon irradia- 
tion is greatest in the case of the crystals with added 
impurities, it was convenient to do most of the polarized 
light experiments with these crystals rather than with 
pure KCl. After x-ray irradiation, the optical absorption 
of these crystals was measured with [011] and also 
[011] polarized light. No absorption measurements 
were made at wavelengths lower than 290 mu because 
of the high absorption of the polarizing prism at lower 
wavelengths. Bleaching with light was usually done 
with [011] polarized light. After bleaching, the absorp- 
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Fic. 4. Absorption spectra of KCl-Pb (a) after 10-min x-ray 
irradiation at liquid nitrogen temperature as measured with either 
tory or [011] polarized light; and then after bleaching with 
011] polarized light (436 mu) as measured with (b) [011] 
polarized light, and (c) [011] polarized light 


tion of the crystals was again measured with [011] as 
well as [011 | polarized light. Figure 4 shows the results 
of such a bleaching experiment carried out at liquid 
nitrogen temperature on a KCI-Pb crystal. The curve 
labeled [011], [011] shows the absorption spectrum 
taken immediately after x-ray irradiation; the absorp- 
tion spectrum is the same whether taken with [011] or 
[011] polarized light. The effect of bleaching with 
[011] polarized light (436 my) is shown by the upper 
and lower curves. The absorption spectrum taken with 
[011] polarized light shows the 365-mu band to be 
increased by over a factor of 2 while the spectrum taken 
with [011] polarized light shows the 365-my band to be 
decreased by more than a factor of 5. These results 
show that, although there may have been some “real 
bleaching” due to recombination of electrons and holes, 
the principal effect of this bleach with [011] polarized 
light is to cause a reorientation of a very large fraction 
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Fic. 5. Subtraction curves, after normalization to give the same 
peak optical density, for O KCI-Pb, * KCl-Ag, and 0 KCI-TI, 
showing dichroism introduced by bleaching with [011] polarized 
light absorbed by the 365-my band. 


of the centers such that the dipole moment associated 
with the transition giving rise to the 365-my band is 
parallel to either [011] or [111]. That the dipole 
moment is oriented in the [011 ] direction is shown by 
the fact that bleaching with [001] polarized light in 
the 365-mu band produces a dichroism in this band, 
as observed in the absorption spectrum taken with 
[001] and [010] polarized light. 

If the [011] absorption is subtracted from the [011 ] 
absorption, the absorption spectrum obtained is due to 
those centers which bleach in an anisotropic manner. 
Any center which shows no anisotropy contributes the 
same absorption to both the [011] and the [011] 
absorptions and therefore is eliminated in a subtraction. 
Figure 5 shows the subtraction curve not only for 
irradiated KCI-Pb but also for KCl-Ay and KCI-Tl 
obtained in the same manner; the data were normalized 
to give the same optical density at the peak in each case. 
These subtraction curves, after normalization, are 
identical within experimental error, indicating that a 
common species gives rise to the absorption band in 
each of these crystals. 

The final proof that the Clo~ centers give rise to the 
365-my band rests on a correlation of the optical bleach- 
ing experiments with changes in the resonance spectra. 
A crystal of KCI-Pb was irradiated with x-rays at 
liquid nitrogen temperature so that the Cl.~ resonance 
was readily observed. With Cl: centers distributed at 
random among the six (110) directions and with the 
magnetic field parallel to [011], a resonance spectrum 
similar to that shown in Fig. 6(A) is observed. As 
pointed out by Castner and Kanzig,? this spectrum 
consists of three basic patterns—0°, 60°, and 90° (the 
angle indicated is that between the magnetic field and 
the molecular axis). Figure 6(B) shows the resonance 
spectrum after the crystal had been exposed to [011] 
polarized light absorbed in the 365-mu band. The 0° 
pattern has been enhanced considerably after such a 
bleach (the ratio of the intensity of the 0° pattern to 
that of the 60° pattern has changed by a factor of 16), 
and therefore a large fraction of the Cly~ centers have 
been reoriented such that the molecular axis is parallel 
to [011]. The correlation between the behaviors of the 
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Fic. 6. Electron spin resonance spectrum (H/|\[011]) of a 
KCI-Pb (A) immediately after x-raying at liquid nitrogen tem- 
perature, and (B) after bleaching with [011] polarized light 
absorbed by the 365-my band. 


365-my band and the Cl,~ resonance spectrum shows 
that the Cl. centers give rise to the 365-my absorption 
band. It can be further concluded that the dipole 
moment associated with the transition giving rise to 
the 365-my band is oriented parallel to the molecular 
axis of the Cl;~ center. 

Theory®? predicts that the Cl.- molecule-ion has, 
in addition to the absorption in the ultraviolet, two 
absorptions at longer wavelengths. A weak absorption 
band associated with Cl,- centers and having about 
1/60 of the intensity of the band in the ultraviolet was 
found with peak at 750 my (Fig. 7). Both KCl-Ag and 
KCl-Pb after x-irradiation at liquid nitrogen tempera- 
ture show this peak in the red; however, in the case of 
KCI-TI the absorption due to the trapped electron is 
sufficiently intense in this region that it masks the long 
wavelength absorption of the Cl,- center. Upon bleach- 
ing a KCI-Pb or a KCI-Ag crystal which contains Cl)~ 
centers with [011] polarized light in the 750-my band, 
no dichroism is produced in the crystal. However, that 
this long-wavelength absorption band is associated with 
Cls- centers is shown by the following experiment. 
After a KCl-Pb or a KCI-Ag crystal which contains 
Cl; centers is bleached with polarized light absorbed 
in the 365-my band so as to produce a dichroism in 
that band, it is found that subsequent bleaching with 
light absorbed in the 750-my band causes the dichroism 


9M. H. Cohen, Phys. Rev. 101, 1432 (1956); Inui, Harasawa, 
and Obata, J. Phys. Soc. Japan 11, 612 (1956). 
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to disappear. It should be pointed out at this time that 
the stimulation peaks* in the infrared, observed in 


-_KCI-T] crystals after x-ray irradiation at liquid nitrogen 


temperature, cannot be associated with Cl.~ centers as 
suggested by Castner and Kinzig,” since these stimu- 
lation peaks are still present after all the Cl.~ centers 
have been destroyed. 

The V; band in pure KCI was also bleached with 
polarized light in experiments similar to those per- 
formed on the 365-my band. Only a very slight ani- 
sotropy occurred in bleaching with either [001] or 
[011] polarized light. It is quite clear that the behavior 
of the V; band is not the same as that of the 365-my 
band. However, the slight anisotropy which developed 
on bleaching showed optical properties in the ultra- 
violet and infrared characteristic of Cl,~. The intensity 
of this anisotropic absorption was about that expected 
from the intensity of Cly~ as measured in paramagnetic 
resonance on a similar sample. It appears that the 
absorption in this region of the spectrum consists of 
two bands, the major absorption being due to V; centers 
and another smaller absorption being due to Cl, 
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>. 7. 750-mp band absorption introduced into KCl-Ag by 
2 hours x-ray irradiation at liquid nitrogen temperature. 


centers. In irradiated pure KCl, the Cl.~ centers repre- 
sent only a small fraction of the hole centers formed, 
while in the case of the irradiated doped crystals it is 
believed that the Cl,- centers account for essentially 
all of the hole centers. 

Upon x-raying a KCI-Tl, KCI-Pb, or KCI-Ag crystal 
at liquid helium temperature, it is found that Cl.“ 
centers are formed just as rapidly as at liquid nitrogen 
temperature. In addition, the 365- and 750-my Cl,- 
bands, when exposed to polarized light, behave the 
same at liquid helium temperature as at liquid nitrogen 
temperature. 

Additional information was obtained through a study 
of the thermal stability of the Cl,- center. Upon pulse 
annealing a crystal of KCl-Ag, KCI-Pb, or KCI-TI 
which contains preferentially oriented Cl. centers, it is 
observed that the dichroism begins to disappear at 
about —100°C; at this temperature the Cl,~ centers 
are just beginning to move through the lattice at an 
appreciable rate and as a result of the jumping lose 
their preferred orientation. However, it is believed that 
at — 100°C the Cl, center does not move very rapidly 
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through the crystal, since no appreciable decrease in 
the concentration of Cle~ centers is observed until 
about —70°C. It is observed‘that the maxima in the 
rates of decay of both the Cl.- resonance and the 
365-my band occur at about —65°C in KCl-Ag or 
KCI-Tl, and at —55°C in KCI-Pb. At the same tem- 
perature at which the Cl. centers disappear, a glow 
peak’ is observed; the spectral distribution of the 
luminescence depends on the impurity present in the 
crystal (TI*, Ag+, Pb**). It is believed that these 
impurity ions emit as a result of the recombination of 
trapped electrons with wandering Cl~ centers. 


DISCUSSION 


Three different types of experiments reported above 
show that the V, band is not the optical absorption of 
Cl.~ molecule-ions. (1) The V; band and Cl.~ resonance 
in pure KC] do not decay at the same temperature. 
(2) The intensity of the Cl.~ resonance absorption is 


not proportional to the intensity of the V, band. 
(3) The V,; band does not bleach in an anisotropic 
manner with [011] or [001] polarized light. This last 
result is in agreement with those obtained by Lambe 


and West.!! 

Castner and Kinzig? have pointed out that two 
models which would be consistent with the Cls~ reso- 
nance absorption observed in pure KCI are (1) Cl: 
with no vacancies, (2) Cl: with two positive-ion 
vacancies. Their conclusion, as well as ours, is that in 
the case of KCl crystals with added impurities it is 
highly unlikely that the rate of production of positive- 
ion vacancies could be as great as the observed rate of 
production of Cl, centers, and therefore the two- 
vacancy model is improbable. Also we have found that 
the rate of production of Cl,~ is essentially the same at 
liquid helium temperature as it is at liquid nitrogen 
temperature, which fact also refutes the two-positive- 
ion vacancy model. The bleaching experiments with 
polarized light show perhaps as well as any of the other 
experiments that vacancies are not involved. In order 
for a reorientation to take place, if two positive-ion 
vacancies are associated with the Cl.-, it is necessary 
(a) that there be many other pairs of positive-ion 
vacancies that have no Cl,~ attached or (b) that the 
pair of positive-ion vacancies reorient as well as the 
Cl,-. The first alternative would require an exceedingly 
large concentration of pairs of positive-ion vacancies, 
while the second would require the movement of 
positive-ion vacancies at liquid helium temperature due 
to excitation with 750-my light; both of these possi- 
bilities seem unlikely. In the case of Cl.~ molecule-ions 
formed in the potassium chloride crystals containing 
added impurities, there is another possible model— 
a Cly- with an impurity associated with it. Since the 


10 These glow peaks and the processes which take place at 
higher temperatures will be the subject of a later paper. 
"J. Lambe and E. J. West, Phys. Rev. 108, 634 (1957). 
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resonance spectra are all identical, it means that the 
electric fields closely surrounding the Cl, are very 
similar. It is possible that Ag* and TI* have electric 
fields which are so similar to K* that their presence 
cannot be detected in the resonance spectra. However, 
in the case of KCI-Pb this possibility does not seem 
likely, since lead is believed to be present as a divalent 
ion. Whether or not the vacancy which enters the 
crystal along with the lead is directly associated with 
the Pb*+, the neighborhood of the Cl.~ should probably 
be sufficiently distorted to affect the electron spin 
resonance spectrum. Since no difference is observed, 
it is concluded that the Cl.~ has no impurities as 
nearest neighbors.” 

Two other sets of experimental data, (1) that the 
optical absorption of Cl, is the same in KCl-Ag, 
KCI-Tl, and KCI-Pb, and (2) that Cl.- molecule ions 
begin to move through the lattice at the same tem- 
perature in the doped crystals, indicate further that 
the Cl,- molecule ions are located in regions in the 
lattice characteristic of pure KCI and not influenced by 
the added impurities. 

The experimental facts that the maximum rate of 
disappearance of the Cl, molecule-ion occurs at 
— 140°C in pure KCI, at — 65°C in KCI-Tl and KCI-Ag, 
and at —55°C in KCI-Pb appear to be inconsistent 
with the conclusion that the Cl, molecule-ion has no 
impurities as nearest neighbors. The following is offered 
tentatively as an explanation for.these differences. 
Since the reorientation experiments show that Cl,- 
begins to move through the lattice at the same tem- 
perature in KCI-Pb, KCI-Tl, and KCl-Ag, it is sug- 
gested that the difference in decay temperature in 
KCI-Pb is not because of a difference in the Cl; but 
rather a difference in the retrapping and recombination 
processes involving the mobile Cl:-. No successful 
reorientation experiments have been performed on pure 
potassium chloride because of the low concentration of 
Cl, centers ; consequently no reorientation temperature 
has been measured. Nevertheless, it is believed that in 
pure KCl, the Cl.~ molecule-ion does not have mobility 
at —140°C but is destroyed by some electron which is 
released at this temperature. 

The changes in the Cly~ resonance absorption spec- 
trum along with the changes in the optical absorption 
spectrum, which are produced by irradiation with 
polarized light, show that the Cl,- molecule-ion has two 
optical absorption bands with peaks at 365 my and 
750 mu. Absorption of light in either of these two 
bands leads to an excited state from which a Cl. 
molecule-ion reforms, oriented at random in one of the 
six (110) directions in the crystal. The result that very 
little real bleaching occurs after excitation suggests 


"In irradiated KCl-Ag, electron spin resonance spectra have 
been observed which arise from the presence of a hole trapped at 
Ag* and also from an electron trapped at Ag*(Ag®). These results 
will be included in a later paper. 
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that the Cl,- molecule-ion reforms very close to its 
original neighborhood. Therefore, when a potassium 
chloride crystal is irradiated with x-rays at liquid 
nitrogen temperature, it seems likely that a positive 
hole which has been created moves only a very short 
distance before forming a Cl;- molecule-ion. Since the 
rate of formation of positive holes by x-ray irradiation 
should be the same in pure potassium chloride as in 
doped potassium chloride, Cl,~ molecule-ions should be 
formed at the same rate in each of these crystals; yet it 
is observed that the net rate of formation of Cl.- 
centers is from 100 to 1000 times greater in the case of 
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the doped crystals. It is believed that the added im- 
purities act as very efficient electron traps," decreasing 
the rate of recombination of electrons and positive 
holes, while in the pure crystals electron traps must be 
created slowly by the irradiation and consequently the 
recombination rate is much greater. 
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Control of Luminescence by Charge Extraction* 


P. J. DANntEL, Ruts F. Scuwarz, M. E. Lasser, AnD L. W. HERSHINGER 
Philco Corporation, Philadelphia, Pennsylvania 
(Received May 14, 1958) 


It has been discovered that the application of a potential of a few volts to phosphors of the ZnS group 
can quench the fluorescence. The effect has been observed in single-crystal and recrystallized wafers of the 
phosphors by illuminating one side with nonpenetrating light and applying a field, through suitable contacts, 
normal! to the iJluminated surface. With the illuminated surface negative, the fluorescence is reduced by an 
amount dependent on the voltage for as long as the voltage is maintained, and total extinction can often be 
obtained. The luminescent output follows variations in the applied voltage up to a maximum frequency 
which depends on the fluorescence time constant. 

The effect is shown to be a fundamental property of phosphor materials possessing large differences in 
hole and electron mobilities or capture cross section. It is explained in terms of a decrease in the excess 
electron density due to the extraction of holes from the illuminated surface by the field. A simple 
mathematical theory is proposed which accounts in detail for the observed effects and which pone 
current-voltage relationships which have been confirmed experimentally. 


I. INTRODUCTION 


N the literature on phosphors there are many reports 

on effects of applying an electric field to photo- 
luminescent materials. These include the Gudden-Pohl 
effect! (the transient stimulation of luminescence), 
Dechene’s* experiment on the quenching of lumines- 
cence with a high field, and the Destriau® effect of 
stimulation of luminescence by an alternating field. 
Halsted‘ has observed modulation of fluorescence by an 
alternating field and explained the effect by assuming 
that the optically created hole-electron pairs are first 
separated and then brought back together under the 
influence of the field. These, and a number of less clearly 
defined effects have been reviewed recently in an article 
by Ivey.® 

The purpose of this paper is to describe a new 
electrophotoluminescent effect and to propose an 
explanation for it. The effect is unusual in that dc as 


* The work described here was supported in part by the BuShips. 
1B. Gudden and R. W. Pohl, Z. Physik 2, 192 (1920). 

2G. Dechene, Compt. rend. 201, 139 (1935). 

3M. Destriau, Compt. rend. 238, 2298 (1954). 

4R. E. Halsted, Phys. Rev. 99, 1897 (1955). 

5H. F. Ivey, J. Electrochem. Soc. 104, 740 (1957). 


well as ac fields can be used, that these fields are very 
low, and that the effect produced can be very large, 
almost complete extinction or significant stimulation 
of fluorescence being obtained depending on the 
direction of the field. 

In Sec. II the experimental arrangements are 
described. In Sec. III experiments are described which 
essentially repeat those of Halsted except that single- 
crystal phosphor material was used instead of a phos- 
phor powder in a dielectric matrix. This allowed the 
field modulation effect to be studied in a more controlled 
manner. The results observed when a transparent con- 
ducting coating is placed in direct contact with the 
single crystals (and also with sintered layers of phosphor 
material) are described in Sec. IV and the interpretation 
of these results is discussed. A mathematical description 
of the observed effects is presented in an Appendix. 


II. EXPERIMENTAL METHOD 


In the majority of experiments, wafers of single- 
crystal cadmium sulfide were used. These were activated 
by heating in the presence of cupric chloride and 
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emitted infrared fluorescent radiation in the 1.1-u 
band when excited with blue or ultraviolet light. 

The wafers, about half a centimeter square and one 
millimeter thick, were placed between two plates of 
conducting glass. Light from a microscope lamp, 
operated on direct current, was passed through a 
saturated solution of copper sulphate and focused on 
one side of the crystal, and a lead sulfide cell, with a 
silicon filter to exclude visible light and transmit the 
infrared, was placed close to the other side. This 
arrangement is shown in Fig. 1. 

The experiments fell into two classes depending on 
whether the cadmium sulfide was insulated from the 
conducting glass or in electrical contact with it. The 
diagram applies to both cases since the liquid shown 
can be either a dielectric or a conductor. 


III. INSULATED CASE 


When the illuminated face of the cadmium sulfide 
was insulated from the conducting surface of the glass 
by a transparent dielectric, and an alternating field 
applied between the glass plates, a modulation of the 
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Fic. 1. Diagram of the apparatus 


infrared radiation at the frequency of the field could be 
detected. Halsted observed this effect, with a phosphor 
powder embedded in a dielectric matrix, and explained 
it on the assumption that the light creates hole-electron 
pairs at the surface and that with successive half cycles 
of the field the electrons were moved away from, and 
back to, the relatively immobile holes. The variation 
of the electron density in the vicinity of the holes, and 
the consequent variation in their rate of recombination, 
should therefore be dependent on the voltage applied 
and on the capacitance of the system. This was verified 
experimentally. It was assumed that the cadmium 
sulfide could be treated as a conductor and that the 
charge density at its surface, for constant applied 
voltage, should therefore depend on the dielectric 
constant of the insulating material and vary inversely 
with its thickness. The spacing between the glass plates 
was varied by attaching one to a micromanipulator 
and castor oil was used as the dielectric. It was then 
found that the modulation obtained was very nearly 
proportional to the reciprocal of the thickness of the 
dielectric, as would be expected. 
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It is easy to calculate that with a reasonable value 
of capacitance and applied voltage the maximum 
number of hole-electron pairs that can be separated, 
and therefore the maximum number of photons that 
can be created per cycle by their recombination, is 
very small when compared with the number arriving 
in a similar time in the exciting radiation from common 
light sources. Thus, with 300 v at 1000 cps applied, the 
alternating component of the fluorescence was very 
small and practically independent of the intensity of 
the blue excitation, above a low minimum. Thus the 
percentage modulation was only high (approaching 
50%) when the excitation, and consequently the 
fluorescent radiation also, was of very low intensity. 


IV. CONDUCTING CASE 


An entirely different state of affairs prevailed when 
no dielectric was used and the cadmium sulfide was 
brought into intimate contact with the conducting 
surfaces of the glass by moistening it with a conducting 
liquid such as water or ethylene glycol. With only a 
few volts applied across the crystal a very strong modu- 
lation was obtained. In a typical case using a 300-cps 
field, the modulation increased with the voltage until 
about 15 volts when a modulation of about 80% had 
been reached. With a further increase in voltage little 
change in depth of modulation occurred, though the 
shape of the wave form altered somewhat. The modula- 
tion obtained decreased with increasing frequency, the 
time constant of the process being of the same order as 
the fluorescence time constant measured by chopping 
the exciting light. 

Even at high frequencies, when the percentage 
modulation was greatly reduced, the depth of modula- 
tion remained independent of the field above the same 
saturating voltage as at low frequencies. Increasing the 
intensity of the excitation produced a proportional 
increase in both the ac and de components of the 
fluorescence, but a higher voltage was required to 
reach saturation. 

The effect is not limited to alternating fields. When 
a de potential was applied, with the illuminated face 
negative, almost complete extinction of the fluorescence 
could be obtained for as long as the field was maintained. 
With the reverse polarity a stimulation of the fluores- 
cence above the normal level was sometimes observed. 

Liquid contacts are not essential for the occurrence 
of the phenomenon. Semitransparent gold films evapo- 
rated directly on to the opposite faces of a crystal were 
also used successfully. 

Polycrystalline and sintered samples of cadmium 
sulfide behaved in a similar manner to single crystals. 
The effect was also observed with cadmium selenide 
and, in the visible region of the spectrum, with cadmium 
sulfide fluorescent in the red and with mixed zinc- 
cadmium sulfide phosphors excited with ultraviolet 
light. 
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Since the application of a dc bias in such a direction 
as to drive positive charge into the contact gives a 
steady state quenching of the output radiation, the 
hole-electron pairs generated by the light must be 
being removed in a field-dependent way other than by 
the radiative recombination mechanism. The one 
suggested is that the field enables some or all of the 
holes to be extracted through the conducting contact 
before they can fall into the recombination centers. 
The electrons move out through the other contact to 
meet the holes, giving continuity of current. 

The fact that small photocurrents exist in the short 
circuit case implies that some extraction may even be 
taking place at zero bias. A reversal of the bias can 
then reduce this extraction and lead to a small 
stimulation. 

First we would like to show that extraction will 
account for the essential features of the data, and then 
discuss how the extraction may be achieved by the field. 

According to the concepts of Rose,® the excess 
concentrations of holes and electrons generated by the 
light may be characterized by essentially constant 
lifetimes, 7, and r,, provided that these concentrations 
are small compared with the concentrations of empty 
and filled recombination centers. Since the number of 
recombination centers has been made deliberately 
large by doping the crystals used, this situation should 
prevail to rather high light levels. Thus if m and # are, 
respectively, the excess concentrations of electrons and 
holes in the steady state, then 


f=n/tn=p/ Tp, (1) 


where f is the number of hole-electron pairs per unit 
volume generated per second by the light. The life- 
times, tp and 7,, may differ greatly. Typical values 
quoted by Rose’ for CdS, are 10~ sec for electrons and 
10-° sec or less for holes. If it is assumed that these 
numbers apply to the situation above, most of the 
excess positive charge due to the light resides in the 
recombination centers near the illuminated surface. 
For example, if a diffusion constant of 1 cm*/sec is 
assumed for the holes, the depth of penetration of this 
positive charge would be of the order of 10~* cm. This 
is of the same order as the depth of penetration of the 
incident light. The output radiation is believed to 
occur when the electrons fall into the positively charged 
recombination centers, and is thus proportional to the 
density of excess free electrons in the neighborhood of 
the illuminated surface. Thus a steady state quenching 
of the output radiation implies a reduction in the 
electron concentration. Since the electrons offer the 
primary source of conduction, an increase in dynamic 
impedance should accompany the quenching as the 
voltage increases. If the hole-electron pairs are being 


6 A. Rose, Phys. Rev. 97, 322 (1955). 
7A. Rose, Proceedings of the Conference on Photoconductivity, 
Atlantic City, 1954 (John Wiley and Sons, Inc., New York, 1956), 
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extracted, the carriers excited by the incident light are 
removed nonradiatively as electrical current. Thus for 
voltages above that for which complete extinction of 
the radiation occurs, the current density should be 
given by 


jr=jotyL. (2) 


Here j; is the current density in the presence of the 
light, jp is the current in the dark, q is the electronic 
charge and L is the average depth in the crystal in 
which the recombination centers are filled by optically 
produced holes in the absence of a bias. The product 


fL represents the number of hole-electron pairs gener- 


ated per second per cm? of illuminated surface and is 
directly proportional to the incident light intensity. 
Thus for voltages above the extinction voltage, the 
current-voltage characteristics for varying light inten- 
sities should be a set of lines parallel to the dark 
current-voltage characteristic, and spaced above the 
dark curve in proportion to the light intensity. 

In order to confirm this an attempt was made to 
measure the current, the voltage and the output radia- 
tion simultaneously for various intensities of light. At 
first it seemed prudent to study the current-voltage 
characteristics by displaying them on an oscilloscope 
about zero bias in order to avoid any polarization 
effects. While evidence of the anticipated results was 
present, the main features were masked by secondary 
effects which will not be gone into in detail at this 
time. On consideration it appeared that these effects 
were most likely associated with a charging of traps 
during the positive half of the cycle and a discharging 
of these traps, as the polarity was reversed and carriers 
could be extracted. By applying a bias so that only the 
negative half of the characteristics were being traced, 
the filling and emptying of traps was largely avoided 
and characteristics such as those shown in Fig. 2 were 
obtained. These curves were drawn from photographs 
of the oscilloscope traces and have been “improved”’ 


60 





100 ~~ 


80% —\ 


a 
° 


63%—\ 


uw 
°o 


40% -* 


Nn 
oO 


20 % 


CURRENT (microomps) 


3 


Le) =~ 
| | 
1S 20 25 














VOLTS 
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of the available incident light intensity. 
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to a small extent, as the originals showed a slight 
hysteresis due to this charging and to capacitive effects. 
This did not affect the slope or spacing of the curves 
above the extinction voltages, which were precisely as 
anticipated, but did obscure the exact form of the 
characteristics at lower voltages where the traces 
overlapped.t 

f& Extraction also accounts for the essential features of 
the frequency response of the output radiation, when 
it is modulated by ac fields. This may be seen in the 
following way. If a large bias is suddenly applied, the 
hole-electron pairs generated by the incident light 
begin to be extracted. However, the positive charge 
already in the recombination centers cannot be removed 
since it is trapped there. Thus, for neutrality reasons, 
the electrons near the surface before the application of 
the bias are forced to remain there, and they continue 
to discharge through recombination. Therefore, the 
response time of the modulation should correspond 
approximately to the lifetime of the electrons. This 
would seem to be the case, since the fluorescence and 
the modulation have approximately the same cutoff 
frequency. A mathematical description of this situation 
is given in the Appendix. 


There remains to be discussed the details of how the 


extraction may occur. Since the voltage necessary to 
complete the extraction increases with increasing light 
intensity, it would seem most likely that the modula- 
tion is produced by the external bias causing a variation 
in the internal potentials created by the incident light. 
Let us examine what these potentials might be in the 
open-circuit case. 

Since most of the positive charge is trapped in a 
region near the surface, it can be assumed that, to a 
good approximation, the hole current is everywhere 
zero. Since the electron current must then also be zero 
to the same approximation internal fields must be set 
up which will oppose the diffusion of electrons both 
into the surface and into the bulk. These fields will be 
determined by the current equation and Poisson’s 
equation, i.e., 


jn=Gun(n+n.,) E+kTu,.Vn=0, (3) 
and 

41g 
vy: E= (n—N pt). (4) 

K 
Here E is the electric field, m, is the equilibrium 
concentration of electrons in the dark, & is Boltzmann’s 
constant, 7 is the absolute temperature, j, is the 
electron current density, A is the dielectric constant, 
Hn is the electron mobility, and Vt is the density of 
positively charged recombination centers due to the 


t Note added in proof —Subsequent work verifies that the form 
of the characteristics at the low voltages are as shown. However 
the resistance of the cadmium sulfide in this low conductivity 
region was actually much smaller than that of the liquid contacts. 
The liquid contacts therefore controlled the current-voltage 
characteristics until the extinction voltage was reached. 
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Fic. 3. Potential energy diagram, open-circuit case. 


light. It is not difficult to show that qualitatively these 
equations lead to an electron potential energy diagram 
as shown in Fig. 3. The solid curve corresponds to one 
light intensity, the dotted curve to a stronger light 
intensity. The minimum occurs where the trapped 
positive charge is still appreciable and therefore occurs 
within 10-° cm from the surface. The difference in the 
potential energy between the two conducting contacts 
should display itself as an open-circuit photovoltage. 
Only small photovoltages have been detected (of the 
order of 0.02 volts). Therefore it may be assumed that 
the end potentials are nearly equal while the depth of 
the potential well should be several tenths of a volt or 
more for the light levels used. 

Much of the electronic charge is thus in a potential 
well, while an appreciable number of the few free holes 
which do exist, are behind a barrier which impedes their 
flow to the illuminated surface. The application of a 
negative bias to the illuminated surface will reduce the 
depth of the potential well and a sufficiently large bias 
will remove it completely. When sufficient bias is 
applied all holes are freed to move into the illuminated 
contact, and all electrons are freed to move out the 
opposite contact. Thus complete extraction can occur. 

No mention has been made of the contact potential 
differences. These surely exist and may alter somewhat 
the detailed shape of the open-circuit potential energy 
diagram from one sample to the next. Since in all cases 
studied, the dark current curves are ohmic, these con- 
tact potential differences must be small. 


APPENDIX 


Let \(£) be the function which represents the ability 
of the field to extract holes. \(£) increases as the field 
increases in such a direction as to drive electrons away 
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from the illuminated surface. It need not necessarily 
be zero at zero external bias. Then the average con- 
centration of excess holes in the neighborhood of the 
illuminated surface at any given time ¢ is given by 

f—p/tp— pr(E)=dp/dt. (1-A) 
Since for neutrality reasons, holes and electrons must 
be extracted at the same rate by the field, the average 
electron concentration in the neighborhood of the 
illuminated surface is given by 

f-n tTn— pA(E)=dn dt. (2-A) 


The steady state solutions are 


It. 
pe ee and n= a 


ar 
\(E)7,+1 


———,  (3-A) 
\(E)r.a+1 
Thus m and p decrease with increasing A(£). 

For ¢<0, let E=£o, and for ¢>0, let E= Fo+F,. 
Then the time-dependent solutions of (1-A) and (2-A) 
are 

p= po— pi(l—e~"'*), (4-A) 
and 
n=No—N,(1— Ae~“/*— Be-"/""), (5-A) 
Here 
ftp f(tp)?A( Ey) 
a my 
\(Eo)tp+1 [A\(Eot+ Ey) tp +1 J[A(Eo) 7, +1] 


f tpt (Ey) 
ny=—— — —, 
[A(Eo+ Ey) tp +1 JD (Eo) tp +1) 


Ita 
t= “y 
X( Eo) Tot 1 
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(rp)"A(Eot+ £1) 


4 =— m 
Tp 


[A(Eo+ Ei) tp +1 +. 
B=1-—A, 


M(Eot Fi) rp+1 


and 
Tp 


i, (6-A) 
N(Eot Ey) tp +1 


g= 


The equation for m determines the output radiation. 
For £, large, or 100% extinction of the output light, 
from (5-A) and (6-A), ” reduces to 


ftn Tp Tp 
re {= vies (1 = )e wmf (7-A) 
(Eo) tp+1 Tn Ts 
Since 7,/7,K1 and ar,, this further reduces to 


etl tn, (8-A) 


, cneenetapeatinensinomiinent 


"\(Eo)tp +1 


Thus, the modulation for large field strengths becomes 
independent of the field, and should be able to follow 
to frequencies which correspond to time constants of 
the order of rp. 
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Measurements of the absorption spectrum of Si, made with high resolution, near the main absorption 
edge, at various temperatures between 4.2°K and 415°K, have revealed fine structure in the absorption on 
the long-wavelength side of this edge. This structure has been analyzed and can be interpreted in terms of 
indirect transitions involving, in general, phonons with energies corresponding to temperatures of 212°K, 
670°K, 1050°K, and 1420°K. The form of the absorption associated with each type of phonon indicates 
that, as well as the formation of free electron-hole pairs taking place, excitons with a binding energy ~0.01 
ev are produced in the absorption process. The temperature dependence of the indirect energy band gap has 
been found and using this along with data on the intrinsic carrier density indicates an increase with tem- 
perature of the combined density-of-states effective mass of the electrons and holes. A smoothing out of the 
basic features of the curves is observed and shown to be consistent with relaxation broadening. A discussion 
of the significance of the energies of the phonons taking part in the indirect transitions to the lattice vibra 


tional spectrum of Si is given 


INTRODUCTION 


N a recent publication,' it was shown how the use of 

much higher optical resolution than had previously 
been available? revealed fine structure in the absorption 
spectrum of Ge near the main absorption edge. This fine 
structure was interpreted satisfactorily in terms of in- 
direct optical transitions, and from it considerable 
information about the band structure and vibrational 
spectrum of Ge was obtained. As a continuation of 
previous work on the absorption spectrum of Si,’ we 
have remeasured this spectrum under higher resolution 
and have resolved a fine structure near the main ab- 
sorption edge similar to that in Ge. We have been able 
to explain this also in terms of indirect optical transi- 
tions. In this paper, we wish to discuss detailed analysis 
of this structure in the Si absorption curves and the 
information which can be obtained from it. 

Although the methods of analysis used and the type 
of results found for Si are similar to those for Ge, we 
have been able to extend the analysis in Si to several 
features which we did not discuss in the case of Ge. We 
have succeeded in resolving the contributions to the 
indirect transitions not only from the two acoustical 
phonon branches but also from the two optical phonon 
branches in the (100) directions, these being the direc- 
tions in which the Si conduction band minima are 
known to lie. It has been possible to find the detailed 
energy dependence of these contributions only for the 
two associated with the acoustical phonons; these two 
contributions contain knees which were discussed in I 
and shown to be characteristic of exciton producing 

t A preliminary report on some of the results discussed in this 
paper was given at The Fifth International Conference on Low 
Temperature Physics and Chemistry, Madison, Wisconsin, August, 
1957 (to be published), and a paper describing the work was read 
at the Spring (1958) Meeting of The Physical Society (London). 

* This paper is published by permission of the controller, Her 
Britannic Majesty’s Stationery Office. 

1 Macfarlane, McLean, Quarrington, and Roberts, Phys. Rev. 
108, 1377 (1957). We shall refer to the paper as I. 


2G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955). 
3G. G. Macfarlane and V. Roberts, Phys. Rev. 98, 1865 (1955). 


indirect transitions. Furthermore, we have been able to 
study the smoothing out of these knees as the tempera- 
ture increases and interpret it in terms of a temperature- 
dependent relaxation time of the excitons. Combining 
the intrinsic free-carrier concentration data and the 
temperature dependence of the energy gap obtained 
from our analysis, we have found, as for Ge, that the 
combined effective mass associated with the conduction 
and valence band edges increases with temperature. 
Also, the energies of the phonons taking part in the 
indirect transitions have been found; this leads to a 
further understanding of the lattice vibrational spec- 
trum of Si and helps to fix the actual positions of the 
conduction band minima in & space. 

In the following sections, we shall first of all discuss 
the details of the experimental procedure adopted in 
making the measurements followed by a presentation 
of the experimental results and a discussion of their 
analysis. Finally, we shall consider the information 
about excitons, band structure, and the lattice vibra- 
tional spectrum which can be deduced from this analysis. 


EXPERIMENTAL PROCEDURE 


The preparation of specimens and subsequent meas- 
urements were carried out in essentially the same way 
as described in I. Silicon specimens of approximate 
thickness 1.77, 0.381, and 0.0310 cm cut from very pure 
high-quality single crystals were polished and their 
transmission ratio 7/7) was measured at a number of 
convenient fixed temperatures from 4.2°K to 415°K. 
Below room temperature, refrigerants having suitable 
known boiling points under normal atmospheric pres- 
sure were used to cool the specimen chamber. The 
specimen temperature was assumed for all practical 
purposes to equal that of the refrigerant, a preliminary 
experiment having shown that the thermal coupling 
through helium exchange gas is good enough to ensure 
this. At room temperature and above, the specimen 
temperature was measured directly by means of a 
calibrated copper-constantan thermocouple, the tem- 
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Fic. 1. Low-level absorption spectrum of high-purity Si at 
various temperatures. The inserts indicate the accuracy with 
which the experimental points define the curves. 


perature being raised by electrically heating a high- 
boiling-point liquid in the absorption cell. 

The radiation detector was a lead sulfide cell. The 
third-order spectrum from the diffraction grating was 
used, the spectrometer being calibrated using the several 
orders of the Hg green line (0.546074 micron.) In the 
absorbing region the slit widths ranged from 5X10~ 
ev to 10-* ev at the higher energies. Wavelengths \ 
were converted into energies E by the relation EA 
= 12400 10-* ev cm which may be compared with 
EX= (12397.8+0.5)K10-* ev cm given by Dumond 
and Cohen.‘ 

Values of the absorption coefficient K were calculated 
from the relation 


Iy (1—R)* exp(— Kd) 
{=—= ' 
Ip 1—R® exp(—2Kd) 





where R is the surface reflectivity and d the specimen 
thickness. This reduces to fo=(1—R)/(1+R) when 
K=0, i.e., at energies below that of the absorption 
edge in a pure specimen at not too high a temperature, 
and this affords a means of deducing R as has already 
been mentioned in I. It should be noted that the value 
obtained for R, and indeed that measured for ¢ at all 
levels of absorption, is subject to a slight uncertainty 
due to small changes in the optical path on moving the 
specimen into the radiation beam. One effect is that the 
distribution of light on the detector changes slightly, 
particularly with a thick specimen and when the ab- 
sorption is low and multiple reflections become signifi- 


4J. W. M. Dumond and E. R. Cohen, Revs. Modern Phys. 
25, 691 (1953). Note added in proof —All energy values in the pres- 
ent work and in I were derived from wavelength values appro- 
priate to air and not vacuum. To correct for this, and for the dis- 
crepancy in the wavelength-energy conversion factor, all energy 
values should be divided by 1.00045. 
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cant. It is clear therefore that, unless there is a very 
uniform distribution of sensitivity over the detector 
surface, a small uncertainty will be introduced into the 
measured transmission ratio. These difficulties were 
kept very much in mind since photoconductive cells are 
far from ideal in this respect and vary considerably from 
one to another. A cell specially selected for uniformity 
was used and the optical alignment was carried out in 
such a way as to minimize any errors of the kind 
mentioned. 

As was found for Ge, the values of ¢) were greater 
than those deduced from the refractive index data of 
Briggs’ by about 3% on the average, but were con- 
sistent among themselves to +1% for all specimens and 
at all temperatures. We are confident, therefore, that 
the uncertainties in 9 are so small as to have a negligible 
effect on the subsequent analysis of the data. The re- 
duction of the data for small values of to—¢ is discussed 
further in Sec. 2. 

Routine reduction of the data and its tabulation in a 
suitable form for subsequent analysis was carried out by 
means of the laboratory’s electronic computer. 


RESULTS 


The experimentally determined absorption curves are 
presented for a series of temperatures from 4.2°K to 
415°K in Fig. 1 in the form of a plot of a!=(Khv)! 
against photon energy hyv.® This set of curves has the 
same general characteristics as the similar set of curves 
for Ge described in I. At the lowest temperatures, the 
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Fic. 2. The decomposition of the absorption coefficient 
at 4.2°K into its two components. 


5H. B. Briggs, Phys. Rev. 77, 287 (1950). 

® We shall work in terms of the more significant quantity a for 
Si rather than K as was done in I for Ge. It is more important to 
include the Ay factor in Si due to the larger energy range covered 
by the measurements. 
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TABLE I. The values of the threshold energies Eig, Exa, Era, Esa, E1e, and E2, found from the analysis of the absorption curves, 
and the corresponding values of EF at various temperatures, 7. Also shown at each temperature are the values of 6, and 62 found from 


(2) and (3). 


T (°K) Ego (ev) 
4.2 d 1.2135 
20 A7 1.2135 
77 A171 1.2110 
90 1.1335 1.2100 

112 1.1312 1.2072 
170 1.1224 1.1985 
195 1.0134 1.0453 1.1172 1.1932 

249 1.0015 1.0334 1.1055 1.1815 

291 0.9912 1.0231 1.0952 1.1712 

363 0.972 1.003 1.151 

0.957 0.988 1.137 


Ew (ev) 


curves appear to consist of two components each be- 
ginning with a well-defined knee. As the temperature 
increases, two other components begin to appear at 
the low-energy end of the curves. These other com- 
ponents also have knees associated with them and it is 
seen from the figure that the energy separation of any 
pair of knees does not alter with temperature, e.g., the 
two outer knees have a constant separation of about 
0.115 ev. As was discussed in I, these features are all 
characteristic of indirect optical transitions. For tem- 
peratures above 170°K, although the main features of 
the lower-temperature curves are still present, further 
absorption appears below the lowest-energy knee and 
increases with temperature. We shall discuss first of 
all the curves at temperatures up to and including 170°K 
where virtually no absorption occurs below the lowest- 
energy knee and follow this with a discussion of the 
curves at higher temperatures. 


1. Temperatures Up to 170°K 


The curves up to 170°K were analyzed using the 
same techniques of extrapolation, correlation, etc. as 
were described in I for Ge. It was found that they can 
in general be represented as the sum of four components, 
each component rising with energy from a different 
threshold energy and the two components with the 
lowest-energy thresholds disappearing at the lower 
temperatures. The decomposition of the curves at 
4.2°K and 170°K into their components is shown in 
Figs. 2 and 3. At temperature 7, we find that we can 
write a(hy,T) as 


a(hyv,T) 


2 
=> [aia(hy— Eya(T), T)+0i(hv—E;.(T), T)], (1) 
i=1 


where 
aie(E,T)/aia(E,T) = exp (0;/T) (2) 
and 
E;.(T)— Eja(T) = 2h6,, (3) 


k being Boltzmann’s constant. The absorption in this 
region can therefore be interpreted as being due to 


62 (°K) 62 (°K) 


6: (°K) 6: (°K) 


Ex (ev =T log(aie/aia) = (Er —Eis)/2k =T log(ar/am) = (Ex —Em)/2k E (ev) 





1.1558 
1.1558 
1.1532 
215 1.1522 
198 57 7 1.1494 
213 7 1.1407 
225 1.1355 
1.1237 
1.1135 
1.093 

1.079 





indirect transitions involving phonons of energies ko 
and k@,. Corresponding to the phonon of energy 6,, 
there is a component of absorption aj, beginning at 
E,a(T) in which a phonon is absorbed along with the 
light quantum, and a component a;, beginning at F;.(T) 
in which a phonon is emitted. These two components 
have the same shape at a given temperature but differ 
in magnitude according to the relation (2). The com- 
ponents aig and aq disappear as the temperature is 
lowered and the number of phonons available for 
absorption decreases. The fixing of the threshold ener- 
gies of the components is complicated by secondary 
effects which we shall discuss presently, but the values 
of #; and 62 at the higher temperatures in the range 
can be readily obtained from the relation (2). The 
values of @; and @2 so obtained are shown in the appro- 
priate columns of Table I. 
Indirect transition theory leads one to expect that 


aia(hy— E,4(T), T) 
=a;(T)Lexp(0;/T)—1}"as(hy—Eja(T), T) (4) 
and 
a;e(hv—E;.(T), T) 
=a,;(T)[1—exp(—0,/T) }'ai(hv—E;.(T), T), (5) 
where a;(7) is some weakly temperature-dependent 


factor which we define to be unity at zero temperature. 
We show here an explicit dependence of a; on T al- 
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. 3. The decomposition of the absorption coefficient 
at 170°K into four components. 
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Fic. 4. The function 8(£). The insert shows the E+ behavior of 
the function for small values of E. 


though simple theory predicts only an implicit depend- 
ence on temperature through the temperature-depend- 
ent threshold energy. At 4.2°K, both the a,;(7) and 
exponential terms in (5) are effectively unity, so that 
the two components comprising the absorption curve 
at this temperature represent a and a2 in both form 
and magnitude. 
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Fic. 5. The effect of Gaussian broadening on the basic shape az. 
Each curve is labeled with the appropriate half-width ¢ in ev and 
the vertical lines define the energy thresholds for the curves. The 
two arrows mark the threshold energies of the two components of 
the basic shape which rise as (AE)# and which correspond to 
transitions to the ground and first excited states of the exciton. 
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As is seen from Fig. 2, both a; and a» begin with a 
well defined knee and eventually flatten off to rise 
roughly quadratically with energy. As the temperature 
is raised, however, these knees become smoothed out 
in a manner typical of relaxation broadening. This 
smoothing out can clearly be seen from the curves in 
Fig. 1. A detailed study of the variation of the shape of 
the knees in a and a2 with temperature showed that the 
variation can be explained by taking a basic shape 
which is subject to a temperature-dependent broaden- 
ing of a Gaussian type. This broadening is applied of 
course to the whole component, but produces no sig- 
nificant change in shape in the upper region where the 
energy dependence is essentially quadratic. The basic 
shape of a2, the larger component, is described em- 
pirically by 


a (hy— Eo) = 18.08 (hvy— Eo)'+B(hy— Eyo—0.0055), (6) 


where absorption is measured in units of cm™ and 
energy in ev. Eo is the threshold for the component, and 
the function B(£) which is shown in Fig. 4 behaves as 
E} for small values of E. At temperature 7, 


a2(E,T) 
1 7 (x— E)? 
= ——_—— a(x) exp| -— ls, E>0, (7) 
a(2r)} 0 20° 

where o is a function of temperature and is a measure 
of the broadening of the basic shape. In Fig. 5 we show 
how the shape of a2 changes with o from ¢=0, which is 
the curve defined by (6), to c=0.0064 ev. The variation 
in the shape of the components a2, and a2. with tem- 
perature can be explained exceedingly well by using 
(4), (5), (6), and (7) with a suitable choice of o at each 
temperature. The best value of o at each temperature 
is shown in Table II. For the component a, the basic 
shape 


a; (hv— Eo) =0.504(hv— Eo)8 
+0.0688(hy—Ey—0.0055), (8) 


along with (4), (5), and (6) reproduces the experimental 
data well. It is clear that fitting the curves described 
by (4) to (8) to the various components at each tem- 
perature defines at these temperatures the energy 
thresholds E44, Ea, Fie, and E2,. The values found in 
this way are given in Table I. It should be noticed at 
this point.that these energy thresholds can be fixed 
accurately only if an analysis of the smoothing out of 
the basic shapes of the components, such as we have 
just discussed, is undertaken. This is especially true, 
as we shall presently see, in the high-temperature 
range where the smoothing out is much stronger and 
the components all have tails giving nonzero absorption 
at energies considerably smaller than the threshold 
energy. The values of the energy thresholds can be used 
in conjunction with Eq. (3) to yield values of @, and 62, 
the phonon temperatures. The values of 6, and 62 found 
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TABLE II. The half-width o of the Gaussian broadening and the corresponding relaxation time r=//o at various temperatures, 7. 


Cx) 
aX 10° (ev) 
7X10" (sec) 


in this way are also shown in Table [; these values are 
more accurately determined than the corresponding 
values found by application of Eq. (2). The two pairs 
of components which comprise the absorption in this 
region appear to be associated with indirect transitions 
which involve the absorption and emission of phonons 
with energies equivalent to temperatures of about 
212°K and 670°K. In Si, these phonons must have 
wave vectors lying in a (100) direction, this being the 
direction of the vector separating the valence and con- 
duction band extrema in & space. From the ideas one 
can get about the vibrational spectrum of Si from the 
known elastic constants,’ phonons with energies corre- 
sponding to these temperatures and with wave vectors 
lying in a (100) direction would appear to be acoustical. 


2. Temperatures Above 170 


As we have already noted from Fig. 1, a considerable 
amount of absorption occurs for températures above 
170°K at energies lower than the beginning, /2, of the 
lowest energy knee and the magnitude of this absorp- 
tion increases with temperature. We show this part of 
the absorption on an expanded scale in Fig. 6. The 
curves are shown as continuous where the scatter in 
the experimental points is negligible but, at the lowest 


10 


Fic. 6. Very low-level ab- 
sorption spectrum of high- 
purity Si at various tem- 
peratures. At the upper 
levels, the experimental 
points define the curves un- 
ambiguously; at the lower 
levels, the experimental 
points are plotted. 
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levels of absorption, the observed points are shown, as 
in this region the scatter on the points becomes un- 
avoidably large. This scatter is due essentially to the 
fact that for these low absorption levels, the absorption 
coefficient is proportional to the difference of two large 
quantities. The actual values of these points depends 
very much on what one assumes the reflection losses in 
the crystal to be and it is worth while discussing how 
the points in Fig. 6 were obtained. We show in Fig. 7 
a plot of the measured transmission ratio, ¢, as a func- 
tion of the incident photon energy for two typical tem- 
peratures, 249°K and 363°K. The sudden drop in ¢ at 
the high-energy end of these plots represents the be- 
ginning of absorption in the material. For energies lower 
than this, the transmission ratio falls slowly with in- 
creasing energy and can be well represented by a linear 
law. This fall represents a slow variation with photon 
energy of the reflection losses in the crystal. We have 
assumed that the linear variation in ¢ due to these 
reflection losses continues into the higher energy region 
where absorption in the bulk of the material is also 
contributing to the variation in ¢, and so have ex- 
trapolated the straight line variation to higher energies. 
For low absorption levels, the absorption coefficient is 
just proportional to the difference (¢o.—f) between the 
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Fic. 7. The transmission ratio ¢ as a function of photon energy 


at two typical temperatures over the energy range where bulk 
absorption begins. 
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transmission ratio ¢) due to reflection losses at a given 
energy and the measured value ¢ of the ratio at that 
energy. The points on Fig. 6 were obtained by carrying 
out this differencing procedure from Fig. 7. Although 
the scatter in the measured values of ¢ is seen from Fig. 7 
to be at the most 0.5%, the differencing produces a 
much larger scatter in the corresponding values of K. 

There is no very obvious structure in the absorption 
below the lowest energy knee, i.e., at energies less than 
Eq, but it is just possible to detect on the curves a 
change in curvature at an energy about 0.032 ev below 
the main rise in the lowest energy knee and to notice 
that, below this energy at 195°K, the absorption is 
effectively zero. This suggests that the absorption in 
this region consists of two components, one which be- 
gins at about (Z2,—0.032) ev and which does not appear 
below 195°K, and a second which begins at some lower 
energy and which does not appear until at least 249°K. 
Such components could be due to indirect transitions 
involving the absorption of phonons from the two opti- 
cal branches of the vibrational spectrum in a (100) 
direction. We attempted to fit the curves on the basis 
of this idea but, in doing so, were unable to use the usual 
techniques of extrapolation, correlation, etc. due to the 
relatively large scatter on the experimental points in 
this region. However, we were able to synthesize 
curves which fit the experimental results at the five 
temperatures above 170°K to within their scatter and 
which are based on the values of only two parameters, 
6; and 6, the two optical phonon temperatures. In 
terms of these two parameters, the curves are composed 
of two components aq and a4, which are given by 


aia(hv—Exa(T), T) 
=[exp(,/T)—1}'a(hv—Eia(T)), (9) 

where 
Eja(T) = Exa(T)—k(0;—62), i=3, 4 (10) 
is the threshold of the ith component and the basic 
shapes a3(EZ) and a,4(Z) have both been taken propor- 


tional to E*. This choice of a quadratic energy depend- 
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ence for the components was governed both by the 
shapes of the experimental curves and the energy de- 
pendence to be expected from indirect band-to-band 
transitions. Furthermore, it was found that a fit could 
be obtained only if tails were associated with the aza 
component consistent with the tails already found at 
lower temperature due to the broadening and smooth- 
ing out of the knees. We show in Fig. 8 the decomposi- 
tion of the appropriate part of the absorption curve at 
363°K. This shows the two components associated with 
the optical phonons and the lower end of the component 


0S @2q Which is consistent with the formulas quoted in the 


previous section with a broadening characterized by 
o=0.0048 ev. The best values of 6; and 6, were found 
to be 1050°K and 1420°K, respectively, both values 
being uncertain by about +20°K. The values of Esa 
and £4, are shown in Table I. 

Having found components which involve optical 
phonon absorption processes, one immediately looks for 
the corresponding components in which optical phonon 
emission plays a part. These components should begin 
at energies E2,(T)+k(0,—6@2), i=3,4, and should be 
larger in magnitude than the phonon absorption com- 
ponents by exp(@;/7). However, calculating their mag- 
nitude from this and the observed phonon absorption 
component, we find that, when added to all the other 
components present at the higher energies, their pres- 
ence would be shown by a change in slope in the a! 
curves of only about 1%-2%. This is rather an insig- 
nificant amount of structure to hope to observe in a 
region when the main part of the absorption is due to 
transitions involving acoustical phonons and when the 
extrapolated energy dependence of these acoustical 
phonon components is not known to better than 1% or 
2% accuracy. We are therefore unable to decide whether 
or not the phonon emission branches are present. 


Ls —EE 
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Fic. 8. The decomposition of the absorption coefficient at very 
low absorption levels at 363°K into the three components aia, aa, 
and aq. The shape of a2 corresponds to the broadening of the 
basic shape (6) according to (7) with a half-width « =0.0048 ev. 
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However, the evidence from the low-energy components 
seems sufficiently strong for us to conclude that they 
are in fact due to transitions accompanied by the ab- 
sorption of optical phonons. 

The main part of the absorption can be explained in 
terms of the two acoustical phonons which were found 
to take part in the transitions at the lower temperatures. 
This leads to values for the thresholds Eya, Fea, Ere, 
and £»,, and these are shown in Table I along with the 
values of 6, and #2 found at each temperature from both 
(2) and (3). At each temperature, the smoothing out 
of the structure is characterized by an energy o which 
is given in Table II. There was no evidence for any 
significant variation of the factor a;(7) in (4) and (5) 
with temperature. 


DISCUSSION AND CONCLUSIONS 
1. General 


The most obvious conclusion which can be drawn 
from the analysis just described is that, up to 415°K, 
the absorption is due to indirect optical transitions for 
low absorption levels (<50 cm~), Our knowledge of 
the band structure and symmetry properties of Si 
indicates that phonons of four different energies should 
contribute to these indirect transitions. These phonons 
should all have the same wave vector which should be 
in a (100) direction and, in order of increasing energy, 
should be transverse acoustical, longitudinal acoustical, 
longitudinal optical, and transverse optical. We have 
indeed found contributions to the absorption from 
phonons of four different energies, the best values of 
these energies corresponding to temperatures of 212°K, 
670°K, 1050°K, and 1420°K. These energies are cor- 
rect to about 1% in the case of the acoustical phonons 
and 2% in the case of the optical phonons. Haynes 
et al.® have analyzed the radiation emitted from the 
recombination of electron-hole pairs in Si and from this 
find values for the energies of the same four types of 
phonons as take part in the indirect transitions which 
produce absorption. They find the values 185°K, 640°K, 
965°K, and 1380°K, which are in qualitative agreement 
with but consistently smaller than ours. 

Associated with the transitions involving the emis- 
sion and absorption of each type of phonon, there is an 
electronic energy gap for the process. If we denote by 
E,(T) the energy gap associated with the transitions 
involving the emission and absorption of phonons of 
energy k6;, then 


EV(T) = Eye(T) — k0;= Ea(T) +R, 
=1Ey(T)+Ea(T)] (11) 


for i=1, 2, 3,4. Using the values of Eis, Ey, and 0; 
given in Table I, one finds that £;(7) is independent of 
i as one might expect. Its value, denoted by E(T), is 


§ J. R. Haynes (private communication). 
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given in the last column of Table I and plotted as a 
function of temperature in Fig. 9. 

By using expressions of the type (4), (5), and (9), 
we can find the relative magnitudes of the basic shapes 
@1, @2, a3, and ay. The transitions giving rise to absorp- 
tion are due to two different interactions, the inter- 
action between the electrons and the incident radiation 
and that between the electrons and the vibrations of 
the crystal lattice. The interaction with the incident 
radiation is common to all the transitions giving rise to 
absorption in the components ay, a2, a3, and a4, and so 
these components differ in magnitude from one another 
due to the difference in the size of the coupling between 
the electrons and the various types of lattice vibra- 
tional modes in the crystal. If we characterize the cou- 
pling between the electrons and a lattice vibrational 
mode by C in such a way that the interaction Hamil- 
tonian is proportional to this coupling constant, we 
find that 

Craw5.5C1a~4C10~™4CLo, 


where Cra, Cra, Cro, and Cyo are the coupling con- 
stants for the longitudinal acoustical, transverse acousti- 
cal, transverse optical, and longitudinal optical pho- 
nons, respectively; we have here assumed that the 
couplings to the two types of transverse acoustical and 
optical phonons are the same. We see therefore that, 
having extracted the phonon population factors from 
the interactions, the coupling of the electrons to the 
optical and the transverse acoustical modes are roughly 
all of the same strength, but about five times weaker 
than the coupling to the longitudinal acoustical modes. 
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2. Band Structure and Excitons 


The fact that the electronic energy gaps associated 
with the four types of phonons all turn out to be the 
same indicates that the electronic transitions producing 
absorptions at the threshold energy of each component 
are the same. To understand the nature of these transi- 
tions and the significance of the energy gap E(7), we 
must discuss the shapes of the various absorption com- 
ponents. We shall confine our discussion to the shapes 
of the two components a; and az associated with the 
acoustical phonons, since the detailed shapes of the 
other two components a; and a, are not well known, 
especially close to their threshold energies. Disregarding 
the broadening effects, which are of secondary import- 
ance and which will be discussed later, the basic shapes 
of a; and az are described by expressions (6) and (8). 
Both rise from their thresholds as (AZ)! and this energy 
dependence continues over the first 0.0055 ev. At this 
point another contribution begins and this also rises 
as (AE)! initially but finally settles down to an almost 
quadratic energy dependence. This behavior is very 
similar to that found for the basic shape g(/) in I for 
Ge and which was shown to be consistent with indirect 
exciton-producing transitions giving the initial rise as 
FE}, the eventual rise as /? being due to band-to-band 
transitions becoming the more important. A similar 
interpretation can be given to the two basic shapes a, 
and a», for, as Dresselhaus? and Elliott'® have shown, the 
lowest exciton bands in Si have their minima at the 
same points in & space as does the conduction band; at 
these points, Dresselhaus estimates from the hole and 
electron effective masses the exciton binding energy to 
be ~0.01 ev. The energy difference of 0.0055 ev, found 
from the analysis of a; and a2, between the two con- 
tributions behaving as (AZ)! therefore represents the 
difference in energy of the ground and first excited 
states of the exciton. With a simple hydrogen model for 
the exciton, this interpretation leads to an exciton 
binding energy of 0.0073 ev, in agreement with Dressel- 
haus’ estimate. It follows that the energy gap Ea¢(T) 
for indirect band-to-band transitions at temperature 7 
is given by 

E¢(T)=E(T)+Ex, (12) 
where E.,~0.01 ev and is not expected to be tem- 
perature dependent. Figure 9 therefore shows the varia- 
tion of Eg with temperature, but the values given by 
the curve are lower than Eg by about 0.01 ev. These 
values of Eg are consistently higher than those previ- 
ously quoted.’ 

One other point should be mentioned about the 
shapes a; and a, and that is that one might expect them 
to contain contributions arising from transitions from 
the third valence band which is separated from the 


®G. Dresselhaus, J. Phys. Chem. Solids 1, 15 (1956). 
0 R. J. Elliott, Phys. Rev. 108, 1384 (1957). 
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upper two by a spin-orbit coupling energy."-” It has 
been estimated that at k=0 this band is lower than the 
other two by 0.03-0.04 ev, but to our knowledge no 
effects directly attributable to this third band have so 
far been observed. One would expect the presence of 
such a band to produce a component of absorption 
associated with every component arising from transi- 
tions from the upper two bands and having the same 
temperature dependence as these components, but be- 
ginning about 0.03-0.04 ev higher in energy than them. 
We had this fact very much in mind when we considered 
the extrapolation of the components on the original 
curves but could find no clear-cut evidence for such a 
second component being associated with a; and a». 

We have also investigated, as in I, the relationship 
between the temperature dependence of the indirect 
energy gap, ga, obtained from our measurements, and 
the intrinsic free-carrier density, ,;, obtained from 
electrical measurements. The theoretical relationship 
between these two quantities is 


n,=4.82X 10°7!(m/mo)iN 3 exp(—E@/2kT), (13) 
\. being the effective number of minima in the con- 
duction band, mo the free electron mass, and m the 
combined density-of-states effective mass for holes and 
electrons. Experimentally, m; has been found to vary as 


ni= AT! exp(— B/2kT). (14) 


Morin and Maita™® found A=3.87X10'® and B=1.21 
ev for temperatures above 450°K and Herlet'* has 
found this relationship to hold down to 250°K. On the 
other hand, more recent work of Putley'® has given the 
same temperature dependence for ; but has reduced its 
magnitude by 20% for temperatures above 400°K. 
Taking Eg from (12) with £..~0.01, one finds from 
(13) that, with any of these values of #,, the quantity 
\..(m/mo)* must increase with temperature. It is fairly 
well established that the conduction band minima in 
Si lie inside the Brillouin zone and since they lie in the 
(100) directions, V.=6. That they lie inside the zone 
agrees with the fact that we find four different phonon 
energies contributing to the indirect transitions. For 
minima at the zone edge, only three different phonon 
energies would be available, the longitudinal optical 
and acoustical branches being degenerate at the zone 
edge in the (100) direction. The value of m can be 
found at 4.2°K from the results of cyclotron resonance 
measurements at this temperature”-'®!? and _ these 
give a value of m~0.45mo. With V.=6, the n; values 
of Morin and Maita indicate that m increases by about 
45% over its value at 4.2°K as the temperature is in- 

1 R. J. Elliott, Phys. Rev. 96, 266 (1954). 

2 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

3 F, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 

4 A. Herlet, Z. angew Phys. 9, 155 (1957). 

18 E. H. Putley and W. H. Mitchell, Proc. Phys. Soc. (London) 


A72, 193 (1958). 
16 B,. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955). 
17 Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956). 
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creased to 400°K. Putley’s values indicate an increase 
by about 30% over the same temperature range. The 
magnitude of the increase is of course dependent on the 
value assumed for the exciton binding energy, but even 
assuming a zero binding energy the magnitude of the 
increase is reduced by only about 10% which still 
leaves a substantial increase in m® with temperature. 
Although the indication of these calculations that m 
increases with temperature is probably true, the actual 
magnitude found for this increase seems rather large 
and is probably not reliable. This springs from the fact 
that in the calculation one takes the difference of the 
quantities B and Eg. This difference is much smaller 
than the quantities themselves and so one must know 
both B and Fg accurately. B, however, is known only 
to 0.01 ev whereas the difference amounts only to some 
thousandths of an electron volt. 

A direct connection can be obtained between the 
variation with temperature of the energy gap and 
effective mass without resorting to the values of nj. 
This can be done if a simple model is assumed for the 
temperature variation of the energy gap. This model 
assumes that the decrease in energy gap is simply due 
to a temperature-dependent scaling factor in the energy ; 
states away from the band edge then approach the 
other band more quickly than those at the edge and the 
general effect is to flatten the bands and so increase 
their effective masses. On this model, the observed 
variation in energy gap with temperature leads to an 
increase in m of about 10% as the temperature rises 
from zero to 400°K. 


3. Vibrational Spectrum 


As we have already pointed out, the four phonons 
which assist in the indirect transitions must all have 
the same wave vector which, from the known band- 
structure of Si,” lies in a (100) direction; its actual 
position is somewhere inside the first zone and band- 
structure calculations'* indicate that this position is in 
the outer half of the zone. 

We have investigated how far the four energies found 
from our analysis can be explained in terms of the 
Born-von Karman model of lattice vibrations de- 
veloped for the diamond-type lattice by Smith.’ It 
has recently been pointed out” that there is an error in 
Smith’s work; the symmetry requirements of the dia- 
mond lattice are not as restrictive as implied by Smith 
and, instead of three, four parameters are required to 
describe a general force between an atom and its 
second-nearest neighbors. Smith set the fourth pa- 
rameter equal to zero. However, it is easily shown that 
this fourth parameter does not enter into the expres- 
sions which describe lattice vibrations propagating 

18F, Herman, Physica 20, 801 (1954); D. P. Jenkins, Proc. 
Phys. Soc. (London) A69, 548 (1956). 


19H. M. J. Smith, Trans. Roy. Soc. (London) A241, 105 (1948). 
*” Braunstein, Moore, and Herman, Phys. Rev. 109, 695 (1958). 
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along the symmetry directions. Consequently, Smith’s 
expressions along these directions and for the elastic 


constants are correct. 

It can easily be shown that, assuming noncentral 
harmonic interactions with nearest and second-nearest 
neighbors, two limits can be set on the acoustical 
vibrational energies at the zone edge in a (100) direc- 
tion. These limits are determined by the lattice spacing, 
atomic mass, and elastic constants, and for Si are 
320°K for the degenerate transverse branches and 
477°K for the longitudinal branch. One can obtain 
force constants for this model which are sensible, viz., 
real, only if the two zone-edge energies of the acoustical 
branches are either both greater or both less than their 
respective limits. The longitudinal branch must cer- 
tainly have an energy at the zone edge greater than the 
limit of 477°K, it already having a value of 670°K 
within the zone. However, it seems extremely unlikely 
that the transverse branches could increase from 212°K 
somewhere in the region of the zone edge to a value 
greater than the limit of 330°K at the edge. Thus it 
appears that the conditions cannot be satisfied which 
allow us to describe the Si Jattice vibrational spectrum 
in terms of harmonic interactions with nearest and 
second-nearest neighbors only. 

Using the slope at the origin of the longitudinal 
acoustical branch in a (100) direction obtained from the 
elastic constants and the fact that, at the zone edge in 
this direction, the longitudinal acoustical and optical 
branches of the spectrum meet one another with equal 
but opposite slopes, allows one to estimate the wave 
vector of the phonons of energies 670°K and 1050°K, 
assuming that it lies not too far from the zone edge.'® 
We estimate that the wave vector lies at about 0.81 of 
the distance from the center to the edge of the zone, 
and this corresponds to the position of the conduction 
band minima in k space. 


4. Broadening Effects 


Our analysis shows that a considerable amount of 
broadening of the basic absorption shapes takes place 
and increases in magnitude as the temperature rises. 
This broadening was found to be of the Gaussian type 
characterized by a half-width o which was found to 
vary with temperature as shown in Table II. Such a 
broadening is due to relaxation processes suffered by 
the particles in the crystal and, since the values of o 
quoted in Table II refer to the broadening of that part 
of the absorption depending on the one-half power of 
the energy, these values of o must characterize the re- 
laxation processes undergone by the excitons. These 
same values of o and even the Gaussian type of broaden- 
ing need not apply and indeed would not be expected 
to apply to the upper parts of the absorption compo- 
nents, which are due to band-to-band transitions and 
whose broadening would be due to relaxation processes 
suffered by the electrons and holes. 
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To produce a broadening, these relaxation processes 
must be inelastic so that the exciton energy is changed 
when it undergoes such a process. We can characterize 
the frequency with which these processes take place by 
a relaxation time 7 defined by 


(15) 


t=h/c. 


We give the values of 7 at various temperatures in 
Table II and show its temperature dependence in Fig. 
10. We see that 7 is virtually constant around 3X 10-” 
sec for temperatures up to about 100°K, but above that 
it shows a marked decrease with increasing tempera- 
ture. This is what one might expect since, for tempera- 
tures T<100°K, kT <£E.x so that the exciton energy 
cannot be appreciably changed by interactions with the 
lattice vibrations and the relaxation must be due to 
some temperature-independent mechanism such as 
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Fic. 10. The variation of the exciton relaxation time r=//c. 
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scattering by static imperfections in the crystal or the 
emission of phonons; as the temperature rises, the 
lattice vibrations become both more intense and more 
energetic and become the dominant scattering mecha- 
nism for the excitons and so lead to a relaxation time 
which decreases with increasing temperature. Finally, 
it should be pointed out that although the collision 
times 7, for holes and electrons in good quality Si 
calculated from 


T= (m*/e)u, (16) 


where yu is the mobility and m* an appropriate effective 
mass, have roughly the same order of magnitude as the 
relaxation times of the excitons, it does not seem appro- 
priate to compare these times directly. This is due to 
the fact that first of all a certain amount of the tem- 
perature dependence of 7, calculated from (16) comes 
from an averaging of the true collision time over the 
Maxwell-Boltzmann distribution of the holes or elec- 
trons; and secondly, the collision time characterizes 
processes, both elastic and inelastic, which alter the 
direction of motion of the particles but the relaxation 
time is concerned only with inelastic processes. 
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Remarks on the Theory of Superconductivity* 
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: The relation between the Bardeen-Copper-Schrieffer theory and the Bogoliubov theory of superconduc- 
tivity is discussed. It is shown that the B.C.S. trial wave function is derived by the same transformation 
as that used by Bogoliubov, and that the integral equation which determines an introduced parameter 
is equivalent. Some remarks are also made on the excited-state wave functions. 


ECENTLY Bogoliubov' has shown that a system 
of electrons interacting with a phonon field has 
an energy gap for an elementary excitation. The 
results of the Bogoliubov theory are qualitatively the 
same as those of the Bardeen, Cooper, and Schrieffer 
theory? of superconductivity though his method seems 
to be quite different. Here we shall discuss the 
Bogoliubov theory and show that this theory is, in 
principle, equivalent to B.C.S. 
Bogoliubov introduces new Fermi operators azo and 
Mk, 
Apo= UpAyt — VA airs 


(1) 


Oe = Un +0, 1", 
where “, and-v, are real numbers which satisfy the 


relation 
U2+07= 


and a,t* and a,t are the creation and annihilation 
operators for an electron with wave vector k and up 
spin. 
This transformation is derived by the unitary 
operator as follows: 
a,.o=ea,re~*, (2) 
ays = eSa_,ye~*, 
where 
S= —1) Ox (agt*a_n4*—a_xyart), (3) 


and 


COSO,= Uy, SiNnO, = V,. 


The ground-state wave function obtained by Bogoliubov 
is represented by the vacuum wave function C, with 
respect to the a@ particles. This vacuum state for 
a particles is equivalent to the following state derived 
by operating with the above defined unitary operator 
on the vacuum state y, with respect to the original 
a particles; 


C,e'5y, =|] (cosé,+sind,a,1*a_n4*) Wo. (4) 
a 
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Therefore, if we put cos#,=(1—/x)! and sin6,=hx}, 
we find that the Bogoliubov ground state is identical 
to the B.C.S. ground state. 

Bardeen, Cooper, and Schrieffer determine the 
value of hx by minimizing the expectation value of the 
Hamiltonian with respect to the trial ground-state 
wave function (4). This Hamiltonian consists of the 
kinetic energy and the effective interaction between 
electrons arising from the second-order perturbation of 
electron-phonon interaction. On the other hand, 
Bogoliubov determines u, and »v;, so that the so called 
“dangerous terms” in the Hamiltonian will vanish. The 
Bogoliubov Hamiltonian is expressed by the sum of 
the kinetic energy, the phonon energy, and the electron- 
phonon interaction. This condition is 


1 
[E(k)—\ Juve = (t—2') Eg 
2V 6 


w(k—k’) 
xX- — 
w(k—k’)+€(k)+e€(k’) 





Uj VE’, (5a) 


and 


1 w(k—k’) 
E(t) = E()-— F g— — 
2V & w(k—hk’)+e(k) +€(k’) 

X (ue?— ve), (Sb) 
where /(k) is the kinetic energy for an electron with 
wave vector k; e(k) is defined by the difference of E(k) 
and the Fermi energy A: «(k)=E(k)—X. V is the 
volume, g is the coupling constant of electron-phonon 
interaction, and w(q) is the energy of a phonon using 
units in which #=1. E(k) is the one-electron energy 
including the self-energy due to the electron-phonon 
interaction. 

The energy of the ground state C, in the Bogoliubov 
theory, including the second-order perturbation with 
respect to the electron-phonon interaction, is given by 


2¥ {E(k)—A}o2 
k 


1 w(k—R’){ 692047 + U0 De} 
sail tia 2. 


V skxk’ 





w(k—k’) +e(k)+e(k’) 


Now it can easily be shown that (5) is just equivalent 
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to the condition of minimizing the expectation value 
of the Hamiltonian, (6). Thus, it is found that the 
Bogoliubov condition of eliminating the dangerous 
terms in the Hamiltonian is equivalent to the B.C.S. 
condition of minimizing the expectation value of the 
Hamiltonian. This means that the dangerous terms, 
which might bring a large contribution to the ground- 
state energy through the off-diagonal elements and 
which are not taken care of in B.C.S., automatically 
vanish by the condition of minimum energy. 

The equivalence of both theories holds also for the 
excited states. The Bogoliubov excited state is expressed 
by ax*C,. This state is equivalent to the following state 
derived by the unitary transformation (2): 
axo*C,—eSa,4*Y,= [] (cosdy+sind,-a,/4*a_,4*) 

kk 
X art Wo, 
and also 


az )9*a. 90> Il 
kR#RY, k Re 


(cosO,+sin6,a,4*a_;4*) 
XK ay 2¢*a,g* yy, 


az 9% *Cy— [] (cos0y-+sind,-a,-4*a_4-4*) 
k'#k 


X (cos0,a,}*a_,3* — sind, )W», 
for RY =k =B, 


— [] (cosO-+sinO,-a,¢*a_,-4*) 
k¥k), k ¢kO) 


Kaz,e*a,oy*y,, for ROKR, 


From these relations (7), (8), and (9) we see that the 


YOSIDA 


excited wave functions are also equivalent for both 
theories. Bogoliubov calculated the excitation energy 
for the states (7) and obtained the energy gap c(kr) 
which corresponds to a half of the B.C.S. energy gap 
2e. This difference originated from the fact that 
Bogoliubov used (7) instead of (8) or (9) which are 
more realistic because all the perturbations conserve 
the number of electrons. In the approximation of 
neglecting the terms of higher order than g*, the 
excited-state wave functions of type (8) have no 
off-diagonal elements between them, whereas those of 
type (9) have off-diagonal elements and the collective 
excitations are formed by the linear combination of 
these as discussed by Anderson.’ 

As seen from the above discussions, both theories 
are completely equivalent. However, Bogoliubov’s 
calculation is more rigorous because he starts from the 
original electron-phonon interaction. We can, therefore, 
use the Bogoliubov method in order to investigate the 
effect of the omitted terms in B.C.S. For example, we 
find that even if we include all parts of the effective 
electron-electron interactions we obtain the same 
equation as (6) for the ground-state energy except the 
terms 4,20, which come from the interaction between 
parallel spins. Since these terms affect only the self- 
energy as shown in (5b), they produce no essential 
effects. 
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Hall Effect in Lu, Yb, Tm, and Smt 
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The Hall effect in Lu, Yb, Tm, and Sm has been studied as a function of temperature for the temperature | 
range 40°K to 320°K in a magnetic field of 5500 oe. The Hall coefficient for Yb is positive, while the Hall 
coefficients for Lu and Tm are negative. Sm has a negative Hall effect at room temperature, but at lower 


temperatures the sign.apparently changes. 


INTRODUCTION 


HE Hall effect of a metal furnishes some informa- 

tion about the conduction of the metal. The rare 
earths are in general trivalent and their principal 
variation is in the number of 4f/ electrons per atom. 
The 4/ electrons are presumably highly localized around 
each ion and hence do not contribute directly to the 
conduction process. They may, however, have an im- 
portant effect on the mobilities and the populations of 
the conduction bands. 

Hall effect data presented here have been analyzed 
where possible for each of the metals on the basis of a 
simple one-band model to obtain an effective number of 
carriers per atom. It is quite evident that this is almost 
certainly an incorrect description. The number has been 
calculated, however, to aid in the discussion of the data. 
A more probable description of the data would be on 
the basis of a two-band model as proposed by Mott! 
and developed by Sondheimer.® 

The Hall effects of several other rare earth metals 
have been examined previously by Kevane e/ al.’ The 
apparatus used for the present investigation was de- 
scribed in that paper. This method employs an alter- 
nating current through the sample which was placed in 
a steady magnetic field. The polycrystalline samples 
were cut from castings and filed to the dimensions 
2.5X0.5X0.1 cm. The maximum magnetic field used 
was 5500 oe. 
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Fic. 1. Hall coefficient of Lu as a function of temperature. 
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RESULTS 
1. Lutetium 


The Hall coefficient R=Vy,d/TH (where V y= Hall 
voltage, d=room temperature thickness, /= primary 
current, and H=applied magnetic field) as a function 
of temperature for Lu is shown in Fig. 1. The Hall 
coefficient for Lu is nearly independent of temperature 
within the precision of the experiment over the tem- 
perature range from 40°K to 320°K. The coefficient has 
a value of about —0.535X 10~" volt cm/amp oe at room 
temperature. This value corresponds to 3.5 effective 
negative carriers per atom if one were to apply a one- 
band description. Lu has the hexagonal close-packed 
structure according to Spedding ef al.4 The 4f shell is 
completely filled, as magnetic measurements at this 
laboratory indicate.® Thus there are three conduction 
electrons per Lu atom. 


2. Ytterbium 


The Hall coefficient as a function of temperature for 
Yb is shown in Fig. 2. The coefficient has a value of 
3.77X10-" volt cm/amp oe and is independent of 
temperature for the temperature range from 80°K to 
300°K. This value for R corresponds to 0.69 effective 
positive carriers per atom on the one-band model. 
Yb has the face-centered cubic structure.t Magnetic 
measurements by Lock® indicate that the 4f shell for 
Yb is filled, at least for this temperature range, as it is 
for Lu. This means there are just two electrons per 
atom available for the conduction process in Yb. 
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Fic. 2. Hall coefficient of Yb as a function of temperature. 
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Fic. 3. Hall coefficient of Tm as a function of temperature 


3. Thulium 


The Hall coefficient as a function of temperature for 
Tm is shown in Fig. 3. The increase at lower tempera- 
tures is attributed to the extraordinary effect. The 
coefficient has a value of —1.8X10~-'* volt cm/amp oe 
at higher temperatures. This value of R corresponds to 
1.1 effective negative carriers per atom on the one-band 
model. Tm has the hexagonal close-packed structure.‘ 
According to the magnetic measurements of Rhodes 
et al.,’ there are two holes per atom in the 4/ shell, 
which means that three electrons are available for the 
conduction process. These same measurements indicate 
a Néel temperature of 51°K. A slight field dependence 
of the Hall coefficient was noted for the lower two 
points. 


4. Samarium 


The Hall coefficient as a function of temperature for 
Sm is shown in Fig. 4. This is a rather unusual case. 
The coefficient is negative at room temperature and 
decreases in magnitude rather rapidly with decreasing 
temperature. At 150°K the effect seemed slightly posi- 
tive, but was not of sufficient magnitude to be deter- 
mined quantitatively. At 100°K the effect was positive, 
but showed a pronounced field dependence and no 


7 Rhodes, Legvold, and Spedding, Phys. Rev. 109, 1547 (1958). 
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value of R was determined. Magnetic measurements by 
Lock® also indicate that Sm behaves rather strangely. 
However, no field dependence of the magnetic suscepti- 
bility was observed in this temperature region. Sm has 
a close-packed hexagonal structure with the c-axis 
parameter four and one-half times the normal value.’ 


DISCUSSION 


On the basis of a one-band model we find there are 
3.5 effective negative carriers per atom for Lu, 1.1 
effective negative carriers per atom for Tm, and 0.69 
effective positive carriers per atom for Yb. Something 
more complicated than the one-band model is obviously 
necessary to explain these results. An interpretation in 
terms of the two-band model mentioned earlier is not 
possible because this model involves the population of 
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Fic. 4. Hall coefficient of Sm as a function of temperature 


each of the conduction bands and the ratio of their 
mobilities. We have been unable to assign numbers to 
the unknown quantities which would give reasonable 
results and be consistent with the electrical resistivities. 
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Theory of the Ferroelectric Effect in Rochelle Salt* 


TosHio Mitsurt 
Brookhaven National Laboratory, Upton, New York 
(Received May 13, 1958) 


Mueller’s phenomenological theory of Rochelle salt, NaKC,H,O,-4H.2O, has been generalized, and the 
properties of the clamped crystal described. A local field theory of the clamped crystal has been developed 
on the basis of the structure analysis of Frazer, Danner, and Pepinsky. Special care has been taken to 
avoid any arbitrary assumptions in the theory. A chart is given which shows conditions for the occurrence 
of ferroelectricity. It has been shown that the difficulties of Mason and Devonshire’s theories are the results 
of too simplified assumptions on the coefficients of the local field. Various quantities which appear in the 
theory have been calculated using the fact that the reciprocal susceptibility of the clamped crystal has a 
single zero value. The calculated coefficients which appear in the Taylor series expansion of Helmholtz free 
energy agree well with those predicted by the phenomenological theory. An explanation is given for the 
properties of the mixed crystal series, Na[ Ka (NH) 1~¢ ]CiH,O,-4H,0. 


I. INTRODUCTION 


LTHOUGH the necessity of a Bethe-type approx- 
imation for ferroelectric transitions has been 
discussed recently,! it seems worthwhile to investigate 
to what extent we can explain the ferroelectric proper- 
ties of Rochelle salt, NaKC4yH,O,-4H,0, on the basis 
of the usual local field theory, which is analogous to the 
Weiss theory of ferromagnetism and the Bragg-Williams 
approximation for order-disorder transition in alloys. 
Several theories have been developed along this line. 
Mason? assumed that the displacement of the proton 
in the Og —(H20)ao* hydrogen bond is the ferro- 
electric dipole, and was able to obtain two Curie points 
in agreement with observation. He found it necessary, 
however, to assume that the dipole moment itself varies 
with temperature owing to the thermal expansion. 
This is an essential assumption in his theory as will be 
shown in the present paper. Recently Devonshire’ 
criticized and modified Mason’s theory, but could not 
reach quite satisfactory results. The present theory will 
show that the difficulties in the'r theories are the results 
of too simplified assumptions on the coefficients of the 
local field. Takahashi® developed a theory of the chains 
of the hydrogen bonds. He proved that the crystal 
could have two transition points if the potential of the 
protons in the hydrogen bonds is asymmetric as the 
crystal symmetry of Rochelle salt demands. Later, 
however, Takahashi’ concluded from a consideration 
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of the crystal structure that in Rochelle salt there 
could be no chain of hydrogen bonds in which protons 
displace cooperatively. Although he withdrew his own 
model of Rochelle salt, Takahashi’s paper seems to 
suggest the proper way to investigate the problem of 
Rochelle salt. The present paper might be looked upon 
as a quantitative investigation of a special case of his 
model. 

Most of the above theories have been developed on 
the basis of the crystal structure determined by Beevers 
and Hughes‘ in 1941, and made the hydrogen bonds 
responsible for the occurrence of the phase transition. 
The recent x-ray re-examination of the structure by 
Sundara-Rao, Mazzi, and Pepinsky® and single crystal 
neutron study by Frazer, Danner, and Pepinsky‘ reveals 
significant departure from the 1941 structure results. 
According to their results, the hydrogen bonds do not 
seem responsible for the ferroelectricity. While a number 
of deviations from orthorhombic symmetry were found, 
the most significant of these occurs in the case of the 
H atom on O,5). This atom has two possible orientations. 
One of these orientations is adopted in one part of the 
structure, on one of the Oy) atoms; on a pseudo- 
symmetrically related mate to Oy), the H atom has 
another orientation. The result is a net hydrogen 
displacement of almost one angstrom unit, with the 
principal component parallel to the ferroelectric a axis. 

The present theory will be developed on the basis of 
of their structure results. It will be assumed that (OH) 5) 
is a rotatable dipole with two equilibrium positions 
along the x axis. (OH)(s) is a hydroxyl group of the 
tartrate molecule and should be rigid as far as elongation 
is concerned. Therefore, the above assumption reason- 
able implies that we cannot assume the temperature 
variation of the ferroelectric dipoles as Mason?* did, 
and that we must derive the lower Curie point from 
the asymmetric potential as Takahashi® and Devon- 
shire’ did. Except for this point, the general features 


§Shirane, Jona, and Pepinsky, Proc. Inst. Radio Engrs. 43, 
1738 (1955). 
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and conclusions do not depend on whether the ferro- 
electric dipole is in O”)— (H2O) 19) or (OH) 5). 

In Sec. II we shall describe the properties of the 
clamped crystal of Rochelle salt on an improved 
Mueller’s theory. In Sec. III we shall develop a local 
field theory and investigate what the conditions for the 
spontaneous polarization are and to what extent the 
theory can explain the properties of the clamped 
crystal. In Sec. IV a discussion will be given on the 
properties of the mixed crystal, Na[K.(NH4):-«} 
C,H,0,-4H,0, and the effect of hydrostatic pressure 
on the dielectric properties of Rochelle salt. 


II. PROPERTIES OF THE CLAMPED CRYSTAL 


The theory described in the next section is a theory 
of the clamped crystal, which is free from any strains. 
In this section we shall describe properties of the 
clamped crystal on the basis of a generalization of 
Mueller’s phenomenological theory. 

The Mueller’s theory is based upon the following 
expression of the Helmholtz free energy. 


A=AM41BP 3, (1) 
AM =} (ex P+ Cory,? +0337 

+ (CoavyS2 + C3122 t Ci2X2Vy) 

+3 (casy P+ C5522? + Coox,’) 

+ (fisyeP st fosteP yt fast P:) 


+3(xiP2+x2PY+xsP.*). (2) 


Here x2, Vy, «+X, are the components of the strains, 
P,, P, and P, are the components of the polarization, 
and c¢;;, fi;, x; and B are characteristic constants of 
the crystal. This expression is, however, not quite 
general, and not sufficient for the discussion of the 
clamped crystal. It cannot give the quadratic piezo- 
electric strains, xz, y,, and z,. The general expression, 
which crystal symmetry of Rochelle salt demands, is 


A=A®+ (QuxstqiwytQist2)¥2 
+ (qeitetQo2Vy +2322) ¥2P 2 
+ (Qai%2t+Qa2Vyt93922)P 2? 


+ (Evye!+ Ey F Pet iy 2P 2+ bsy.PF)+hiPs', (3) 


where q;;, §;, and & are constants. Here it is assumed 
that polarization is parallel to the « axis and that 
terms with higher power than P,‘ are negligible. The 
above expression is obtained as the invariant for the 
transformation of the coordinate system which is 
characteristic of the point group of unpolarized Rochelle 
salt, V=Dz. 

Putting all strain components equal to zero in Eq. 
(3), we have the free energy of the clamped crystal 
polarized along the x axis as 


A=hyiPZ+HPs. 


The x component of the electric field is given by 
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E,=0A/0P,, and thus we have 
E.=xiP.+tP?. 


The stress components are given by — X¥,=0A/dx, and 
the corresponding equations for other components. 
Using these relations and putting all the stress compo- 
nents equal to zero, we have the following piezoelectric 
strains from Eq. (3) 


a 7a (fis cu) P2+yP2, 
Ja™ goPZ, 


(4) 


(5) 


42> giP/, 22> ¢g3P, 


where ¥ and g, are constants determined by the 
coefficients in Eqs. (2) and (3). ¢; has been measured 
by Mueller’ and Mason.’ There is, however, no quanti- 
tative agreement between their results. Mueller? re- 
ported g:;=1.2X10~* esu, while Mason’ reported ¢, 
= —0,0865X10~, g2=0.0173K 10, and ¢;= —0.0242 
X10-* esu. Habliitzel’s result on thermal expansion 
is consistent with Mueller’s results in order of magni- 
tude, as demonstrated by Mueller. 

In order to discuss properties of the free crystal, 
which is free from any stresses, it is convenient to use 
the elastic Gibbs function G;,?" the thermodynamic 
function which has stress and polarization as inde- 
pendent variables. Using Eqs. (3) and (5), G: becomes 


Gi=}x’P2+hE'P A, 
where 
(6) 


(7) 


D being a constant which can be expressed by the 
coefficients in Eqs. (2) and (3). D must be positive 
since the lattice deformation takes place so as to 
decrease the free energy. x’ and x, are the reciprocal 
susceptibility of the free and clamped crystal, respec- 
tively. x: was evaluated by Mueller as a function of 
temperature using Eq. (6), as shown in Fig. 5. 

The value of B in Eq. (1) was given by Mueller as 
(5.8+0.7)X 10~* esu. Mueller estimated it by using the 
saturation effect of the free crystal. Therefore we may 
put £’=B. It is impossible to evaluate & exactly, since 
we have too many unknown coefficients in Eq. (3). 
However, we might be able to get some idea of the 
order of magnitude of £ by estimating it on the assump- 
tion that only «, contributes to £ On this assumption, 
we may put y,=2,=0 in A, and write Eq. (3) as 


A=A+qq%2PP+}EPs. 


Using 0A/dx,=—X,=0, we have g3.=—ciu¢i, and 
&=¢'+4ce.19). Using the value” ¢,=4.25X10", we 
have $¢¢:°=3.07X1077 and 1.59X10~ in esu for 
Mueller’s and Mason’s values of ¢; quoted above, 


x’=xi- (fid/cas), 
e’=§—D, 


®H. Mueller, Phys. Rev. 58, 565, 805 (1940). 

10 J. Habliitzel, Helv. Phys. Acta &, 498 (1935). 

1 A. F. Devonshire, Advances in Phys. 3, 85 (1954). 
2 W. P. Mason, Phys. Rev. 55, 775 (1939). 
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respectively. As &’=5.8X10~® esu, the above results 
suggest that the order of magnitude of £ might be 
between 610-8 and several times 10~® in esu. In the 
next section we shall examine whether our model 
theory can explain the properties of x, and & discussed 
above. 


III. LOCAL FIELD THEORY 


The space group of the paraelectric phase of Rochelle 
salt is P2,2;2 and there are 4 formula-units, 
NaKC,H,0,-4H.0, in the unit cell. Figure 1 illustrates 
the symmetry elements in projection on (001). The 
projection has a center of symmetry at the position of 
the twofold axis, and the dipoles such as (OH) 5) are 
arranged in an antiparallel way as shown in the figure. 
The space group of the ferroelectric phase is P2,11, 
that is, the twofold screw axes parallel to the x axis 
remains, while other axes of symmetry parallel to the 
y or z axes disappear. Therefore the two dipoles in the 
unit cell which are related with each other by the screw 
axis parallel to the x axis are equivalent with regard to 
their x components in both paraelectric and ferro- 
electric phases. Below we shall consider the crystal as 
an assembly of the lattice of which lattice points are 
occupied by such equivalent atoms. 

It will be assumed that the hydroxyl group (OH) 5 
is a rotatable dipole with two positions of equilibrium 
along the x axis, and that the potential energies at the 
two points differ from each other. Then a set of dipoles 
has minimum energy when pointing in the positive 
direction of the x axis, while another set has minimum 
energy when pointing in the negative direction, as seen 
in Fig. 1. The former set will be called type 1 dipoles 
and the latter type 2 dipoles, and their polarizations 
will be written as P; and P2, respectively. Besides there 
are many ions and atoms in the unit cell, and thus, 
many dipoles induced by external and internal field. 
Their polarization will be written as P,,; (1=1, 2, «++, 2), 
where m is one half of the number of ions and atoms 
in the unit cell. For simplicity it will be assumed that 
the polarization and the electric field have only x 


O | 


— 


Peo 


Fic. 1. Crystal symmetry of the paraelectric phase of Rochelle salt. 
The arrows in the circles show the arrangement of the dipoles. 
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components and P, and £, in the last section will be 
written as P and E, respectively. 

It is assumed that the lattice of the crystal is rigid, 
or that the crystal is clamped. The Helmholtz free 
energy per unit volume due to the polarization consists 
of the following four components: 


1= free energy of the induced dipoles, 
A,= mutual interaction energy of dipoles, 
A;= potential energy of the rotatable dipoles, 
A,4= entropy terms of the rotatable dipoles. 


Devonshire" showed that the contribution to é from 
ionic shift is of the order of 10~" or 10~"° in the case of 


BaTiO. It is much smaller than & of Rochelle salt, and 
thus, A; may be written as 


where v is one half of the volume of the unit cell, and 
y, is the polarizability of the 7th ion or atom. 
A» is assumed to be written as 


Ag= —} Zz BuP aki + B:j*P«sP3—4 }¥ B;;**P;P;, 


? 
where 8; ;, 8;;*, and 8;;** are constants. This expression 
is equivalent to assuming that local field on each 
dipole is a linear function of the polarizations. 
A; is written as 
V V 
A3s=—V(Ni4— M1) + V (Na — No_) = ——P14+—P2, 
m rm 


where 2V is the difference between potential energies 
at the two equilibrium positions, and V;, and N;, 
(i=1, 2), are the number of the type 7 dipoles pointing 
+x and —x direction, respectively. Here use is made 


of the relation 
Ne j= Ps 


u(Vig i=1, 2), (8) 


where u is the dipole moment of (OH) 5). 

There are many different states having the same 
values of V;, and V,. The number W of such states 
is given by 


Ni4!N1_! 


where V is the number of (OH);s) per unit volume, and 
thus Vi,+N;=N/2. As implicitly assumed in the 
derivation of A, A», and A;, the energy is the same 
for all states having the same distribution V,, and V,_, 
so that we can write A, as 


A,y=—hkT |InW 
= {ANT D[(1+n,) log(1+n,) 


+(1—n,) log(1—n,;)—2 log2], 
8 4. F. Devonshire, Phil. Mag. 40, 1040 (1949). 





1262 TOSHIO 


where 


n=2P;/(Nu) (i=1, 2). 


Here & is the Boltzmann constant and T is temperature 
in degrees Kelvin. By adding A;, A», A3, and Ag, we 
have 


v 
A =} E (8-8) PPE Bij*P uP; 
ij 


Yi " 


—3> By **PP;—(V/u)Pit+(V/u)P2 


+4kNT ¥ { (14+n,) log(1+n,) 


+(1—n,) log(1—n,)—2 log2] (9) 
where 6,; is the Kronecker delta. 
Using the relations E=0A/dP,;=0A/0P,;, we have 


p=¥(-%,-8,) P.-E Bi;*P (i= 1, 2, a n), (10) 
? vi ? 


V kT 
E=->D Ba*P.;—> Bn*Pj;—-—+— tanh“, 
i i wou 


V RT 
E=-Y 6y*P.;-L By**Pj;+—+— tanh. (11) 
? 7 


Bh op 


From Eq. (10) we have 


1 1 
Pax (— > By )E+ (— > ax*By)P 
A i Ai 


1 
+(—= an*Bu) Ps, (12) 
A i 


where A is a determinant with element (2/y;)5,;—8;; 
and B;; is a cofactor of A. 

As the space group of paraelectric Rochelle salt is 
P2,2,2, the ith atom at a position (x,y,z) has an 
equivalent mate at (Z,9,z) which will be called the 
(n+1—1)th atom below. From the consideration of 
the geometry, we have 
B;;** =B3_ ; _;** 


Bi; =Bati-i, n+1—jy B:;* =Br41-i, hist 


From these equations we have 
B= Bati—i, nt1-}- 
The above equations lead us to the relations 


5 Byr* Bi; _ > a B j2*By;, 


i? ij 


Zz Ba*Bj*Biy=> Bi2*B j2*B; ;. 
4) Pi 


Using these relations, we can write the total polarization 
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P= P.itd P; and Eqs. (11) as 
P=x.E+a(P,+P3), 
B p’ V kT 
E= —-P,——P,——+— tanh, 
a a au ap 
Bp’ B Vi kT 
E=——P,—-P,+—+—- tanh, 
a a au ap 


1 
ko=— > B;;, 
ij 


1 
= i+— ) By*B;;, 
A ii 
1 
ts, a , Ba*B i1*B;;, 


1 
Pn Te a Bir*B j2*B,;. 
ij 


Below we shall assume 8>0 and 6’>0. P, and P2 have 
a finite value due to V in absence of both the electric 
field and the spontaneous polarization. Their values 
will be called Pio and Px, respectively. From the 
crystal symmetry, we can put 


Py= — Pp. 
From Eqs. (14), we have 
(B’—B)pPy—V+RT tanh“'(2Pyo/Nyu)=0. (16) 


Eliminating FE from Eqs. (14), we have 


(B’—B)uP:—V+kT tanh 
= (8’—B)uPotV+AT tanh"'n». 


Putting P)= Pit AP, and P2= P2+AP2, we can write 
the above equation as 


4x 


AP,=AP;+—— —(AP;)?. (17) 


Nu(1—2)[1+(1—22)/y1] 
Here x and y, are defined by 
x=2P30/Nu, 
2kT 
ee) 
Using these quantities we can write Eq. (16) as 
(1/b)—x 


ma ’ 
tanh~!x 
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where 6 is defined by 
Nu? (p’—B) 
b= ——., 
2V 
Adding Eqs. (14) and dividing it by two, we have 
kT B’+ 
E=—[tanh~',+tanh~'n:2 ]————(P+ P»). 
2ap 2a 
Now we shall define Pa by 
Pa=al P\+P2). 


(23) 


Equations (17) and (22) give a relation between 
and P4, 
E= xaPat faP a ( 24 ) 


where 
k T ——| 
N(au)*L1—22 2 #=«t 


kT 1 


2x* 
Ss ae 
N*(ayu)* (1—2°)8 1+ (1—2*)/y 


From Eqs. (4), (13), and (23), we have 
Xd 
‘ 1+nexe 
ba 


z ( 1 +-Koxe)* 


X1 


It is convenient to define the following quantities to 
investigate the properties of xq: 


c= (8’—8)/(8’+8), (29) 


(30) 


Then Eq. (25) becomes 


p’—B 1 
Oa ha" ae 
2a? 1-2 


The quantities y,; and y2 given by Eqs. (20) and (30), 
are illustrated in Fig. 2. It should be noted that 4; is 
proportional to T according to Eq. (19), and, therefore, 
the curves of y, show the temperature dependence of x. 

The figures show that y, contacts 2 tangentially at 
a certain value of 6, which will be called do below. 
Equations (29) and (31) prove that the condition for 
negative values of xa is given by y:<y2 if c>0 or by 
yi> ye if c<O. Figure 2(a) shows the case for c>0. It 
can be seen that xa is positive at all temperatures if 
b<bo, negative in an intervening temperature range if 
by<b<1, and negative below a particular temperature 


(31) 
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0.3333 019463 











Fic. 2. (a) y, and ye as functions of x. 6>0 and c>0. The 
number in the figure shows the value of b. (b) ¥; and yz as functions 
of x. b<0 and c<0. The number in the figure shows the value of }. 


if b>1. Figure 2(b) shows the case for c<0. In this 
case xa is positive at all temperatures if b>do, and 
negative in an intervening temperature range if b<dp. 
These conditions are illustrated in another way in 
Fig. 3. 

When b= by we have y:=y2 and dy,/dx=dy./dx at 
the contact point. From these equations and Eqs. 
(20) and (30), we have 


c= 2x9 tanh—x— 1, 


1 1 
—= x9 +-(1—x0*) tanh—'x». 
bo c 


(32) 


Here x» is the value of x at the contact point or at the 
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Fic. 3. Conditions for a negative value of xu. I: xy is negative 
below a temperature. IT: xq is negative in an intervening temper- 
ature range. IIT: xq is positive at all temperatures 


temperature where x; is zero. The values of bo calculated 
by these equations are shown in Fig. 3. 

The fact that xa is negative is a sufficient condition 
for the spontaneous polarization of the clamped crystal, 
but it is not a necessary condition as has been shown 
by the discussion on the first order transition." At 
very low temperatures entropy terms in Eq. (9) can 
be neglected and we have 


V V 
A=—}38(P2+P?)—6'P\P2-—Pi+—P2, (33) 
M mM 
where the external field is put equal to zero and where 
use is made of Eqs. (12) and (15). The free energy A 
expressed by Eq. (33) has its minimum value at a 
corner or corners of the square domain of P; and P, 
which is determined by —}Nu<Pi:<}3Nu and —3Nyu 
<P2<4Nu, since (0°A/dP;’) p2=(0?A/dP2?)ri:= —B 
<0. The expressions of A at the four corners are given 
as follows: 


Aj=-— 13N2y2— 13/N%y2 
P; ~ Nu, 
for ae iia, 
An = —4BN?+40'N22— NV 
for P= 3 Nu, 
Ayn = — {BN7?+ j0'N*4w+NV 
for P,=—43Nu, 


P.=3Ny 


Since 6’>0, we have 


Ain> Ay and Ajn> At. 
Further 

A;>An if B’Np?/(2V)<1, 
and 

Ai<An if B’Ny?/(2V)>1. 
A, is the free energy when the two types of the dipoles 


are parallel to each other, and Ay is the free energy 
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when the two are antiparallel. Therefore, 


b 1 
BN (2V)= (1+) >1 
2 c 


is the necessary and sufficient condition for the occur- 
rence of ferroelectricity below a particular temperature. 
Here use is made of Eqs. (21) and (29). b* will be 
defined by 


(34) 


b*=2c¢/(1+c). (35) 


Values of 6* are shown in Fig. 3. From the inequality 
(34) and Eq. (35) we see that the crystal is ferroelectric 
below some temperature if )>b* and c>0, and if b<b* 
and c<0. Figure 4 shows the results of the above 
consideration along with the results shown in Fig. 3. 
In Fig. 4 the domain IT does not appear if ¢ is smaller 
than 0.288. In Mason and Devonshire’s theory discus- 
sions were limited to the case that 8=9’ or c=0. This 








V=1.2 


Fic. 4. Conditions for ferroelectricity. I: Ferroelectric below 
some temperature. IT: Ferroelectric in an intervening temperature 
range. III: Paraelectric at all temperatures. The dashed arrow 
shows displacement of the representative point of the mixed 
crystal (see Sec. IV). 


might be the reason why Mason was forced to assume 
the temperature dependency of the dipole moment to 
obtain the lower Curie point. 

It should be noted that xq is positive at all tempera- 
tures, while the crystal is ferroelectric below some 
temperature, in the narrow domain between bo and b* 
for c<0.288 in Fig. 3. Therefore, the phase transition 
must be of the first order in this domain. 

Very fortunately the reciprocal susceptibility x1 of 
the clamped crystal of Rochelle salt has a single zero 
value at about 276°K as shown in Fig. 5. Therefore } 
of Rochelle salt must be bo. This fact makes it possible 
to calculate many quantities as functions of ¢ as will be 
described below. The temperature at which x; is zero 
will be called @°K. The values of by and xo (which is 
the x at O°K) are given by Eqs. (32). y; and y2 at @°K 
will be written as yio and yoo. Then, from Eqs. (30) 





FERRUBLECT RIC 


and (31), we have 
1 
7 sa (1 a X0*). 
Cc 


Using Eqs. (19), (21), and (29) we have 


V 1 kO 1 £1 kQ 1 1 
ean cr ae SN 
k& y1000 Nye Yio XC Nw Vi0 \€ 


Calculated values of these quantities are listed in 
Table I. Here use is made of the following values: 


O=276°K, N=3.80K10%¢m™, p=1.51X 108 esu. 
The value of .V is calculated by using the cell dimen- 
sions determined by Beevers and Hughes.‘ The value 
of uw is taken from Pauling’s book.'* Table I suggests 
that the order of magnitude of 6 of Rochelle salt is 
42/3, while 8’ is much larger than 47/3. This may not 
be surprising if we take into account the fact that 9’ 
represents the effect of both direct and indirect inter- 
actions between dipoles as seen from Eq. (15). It 
suggests that the ionic and electronic polarization of 
ions and atoms play an important role for the ferro- 


TABLE I. Various quantities as functions of c. B, 6’, and & are 
given in esu. 


—X10° at @°K 


—0.17 
1.04 
1.74 
3.59 
6.74 


electric effect in Rochelle salt. The order of magnitude 

of V/k© seems reasonable. 
The quantity Vy?(8’+,) 

calculated from the equation 


(2k) in Eq. (25) can be 


Nuw(s'+B8) O 
2k CYV10 1 Tiss Xo" 


yi is determined as a function of temperature by the 
equation ¥;= ¥107'/©. We can calculate « as a function 
of temperature by using the above equation and Eq. 
(20), and thus, a’x4 and a‘ég using Eqs. (25) and (26), 
respectively. xo is the susceptibility of the clamped 
crystal when there is no contribution from the rotatable 
dipoles. The susceptibility at low temperatures, as 
shown in Fig. 5, flattens off at about 110°K and 
remains constant at lower temperatures. According to 
the present theory, the permanent dipoles freeze out 
into the low potential well at low temperatures and 
hence we may put xo equal to the susceptibility at low 
temperatures. Using Mueller’s value of y’(=2.12) at 


4L. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1940), p. 68. 
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; as a function of temperature. The calculation 
was made with c=0.6 


low temperatures and putting f14°/c4,=0.05 in Eq. (6), 
we have 


Ko= 0.461. 


Using this value and Eq. (27), we can calculate x¢ from 
the value of x1, and comparison of it with the theoretical 
value of a*xq gives value of a. Values of a for the 
Mueller’s value at 40°C are listed in Table I. The fact 
that a<1 implies that the contribution of the electronic 
and ionic polarization to the spontaneous polarization 
is negative. 

Using these values of a, we can calculate x; and é as 
functions of T and c. Values of — at °K are shown in 
Table I. These values agree with the order of magnitude 
of & discussed in Sec. II. x; is given as a function of 
temperature in Fig. 5. The values of x: do not depend 
much upon c, and therefore, the curve in Fig. 5 can. be 
considered as a result of our model itself. It agrees with 
Mueller’s curve in its general behavior, and the small 
disagreement seems to be caused partly by the thermal 
expansion of the crystal and the fact that actually V is 


<<} ai 
200 
T?K 


0 100 


Fic. 6. xa, a, and £ as functions of temperature. 


¢ 


The calculation was made with c=0.6. 
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Fic. 7. x as a function of temperature. The calculation 
was made with b=/, 


not energy but free energy as has been discussed by 
Devonshire.® Calculated values of xa, §4, and & are 
shown in Fig. 6. The fact that £4 is negative at low 
temperatures seems to be the reason why we could not 
determine conditions for the occurrence of ferroelec- 
tricity only by the sign of xz. 

The temperature dependence of x is shown in Fig. 7. 
By its definition in Eq. (18), it shows how Po changes 
with temperature. Referring to Eq. (8), we see that all 
type 1 dipoles point positive at low temperature, and 
the number of the dipoles pointing in the negative 
direction increases gradually with increasing tempera- 
ture. 


IV. PROPERTIES OF THE MIXED CRYSTAL AND 
THE EFFECT OF HYDROSTATIC PRESSURE 


The theory described in Sec. III is a theory of the 
clamped crystal, while the phase transition observed 
experimentally is that of the free crystal. For a discus- 
sion of the free crystal, as shown in Sec. IT, we must 
use the elastic Gibbs function which has terms related 
to the lattice deformation in addition to the terms 
involving the Helmholtz free energy. The additional 
terms are proportional to P? and P* in the phenomeno- 
logical theory discussed in Sec. II. This suggests that 
we can get an expression for the elastic Gibbs function 
by adding terms of the second and fourth order in P; 
and P,; to Eq. (9). In our semi-model theory, however, 
the above procedure does not change the form of the 
quadratic terms in Eq. (9), as it is the most general 
form which crystal symmetry demands. Therefore, we 
may conclude that the chart which gives the condition 
for negative value of xa’ of the free crystal, which is a 
quantity corresponding to xa of the clamped crystal, 
will be the same as Fig. 3, since xa and x4’ are coefficients 
of the quadratic term in Helmholtz and Gibbs free 
energy, respectively. The condition for the occurrence 
of ferroelectricity below a temperature in a free crystal 
is not so simple as the inequality (34) owing to the 
higher order terms in P added to Eq. (9). We can 
conclude, however, that in the chart which gives the 
condition for the occurrence of the ferroelectric phase 
in the free crystal, the region I will occupy a wider 
area than in Fig. 4, since the piezoelectric strains take 
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place so as to decrease the free energy of the ferro- 
electric phase. Below it will be assumed that expansion 
of the region I does not eliminate the region II. For 
simplicity, we shall discuss the properties of the ferro- 
electric tartrates as if Fig. 4 gives the condition for 
ferroelectricity of the free crystal. 

A crystal polarizes spontaneously in an intervening 
temperature range only if the representative point of 
the crystal is in the narrow domain II in Fig. 4. This 
suggests that a behavior such as that of Rochelle salt 
can be observed upon rare occasions. In fact, ferro- 
electricity in an intervening temperature range has 
been observed only in Rochelle salt and heavy-wate1 
Rochelle salt, and substitution of small percentages of 
NHg, Rb, and Tl for K eliminates the ferroelectric 
phase.!® 

Strange behavior of the mixed crystal, Na[K.- 
(NH4)1—~« }C4H4O¢-4H:,0, was first observed by Kurch- 
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Fic. 8. Reciprocal dielectric constant of the mixed crystal 
Nal Ka(NH,):_. ]CsH,O.¢-4H20, as a function of temperature. 
The concentration of NH, increases with increasing indicated 
number (after Melmed, Jona, and Pepinsky"’). 


atov and Eremeev,'* and then investigated by several 
workers.'”:!8 Figure 8 and 9 show the results of Melmed, 
Jona, and Pepinsky.’’ These properties can be explained 
on the assumption that the representative point of 
the mixed crystal moves as shown by the dashed curve 
on Fig. 4 with increasing concentration of NH,. The 
minimum value of 1/¢e(~ x’/4m) increases (Fig. 8) as 
the representative point gets into the domain III on 
Fig. 4. With further increase of concentration of NH4,, 
the representative point approaches by again (Fig. 4) 
and the minimum value of 1/e decreases (Fig. 8). The 
representative point reaches b* before bo, and the 
crystal polarizes spontaneously below a temperature 
(Fig. 9). This ferroelectric phase might be caused by 
the negative value of &4’ since xa’ is positive in the 

16 W. G. Cady, Piezoelectricity, p. 654 (McGraw-Hill Book Com- 
pany, Inc., New York, 1946). 

16B. Kurchatov and M. Eremeev, Physik. Z. Sowjetunion 1, 
140 (1932); 3, 304 (1933). 

17 Melmed, Jona, and Pepinsky, Technical Report No. 20, 


Wright Air Development Center, 1954 (unpublished). 
18 Y. Makita and Y. Takagi, J. Phys. Soc. Japan 13, 367 (1958). 
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domain between b* and bo. The minimum of 1/e is at 
about 200°K (Fig. 8) and the transition temperature 
is raised from 0°K to about 200°K abruptly with little 
increase of NH, concentration (Fig. 9), since the small 
value of x,’ is favorable to the phase transition. The 
phase transition of the mixed crystal in which NH, 
concentration is about 12% should be of the first order. 

Bancroft investigated the effect of hydrostatic pres- 
sure on the dielectric properties of Rochelle salt. He 
found that both the higher and the lower Curie temper- 
atures increase with increasing pressure. This effect 
cannot be explained on the assumption that only V is 
varied by pressure. Figure 2(a), of which the ordinate 
is proportional to 7, shows that the higher Curie 
temperature increases while the lower Curie tempera- 
ture decreases, when V decreases, and thus b} increases 
according to Eq. (21). Therefore, Bancroft’s results 
suggest that parameters other than V should be varied 
significantly as has been discussed by Devonshire.® 
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Fic. 9. Phase diagram of the mixed crystal (after Melmed, 


Jona, and Pepinsky'’). For a more detailed phase diagram, see 
reference 18. 


The parameters must be 8 and @’ in our model as we 
cannot expect significant changes in V and u. This 
conclusion is, however, not very surprising if we 
remember 8 and #’ are given in Eq. (15). The large 
values of 6’ in Table I suggest that the contribution to 
8’ from electronic and ionic polarization is very large, 
and suggest the possibility that A is small in Eq. (15). 
In such a case a small change in » or y; will cause large 
changes in §’ or 8. The above argument can be made 
clearer by considering the case that there is only one 
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ion in the unit cell. Assuming that the ion is at the 


center of the cell, A, 8, and 6’ are given by 


2v Bi"? 
A=—-—8n, B=Bu**+————_. 
Y (20/y)—Bu 
and 
Bu? 
B’ =8,.*-+-——_. 
(20/y)—-Bu 


V. SUMMARY 


Mueller’s phenomenological theory of Rochelle salt, 
NaKC,H,0,:4H,0, has been generalized, and proper- 
ties of the clamped crystal described. A local-field 
theory of the clamped crystal has been developed on 
the basis of the structure analysis of Frazer, Danner, 
and Pepinsky.*® Special care has been taken to avoid 
any arbitrary assumptions in the theory. A chart is 
given which shows conditions for the occurrence of 
ferroelectricity. It has been shown that the difficulties 
of Mason and Devonshire’s theories are the results of 
too simplified assumptions on the coefficients of the 
local field. Using the fact that the reciprocal suscepti- 
bility of the clamped crystal has a single zero value at 
276°K, various quantities which appear in the theory 
have been calculated as functions of an unknown 
parameter c. The value of this parameter, which is 
defined in the text by Eq. (29), depends on an exact 
knowledge of the local field. We could give a unique 
value to c, however, and thus, to the various theoretical 
quantities, if we could measure £, which is a coefficient 
of the fourth order term of Helmholtz free energy. An 
experiment is being planned for direct measurement of 
£. The calculated reciprocal susceptibility (as a function 
of temperature) of the clamped crystal agrees fairly 
well with that predicted by Mueller’s theory. An 
explanation is given for the properties of the mixed 
crystal series, Nal Ka(NH4)1—~« }C4H4O¢-4H,0. 
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Direct Measurement of Electron Spin-Lattice Relaxation Times* 


C. F. Davis, Jr., M. W. P. STRANDBERG, AND R. L. Kyu 
Department of Physics and Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received May 6, 1958) 


A discussion of the experimental problems encountered in making spin-lattice relaxation measurements 
in electron paramagnetic systems at low temperature is presented. Gadolinium and chrome ion spin-lattice 
relaxation times, measured by a pulse saturation technique in the time domain, are given. The relation of 
these spin-lattice relaxation times with relaxation times measured in the frequency domain by observing a 


saturation parameter is discussed. 


INTRODUCTION 


OR more than two decades, physicists have been 

interested in developing a description of the 
processes that establish thermal equilibrium between 
a system of electron spins and its surrounding lattice. 
Representation of a spin-lattice system by the almost- 
commuting systems of an atomic electron and Debye 
lattice vibration is simple and adequate for the con- 
sideration of relaxation phenomena. Thermal equi- 
librium is established by a weak coupling between the 
spin and the lattice. The Leyden group sensed the basic 
interest in this problem, developed basic experimental 
techniques, and carried out the basic thermodynamic 
interpretation of the experimental measurements under 
Gorter and Casimir.’ Their study is well documented, 
and the published work of this group is a monument to 
their efforts (essentially single-handed) in the experi- 
mental understanding of this problem. In truth, to the 
present time, no change has been made in the basic 
experiments and their interpretation. To be sure, 
improvements and extensions of the original techniques 
have been made; for example, in considering nuclear 
spin relaxation, and in applying resonance techniques 
to the measurement of the relaxation time of the 
individual lines in the paramagnetic spectrum. But 
always interpretation of experimental results has been 
dependent upon the physical model assumed for the 
process because the measurements have, for the most 
part, been made in the frequency domain (cw power 
saturation techniques). So that the interpretation of 
the experimental results will be less dependent upon 
the physical models, we have measured electron spin- 
lattice relaxation times in the time domain.” 

To review briefly: by the mutual inductance method 
of Gorter and Broer a weighted mean of the relaxation 
times of all of the states of the pertinent paramagnetic 
spectrum is measured, since the maximum rate at 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research). 

1C, J. Gorter, Paramagnetic Relaxation (Elsevier Publishing 
Company, Inc., New York, 1947). 

2C. F. Davisand M. W. P. Strandberg, Bull. Am. Phys. Soc. Ser. 
II, 2, 226 (1957); Strandberg, Davis, and Kyhl, Fifth International 
Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August 30, 1957 (to be published); Davis, 
Strandberg, and Kyhl, Bull. Am. Phys. Soc. Ser. IT, 3, 9 (1958). 


which the magnetic moment of the specimen can be 
made to follow a changing magnetic field is determined. 
This may be interpreted as a direct measure of relaxa- 
tion times averaged over the several component spectral 
lines. Relatively little average power is put into the 
spin system; corrections for size and thermal conduc- 
tivity to be applied to these measurements have been 
calculated by Eisenstein.? However, even at 2°K, and 
for chrome alum specimens as large as 1 cm in radius, 
he concludes that size and thermal conductivity do not 
seem to cause measurable effect. In the spirit of the 
Leyden measurements, Bloembergen, Purcell, and 
Pound‘ measured nuclear relaxation times, using 
nuclear resonance absorption, both in the frequency 
domain and in the time domain. The frequency-domain 
measurements were made on appropriate systems by 
observing the onset of nonlinearity (saturation) be- 
tween the measuring power and the absorbed power, 
and relating this saturation behavior, by means of the 
Bloch equations,® with spin-spin and_ spin-lattice 
relaxation times. Measurements of nuclear spin-lattice 
relaxation times can also be made by saturating the 
resonance with high rf power and then monitoring the 
recovery of the nuclear susceptibility of the sample with 
time by using a weak monitoring field. If the nuclei 
are in an inhomogeneously broadened system, it is 
possible to saturate a limited section of a nuclear 
spin-resonance absorption line. In this case, the spectral 
diffusion of nuclear magnetization weakly couples the 
saturated nuclei with a reservoir of unsaturated nuclear 
magnetization. Thus the interpretation of this experi- 
ment must take into account not only relaxation 
through spin-lattice coupling, but also spin relaxation 
through spectral spin diffusion. 

We immediately note that in electron paramagnetism, 
inhomogeneously broadened systems appear to be rare, 
although they are readily identifiable by experimental 
measurement.® We feel that the paramagnetic systems 
that we report here are not inhomogeneously broadened, 
and in any case, applicable spectral diffusion times 

8 J. Eisenstein, Phys. Rev. 84, 548 (1951). 

* Bloembergen, Purcell, and Pound, Phys. Rev. 73, 678 (1948); 
C. P. Slichter and E. M. Purcell, Phys. Rev. 76, 466 (1949). 


5 F. Bloch, Phys. Rev. 70, 460 (1946). 
6 A. M. Portis, Phys. Rev. 91, 1071 (1953). 
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Fic. 1. Block diagram of equipment for measuring 
relaxation time by pulse saturation method. 


would be too long to require consideration in the present 
discussion.’ 

There have been several measurements of power 
saturation behavior in the microwave region of electron 
paramagnetic systems.* These measurements were made 
by observing the resonant susceptibility of the electron 
paramagnetic-spin system as a function of the micro- 
wave energy density at the paramagnetic crystal. 
Again, the data were interpreted in terms of spin-spin 
and spin-lattice relaxation time by means of the Bloch 
equations. Unfortunately, the applicability of the Bloch 
equations cannot be considered universal. It has been 
pointed out® that phonon relaxation processes may, in 
some cases, influence paramagnetic saturation measure- 
ments as a strong function of the saturation parameter; 
such multiple relaxation processes are particularly 
probable at low temperatures; at the present time their 
presence or absence can be evaluated by experimen- 
tation only. A generalized model of electron para- 
magnetic systems must be made flexible enough so that 
conditions which make the Bloch equations applicable, 
or not, can be investigated. In the presence of arguments 
such as those advanced in reference 7, measurement of 
spin-lattice relaxation times in electron paramagnetic 
systems will always be somewhat suspect. For this 
reason, we decided to abandon frequency-domain 


measurements in favor of time-domain measurements. 
These measurements make it possible to study the 
behavior of the susceptibility over several time 
constants after its saturation. Thus, any deviation from 
a simple relaxation process can be evaluated. It is 
frequently possible to establish, as described below, 
that the measured relaxation times must arise from the 
spin-lattice step only. Furthermore, by using pulse 
saturation of the system with very low pulse recurrence 
frequency, the average power level necessary for making 
the measurements can be reduced to any desired value. 

The measurements presented below should be taken 
in the spirit of the foregoing remarks. We feel that the 
experiments measure the quantities that we wish to 
measure, and that the interpretation of the data is 
direct and subject to less criticism than cw power 
saturation measurements in the frequency domain. 

7A. M. Portis, Phys. Rev. 104, 584 (1956). 

8A. H. Eschenfelder and R. T. Weidner, Phys. Rev. 92, 869 
(1953); G. Feher and H. E. D. Scovil, Phys. Rev. 105, 760 (1957). 

9M. W. P. Strandberg, Phys. Rev. 110, 65 (1958). 
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Fic. 2. Typical oscilloscope trace. Oscilloscope photograph of 
La(Gd)(C2H;SO,4)3;-9H2O at 4.2°K with crystal axis parallel to 
field. The transition is §, } at 2240 gauss and 8745 
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EXPERIMENTAL TECHNIQUES 


A block diagram of the pulse saturation apparatus 
is given in Fig. 1. A tunable magnetron (wavelength, 
3 cm) is fed through a high-power attenuator and a 
circulator to the specimen cavity. The cavity is im- 
mersed in appropriate low-temperature Dewars and is 
in a controllable magnetic field. The magnetron pulse 
is approximately 1 usec in duration and has a carrier 
frequency that is identical with the frequency of the 
sample cavity. A low-power, cw klystron is also coupled 
into the magnetron transmission line, and the signal 
reflected from the cavity is led through a T-R switch 
to a sensitive superheterodyne receiver and amplifier 
system. Since the superheterodyne receiver has micro- 
microwatt sensitivity, millimicrowatts (or less) can 
conveniently be used as the monitor power. The high- 
power attenuator can be used to increase the magnetron 
power until it produces a usable amount of saturation 
of the paramagnetic susceptibility. The magnetron 
recurrence frequency is variable and is approximately 
one pulse a second. Since the receiver is linear, the 
output displayed on an oscilloscope with a linear 
time base provides a direct measurement of the magni- 
tude of the reflection coefficient of the cavity as a 
function of time. The magnitude of the reflection 
coefficient is related to the Q of the cavity, Qo; of 
coupling, Q.; and of the specimen, Q.; by the following 
equation : 

1/0.—1/Qo—1/Qz 


(1) 


, 


~1/0.41/Oo+1/Oz 


The filling factor was essentially constant because the 
crystal was usually small, and the measurements were 
made under resonance conditions. Thus Q, is related 
to the instantaneous specimen susceptibility and the 
constant filling factor as 


Qz1=4anx”, 
where x” is the imaginary part of the susceptibility. 
Figure 2 shows a typical oscilloscope trace. A semi- 
logarithmic plot of [1—(Q,/Q:)] against time is 
shown in Fig. 3, from which the relaxation time is 
evaluated as the slope of the best straight line through 
the experimental points. Here, Q.. is the limiting Q, as 
saturation is decreased. 
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msec 
Fic. 3. Typical relaxation curve for line of Fig. 2. Data from 
two experiments are included. Calculated relaxation time is 
2.59 msec. 


In order to assure the validity of the data, certain 
precautions are required during the running of each 
experiment. The klystron monitoring power must be 
maintained at a level that is sufficiently low to assure 
that its action, alone, does not cause saturation. The 
monitoring level can be checked simply by increasing 
the klystron power several orders of magnitude and 
simultaneously increasing the attenuation in the 
detector arm by the same amount. An observation of 
the same reflection coefficient under both conditions 
indicates absence of saturation from monitoring power. 
This test must be performed on each spectral line 
before it is possible to state that the monitor itself does 
not partially saturate the line. Since the monitoring 
system that we used for the data described here was 
not designed to reject the real part of the susceptibility, 
great care was taken to adjust the magnetic field 
exactly to the resonance field of the paramagnetic 
system at the sample cavity frequency, and to stabilize 
the microwave monitoring field to exactly the cavity 
frequency. Under these circumstances, the cavity and 
specimen provide resistive loads, and the cavity 
reflectivity is truly a known function of the instan- 
taneous imaginary part of the susceptibility. A slightly 
misadjusted magnetic field or klystron frequency can 
produce reactive effects that vary as a function of time. 
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EXPERIMENTAL RESULTS 


As the first in a continuing series of measurements of 
spin-lattice relaxation times by the methods described 
above, we present here observations of relaxation times 
in three crystal specimens which appear to us to be 
direct measurements of spin-lattice relaxation times, 
or at least the direct measurement of relaxation times 
controlled predominantly by spin-lattice relaxation. 
The measurements on gadolinium ethy] sulfate diluted 
with lanthanum, (Lao.99sGdo,o0s) (C2HsSO,)3-9H2O, on 
ammonium chrome alum diluted with aluminum, 
(NH4) (Alo.9sCro.o2) (SO,)2:12H,O, and on the chromium 
impurity in a single crystal of ruby (Al,O3) are shown 
in Table I. These data were obtained from measure- 
ments of the decay of the sample susceptibility for 
at least two, and in many cases as many as four, time 
constants. In our measurements, the graphs were 
essentially straight or barely concave upward, as shown 
by a typical graph, Fig. 3. 

All seven lines of a gadolinium specimen were run, 
in order to compare the various relaxation times. The 
crystal axis was parallel to the dc magnetic field; 
measurements were made at 4.2°K and a frequency of 
8750 Mc/sec. The observed differences in relaxation 
times between lines can only be interpreted as being 
the result of the spin-lattice step, since all experiments 
were performed at the same frequency. Hence all lines 
couple to the same lattice modes. In a further experi- 
ment, the klystron power was increased, and the 
relaxation times of two gadolinium lines were measured 
as a function of monitoring power. The relaxation times 
were relatively constant with power until a level 
capable of saturating the paramagnetic resonance was 
approached. Increasing the pcwer above this point by 
6 db caused the measured relaxation time to drop by a 
factor of ten. These results are given diagrammatically 
in Fig. 4. 

Two ammonium chrome alum samples of different 
size were run as a check to pick up any volume effects 


TABLE JI. Measured relaxation times of (Lao.99sGdo.o0s) 
(C2H;SO,)3-9H20 with the crystal axis parallel to the dc magnetic 
field. Temperature, 4.2°K ; frequency, 8750 Mc/sec. 


Field 
(gauss) 
2000 
2240 
2650 
3070 
3570 
3910 
4280 

Measured relaxation times of (NH4)(Alo.osCro 


elaxation time 
(msec) 


Cw measurement 
(similar conditions )* 


Relaxation time 


Transition msec 


6.3 

2.6 

4.0 

5.2 0.060 msec 
5.8 0.060 

i 4.8 0.075 

_ 9.8 0.167 


2) (SO4)2-12H20 
Frequency 
(Mc/sec) 

Large specimen 7.544 8726 
Small specimen 9.0+1 8753 
Relaxation time of measured synthetic ruby line, 37 msec. 


1 | 
$433 844 | 
} 5 Sonam 


| 
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* See reference 10. 
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that might exist. The dc magnetic field was parallel 
to one crystal axis (perpendicular to a face). Measure- 
ments were made at 4.2°K and frequencies of 8753 
Mc/sec (smaller specimen) and 8726 Mc/sec (larger 
specimen). At 4.2°K, this material (diluted 1:50) 
displays its spectrum as one misshapen line. Care was 
taken to measure the center of the line, although other 
portions of the line gave equivalent relaxation times. 
The volume ratio between the two samples is thirty; 
the linear dimensions are in a ratio of 3:1. 

Relaxation data in the artificial ruby were determined 
from observation of relaxation of the sample suscepti- 
bility for the } — 3 transition with the magnetic field 
at an angle of 90° with the crystal C axis. The measured 
data describe an exponential decrease of the suscepti- 
bility, the measurements having been made over a time 
span of three relaxation times. 


DISCUSSION OF RESULTS 


As has been indicated in reference 9, a relaxation 
process in which the phonons play a dominant role must 
be characterized by a relaxation time that depends 
upon the saturation level. The solution of Eqs. (2) and 
(7) of reference 9 for the transient decay of the satura- 
tion of a paramagnetic system, after the saturation 
pulse, indicates that the relaxation of the spin para- 
magnetic susceptibility must have a variation in slope 
if phonon “holdup” exists; that is, if phonon excitation 
builds up to a point that is sufficient to restrict the 
transfer of energy from the spins to the crystal lattice. 
This follows from the fact that if the phonon excitation 
starts from thermal equilibrium with the bath after 
the saturation pulse, and increases by the subsequent 
transfer of energy from the spins at the normal spin- 
lattice relaxation rate to an excitation level sufficient 
to restrict the transfer of energy from the spins to the 
lattice, a change in slope in the recovery of the suscepti- 
bility of the sample must occur at the time when the 
phonon excitation has been built up to a level sufficient 
to restrict the energy transfer between the spin and the 
lattice. For this reason we have demanded that our 
data, in order to be considered a significant measure 
of a single spin-lattice relaxation process, shall be 
describable by a simple exponential decay over several 
decay constants. This criterion was met by the data 
presented in Table I. 


Gadolinium 


All of our measurements were made at a single 
frequency, and hence the phonon spectrum with which 
the spins interacted was a constant. We believe that 
the spin-lattice relaxation time is a function of the 
electron-spin dipole-matrix elements. Therefore, we 
would expect different relaxation times for different 
components of the paramagnetic spectrum. This 
variation of spin-lattice relaxation time with spin 
quantum numbers is indicated in the results for gado- 
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Fic. 4. Decrease in relaxation time of two lines of the gadolinium 
spectrum as a function of monitor power level. Same specimen as 
in Fig. 2. 


linium. The connection between the relaxation times 
and the dipole-moment matrix elements is, of course, 
not direct—all of the levels of the paramagnetic system 
partake in the relaxation process. However, qualitative 
agreement with the data is apparent, since the extreme 
lines in the spectra have the longest relaxation times and 
also the smallest dipole-moment matrix elements. Note 
that the experimental results that we present consist of 
relaxation times some fifty to sixty times as long as 
those reported by Feher and Scovil.* The relaxation 
times of gadolinium lines that they reported in reference 
8 were said” to have been four times as long as 1.2°K 
as at 4.2°K. It should be noted, too, that the Feher and 
Scovil measurements were made as power saturation 
experiments in which the susceptibility was reduced 
by 10 db. Our results indicate that one should measure 
a shorter relaxation time as the power level is increased. 
It appears that in order to obtain agreement between 
the pulsed and cw measurements on gadolinium, the 
spin-lattice relaxation time would have to be measured 
by cw methods as a function of the power level. Our 
relaxation times should then correspond to the spin- 
lattice relaxation time deduced from saturation 
measurements extrapolated to the limit of zero 
saturating power. We intend to carry out this type of 
experiment. 

The behavior of the rare-earth ions is somewhat 
different from the behavior of chromium, for example, 
in that indirect or second-order processes produce 
spin-lattice relaxation times which are the order of, or 
even less than, spin-spin relaxation times at room 
temperature. The sharp change of spin-lattice relaxation 
time with monitoring power level would indicate a 
faster variation for the spin-lattice relaxation constant 


WH. E. D. Scovil, Massachusetts Institute of Technology 
Physics Colloquium, May 9, 1957 (unpublished). 
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than with the reciprocal of the temperature. This 
situation needs further clarification by experiment. It 
does seem that the shortening of the relaxation time 
with monitoring power may be simply the result of an 
increase (in the conventional sense) in the lattice 
temperature with resultant shortening of the spin- 
lattice relaxation time. If the lattice temperature is 
increased in the conventional sense, that is, by an 
appropriate increase in excitation of all lattice modes, 
this might be due to this crystal having a very short 
phonon-phonon relaxation time, or due to the pre- 
dominance of indirect or second-order Raman processes 
in the spin-lattice relaxation for gadolinium." These 
considerations will be the subjects of further 
experimentation. 


Ammonium Chrome Alum 


Since at low temperatures ammonium chrome alum 
has a vanishing trigonal crystalline electric-field 
splitting, the transitions for the degenerate quartet 
occur almost at a single value of the magnetic field. 
Hence, the relaxation time is a weighted mean over 
the spin-lattice relaxation times of the whole system. 
But since these elements of the spectrum overlap, 
spin-spin relaxation should equilibrate the decay of all 
the quantum states. The essential conclusion derived 
from the results for chrome alum that are presented here 
is that we are not operating with a volume-dependent 
effect. Although the accuracy of the experiment is not 
all that could be desired, the agreement is satisfactory 
in view of the large change in linear dimension, i.e., 
a factor of three. 


1S. A. Altshuler, Zhur. Eksptl. i Teoret. Fiz. 24, 681 (1953). 
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The chrome alum relaxation times reported here are 
approximately the same as those reported by Gorter.! 
On the other hand, Eschenfelder and Weidner measured 
relaxation times in a similar chrome alum at this 
temperature by a cw saturation method and obtained 
spin-lattice relaxation times of less than 1 msec. Since 
our measurements of the relaxation time are supported 
by a simple exponential decay over several relaxation 
times, we feel that our experiments measure the 
spin-lattice step more truly than does cw saturation. 
In order to obtain significant data by the saturation 
method, it would seem, as we indicated above, that 
one would have to measure the saturation parameter 
as a function of power level and be assured by the 
measurements that a simple and single spin-lattice 
relaxation time is being measured. Only in this way can 
a change in effective lattice temperature be uncovered. 


Ruby 


The measurement of the ruby relaxation time that 
we present here is the longest true spin-lattice relaxation 
that we have measured. The ruby crystal is an interest- 
ing structure to study because a good deal is known of 
its thermal conducting characteristics. These charac- 
teristics give hints of its phonon scattering properties. 


(See reference 9 for a discussion of our interest in these 
effects.) For this reason we feel that the ruby structure 
is an ideal medium for basic study of the over-all 
spin-relaxation process at low temperature. From this 
point of view, the single measurement of a ruby spin- 
lattice relaxation presented here is to be taken only 
as an interesting fact, the physical significance of which 
will be made apparent in later experimental and theo- 
retical work. 
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Field Dependence of Neutron Scattering by Spin Waves 


B. N. BROCKHOUSE 
Physics Division, Atomic Energy of Canada Limited, Chalk River, Ontario, Canada 
(Received May 9, 1958) 


The energy distribution of neutrons scattered in the vicinity of the 111 reciprocal lattice point of magnetite 
have been measured with and without a magnetic field along the scattering vector. The intensity with a 
magnetic field was greater than with no field by a factor of 1.41 in approximate agreement with the theo- 
retical value of 1.5, showing that the one-quantum spin wave scattering depends on the orientation of the 
spin system in the way predicted by theory. For spin waves of very low energy, competing effects of opposite 
sign apparently exist which render small the over-all effect of a magnetic field on the diffuse scattering. 


INTRODUCTION 


ROM the theory of scattering of neutrons by spin 
waves! it is expected that magnetically scattered 
neutrons should fall into groups in the energy distri- 
bution, satisfying the interference and energy conser- 

vation conditions 
k)—k’=2r-—q, (1a) 


Eo— E' | = he, (1b) 
where kp and k’, and E» and £’ are the ingoing and 
outgoing neutron wave vectors and energies, respec- 
tively, ¢ is a vector of the reciprocal lattice for the case 
which we will discuss, and fw and q are the energy and 
wave vector of a single spin-wave quantum. For a 
ferrimagnetic substance it is expected?~® that several 
spin-wave branches should exist, including an acoustic 
branch for which w<«q’ for small q. Neutron groups 
have been observed® in scattering around the 111 
reciprocal lattice point in magnetite which satisfy 
Eqs. (1) with an energy wave vector relation and 
intensities’ consistent with spin wave theory. 
According ‘to the theory the intensity of the groups 
should depend on the applied magnetic field. The cross 
section for elastic scattering involves the time-inde- 
pendent z component of the spins and is proportional 
to 1—(e-x)*, where x is a unit vector in the direction 
of magnetization and e= (ko—k’)/ | ko—k’| is the unit 
scattering vector.’ Spin wave one-quantum inelastic 
scattering, on the other hand, involves the x and y 
components of spin and has intensity proportional to 


1See R. J. Elliott and R. D. Lowde, Proc. Roy. Soc. (London) 
A230, 73 (1955). 

2H. Kaplan, Phys. Rev. 86, 121 (1952). 

3 J. S. Kouvel, technical report, 210 Cruft Laboratory, Harvard 
University, 1955 (unpublished). 

4T. A. Kaplan, Phys. Rev. 109, 782 (1958). 

5 Kondorski, Pakhamov, and Shiklosh, Proc. Acad. Sci. U.S.S.R. 
109, 931 (1956), Soviet Phys. Doklady 1, 501 (1956). 

6B. N. Brockhouse, Phys. Rev. 106, 859 (1957). 

7 The structure factors given in reference 6 for the antiferro- 
magnetic and ferrimagnetic unit cells are in error, the error in the 
latter case amounting to about a factor of 3. This does not destroy 
the approximate agreement between theoretical and experimental 
cross sections (reference 6, Table I) because a compensating 
numerical error of about the same amount was made in calculating 
the theoretical cross sections. The author is grateful to Dr. T. 
A. Kaplan for pointing out these mistakes. 

80. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 
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1+ (e-«)*. If, by application of a field, the direction of 
magnetization « is made parallel to the scattering 
vector e, the quantity 1—(e-«)? is reduced from its 
average value ? to zero, and 1+(e-x«)? is increased 
from its average value 4 to 2. 

However, Riste and Janik’ reported that the scattered 
intensity in the region of the 111 reciprocal lattice 
point in magnetite, believed to be largely one-quantum 
magnetic inelastic scattering, did not change upon 
application along the scattering vector of a field 
sufficient to saturate the crystal. This lack of response 
to an applied field was very disturbing because the 
spin orientation behavior described above is firmly 
rooted in spin wave theory. Accordingly we repeated 
some of our previous experiments with provision-for an 
applied field, as described herein, with results in agree- 
ment with spin wave theory. Since carrying out these 
experiments we have received word of additional results 
by the JENER group.” Under experimental conditions 
differing from those used previously, they now observe 
positive effects on application of a field, and attribute 
their previous null result to cancellation by competing 
effects of opposite sign. 


EXPERIMENT 


Energy distributions of 1.52 A (0.035 ev) neutrons 
scattered by a natural single crystal of magnetite were 
measured in the same way as before using crystal 
spectrometers to provide the initial monoenergetic 
neutrons and to analyze the scattered neutrons. The 
specimen crystal was an approximate cylinder ¢ in. in 
diam by 3 in. long, oriented with its [011] direction 
along the cylindrical axis, which was perpendicular to 
the plane of ko and k’. With the angle of scattering 
¢= 18° and the crystal properly oriented, Bragg scat- 
tering by the {111} planes occurred. A magnetic field 
of nominal value H= 3500 oersteds was applied perpen- 
dicular to the direction of k’ and in the (011) plane. 
With the crystal oriented at 10.2° from the Bragg 
reflection position” (¥=—10.2°), H lay along the 
scattering vector e and in the easy [111] direction of 
*T. Riste and J. Janik, JENER Report No. 53, November, 
1957 (unpublished). 

 Riste, Blinowski, and Janik (private communication). 

1 See reference 6, Fig. 3. 
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Fic. 1. Energy distributions of 0.035-ev (1.52 A) neutrons 
scattered by a single crystal of magnetite as a function of the 
analyzing spectrometer angle for various angles of scattering (¢) 
and for various orientations (W) of the specimen crystal. Distri- 
butions without field are shown by closed circles, with field by 
open circles, and field on-off differences by crosses 


magnetization of the crystal. The crystal is believed 
to have been saturated upon application of the field. 
Energy distributions were taken [using a (111) plane 
of an aluminum crystal in the analyzing spectrometer 
as previously described ], with and without an applied 
field and are shown in Fig. 1(a). Before making the 
measurements without applied field the crystal was 
accomodated by repeated application of the field in 
another direction [111]. This procedure was adopted 
to eliminate any possibility that a 180° domain system 
had been set up in the [111] direction by previous 
applications of the field. [Note that the neutron 
intensity is sensitive only to the directions of the spin 
vectors and not to their sense. |] The background shown 
by the dashed line was obtained by turning the ana- 
lyzing crystal out of the Bragg position, and then 
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adding a small correction for contaminant inelastic 
scattering. The intensity of the spin wave neutron 
group B is seen to have increased by a factor of 1.40 
+0.05 upon application of the field. The experiment 
was repeated, but with the field applied and removed 
at each position of the analyzing spectrometer. The 
differences between the counts with and without field 
are plotted in Fig. 1(b). The increase observed with 
field corresponds to a factor 1.42+0.05 in satisfactory 
agreement with the factor of 1.5 expected on spin 
wave theory under perfect conditions. 

The published experiment of Riste and Janik was 
made with a mix-setting of 3° at the same wavelength 
and angle of scattering as these experiments. Accord- 
ingly, with the specimen at 3.2° from the Bragg angle 
(¥=—3.2°), energy distributions were taken with field 
applied and field off, point-by-point. The results are 
shown in Fig. 1(c). The integrated intensity is greater 
with field on than with field off by a factor of only 
1.04+0.02, in substantial agreement with the null 
result of Riste and Janik. It will be observed, however, 
that an apparent shift in the energy of the peak oc- 
curred. This shift and the nearly null over-all effect 
can be accounted for as a superposition of effects of 
opposing sign. Experiments under higher resolution 
could distinguish between the various possibilities: 
contaminant Bragg scattering, multiple quantum scat- 
tering, magnetovibrational scattering, and change of 
spin wave energy with applied field. Experiments 
under high resolution to obtain the dispersion w(q) 
relation accurately are planned. 

The response of the Bragg scattering by the (111) 
plane, and of the contaminant elastic incoherent 
scattering, to the applied field was also measured. 
Ideally the magnetic part of this scattering should 
disappear if the crystal were completely saturated by a 
field along the scattering vector, as has been repeatedly 
observed by other workers. The Bragg scattering was 
in fact reduced by 60% upon application of the field 
as seen in Fig. 1(e). The calculated reduction, including 
the effect of the nuclear scattering and of deviation of 
the field direction from the scattering vector, is 95%. 
The difference is thought to arise from the effect of 
extinction in the large and comparatively perfect 
crystal used. The elastic incoherent contaminant peak 
A was isolated from the inelastic scattering by changing 
the angle of scattering to 14°. Energy distributions 
taken with and without applied field, point-by-point, 
are shown in Fig. 1(d). The elastic peak was reduced 
by a factor 0.85+-0.07 on application of the field, thus 
probably confirming that magnetic incoherent scatter- 
ing contributes to the contaminant elastic scattering as 
previously discussed.® 

The results described herein complete the identifi- 
cation of the excitations previously observed as spin 
waves of the usual description. 
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Atomic Heat of Diamond from 11° to 200°K* 


D. L. Burkt Anp S. A. FRIEDBERG 
Physics Department, Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received April 7, 1958 


The atomic heat of 8.3 moles of clear diamond chips has been measured between 11° and 200°K in a 
vacuum calorimeter. The capsule correction has been made a much smaller fraction of the total heat capacity 
in this work than in earlier investigations resulting in improved accuracy at the lowest temperatures. 
Comparison is made with the theoretical values of Marcus. The observations are consistent with the 
calculated 6 variation and with a @p(0)=2240°+5°K calculated from the elastic constants. Small dis- 
crepancies with the theory at the lowest temperatures are attributed to causes other than the vibrational 


heat capacity of the bulk lattice. 


I. INTRODUCTION 


ANY references are to be found in the literature 
to the determination of the atomic heat of 
diamond at temperatures above 70°K.'~* Only recently 
has an attempt been made to extend such observations 
to still lower temperatures. DeSorbo® has reported 
measurements down to 30°K on a much larger sample 
(80 g) than that available to any of the previous 
investigators. In this work the heat capacity of the 
diamond was, nevertheless, small in comparison with 
that of the capsule in which it was held. As a result 
precision in the determination of the atomic heat was 
necessarily very difficult to obtain. DeSorbo estimates 
the accuracy of his measurement of c, to be no more 
than 5% at 70°K and 30% at 30°K. 

In the present investigation the atomic heat of 
diamond has been determined between 11° and 200°K. 
A sample holder of special design has been employed 
which enables measurements of reasonable precision to 
be obtained down to 11°K. The estimated precision is 
+0.75% at 200°K, +1.4% at 80°K, +6% at 20°K, 
+12% at 12°K. As far_as can_be determined, these are 
also the limits imposed_on the accuracy of the measure- 
ments. The results are compared with the existing 
theories of the vibrational heat capacity of diamond as 
well as with the previous measurements. 

Since the completion of the present work,’ another 

* Supported in part by the National Science Foundation and 
the Office of Naval Research. Preliminary reports of this work 
have been given at the Pittsburgh Meeting of the American 
Physical Society, March, 1956 [Bull. Am. Phys. Soc. Ser. I, 1, 
119 (1956) ] and the Fifth International Conference on Low- 
Temperature Physics and Chemistry, Madison, Wisconsin, 
August, 1957 (to be published). Based on part of a thesis submitted 
by D. L. Burk to the College of Engineering and Science, Carnegie 
Institute of Technology in partial fulfilment of the requiremenis 
for the degree of Doctor of Philosophy, June, 1957. 

t Now at Allegheny Ludlum Stee! Corporation Research and 
Development Laboratories, Brackenridge, Pennsylvania. 

1H. E. Weber, Phi!. Mag. 165, 161, 276 (1875.. 

2 W. Nernst, Ann. Physik 36, 395 (1911). 

3A. Magnus and A. Hodler, Ann. Physik 80, 808 (1926). 

4 Robertson, Fox, and Martin, Proc. Roy. Soc. (London) A157, 
42 (1936). 

5K. S. Pitzer, J. Chem. Phys. 6, 68 (1938). 

* W. J. DeSorbo, J. Chem Phys. 21, 876 (1953). 

7D. L. Burk and S. A. Friedberg, Bull. Am. Phys. Soc. Ser II, 
1, 119 (1956). 


investigation of the heat capacity of diamond at 
temperatures down to the hydrogen range has been 
reported by Desnoyers and Morrison.* In general the 
results of the two investigations are in excellent agree- 
ment. A detailed comparison will be made in Sec. VI. 


Il. EXPERIMENTAL TECHNIQUE 
A. Calorimeter 


The calorimeter used in this investigation was of the 
simple vacuum type. The cryostat and thermometer 
have been described in detail elsewhere.’ 

Because of the high effective Debye temperature of 
diamond, the total heat capacity at temperatures below 
100°K of even the large (8.3 moles) sample used is very 
small. The limiting factor on the precision of the deter- 
mination of c, in a case such as this is the ratio of the 
total heat capacity of the sample to that of its holder. 
We were unable to construct a conventional capsule, 
i.e., one designed to provide sealed-in helium transfer 
gas, which had a heat capacity less than five times that 
of the diamond at 100°K. (The ratio, Caiamona/Cecapsule 
gets even -smaller at lower temperatures.) The capsule 
finally adopted for this work is shown in Fig. 1. It is 
essentially an aluminum cup (4.5-mil wall) with an 
open well to receive the L & N capsule-type platinum 
resistance thermometer and an external electrical 
heater winding of No. 38 Manganin wire. The cup is 
open to the cryostat vacuum, heat distribution througlr- 
out the specimen being achieved by fifteen 0.5-mil Al 
radial fins. The mass of the entire sample holder is 9.9 g, 
6 g of which are accounted for by the resistance ther- 
mometer. The heat capacity of the sample holder is 
about equal to that of the diamond at 100°K. At 
liquid hydrogen temperatures the heat capacity of the 
diamond was found to be about 10% of the total for 
the filled holder. In spite of the absence of the usual 
helium transfer gas, thermal equilibrium throughout 
the filled holder was realized quite rapidly as evidenced 
by the post-heating drift curves obtained below 200°K. 
Exploratory measurements showed this not to be the 


8 J. E. Desnoyers and J. A. Morrison, Phil. Mag. 3, 42 (1958). 
9 J. Weertman and I. Estermann, J. Chem. Phys. 20, 972 (1952). 
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case much above 200°K, however, thus establishing the 
useful range for this technique. 


B. Sample 


99.992 grams (8.3 moles) of the highest grade 
“crushing boart” were provided for this investigation 
by Mr. C. J. Koebel of the Koebel Diamond Tool 
Company. The chips were clear and ranged in size 
from crystals measuring 1X 3X5 mm to very thin flakes. 

Under illumination from an ultraviolet lamp (3000- 
4000 A), approximately 20% of the chips fluoresced 
visibly and 1-2% phosphoresced. In this respect the 
specimen closely resembled that employed by DeSorbo.*® 
No attempt was made to determine the ratio of Type I 
to Type II stones in the sample. 


C. Procedure 


The measurements were made by the discontinuous 
heating method. With the specimen at the cryostat 
temperature and the helium transfer gas pumped from 
the vacuum can, the steady temperature drift was 
observed by noting the potential drop across the 
Leeds & Northrop platinum resistance thermometer. 
Electrical energy was then supplied to the heater 
winding at a measured rate during a known short 
period of time. The resulting temperature changes were 
observed. The pre- and post-heating period drift curves 
were then extrapolated to the middle of the heating 
period. The temperature rise, 7,—7 , determined in 
this way was taken to be due to the known heat input 
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Fic. 1. Two views of the assembled capsule with the platinum 
resistance thesmometer in place. 
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Q. This sequence of observations results in a heat 
capacity point, C=Q/(T.—T7,), at a temperature 
(T2+T))/2. 

A large number of such points have been taken with 
the cryostat at several different temperatures in the 
interval 10° to 200°K for both the empty and the 
diamond-filled capsule. 


III. RESULTS 


A correction for the heat capacity of the empty 
capsule must be applied to the filled capsule data before 
the heat capacity of the diamond is obtained. Empirical 
polynomials were fitted to the empty capsule values in 
the temperature regions 10-20°K, 20-60°K, and 60- 
110°K. The deviations of the observed points from the 
empirical expressions were plotted. In obtaining the 
capsule correction at a given temperature, allowance 
was made for systematic discrepancies appearing on 
these deviation plots. A smooth curve drawn through 
the observed empty capsule points in the region 110 
200°K completed the capsule calibration. The heat 
capacity values obtained for the diamond specimen 
upon application of this correction were then reduced 
to values of cp or c,, the two being essentially identical 
in the region of interest. 

For comparison with theory it is convenient to 
represent the heat capacity results in terms of effective 
Debye temperatures (4s). This representation also 
removes the strong temperature dependence of the 
specific heat which complicates its conventional graph- 
ical display. Each c, point has been reduced to a 
6.:¢ value by means of tables of the Debye function." 
Figure 2 is a plot of the results in terms of effective 
Debye temperatures. The bars on this plot indicate the 
maximum uncertainty due to scatter in the data on 
both the empty and filled capsule. The precision to be 
assigned to the mean value of 6. at a particular 
temperature is taken to be V2 times the rms deviation 
estimated from the plot of the 6.¢¢ values. The measure- 
ments are thus only slightly less precise than is indicated 
by the spread of the @¢¢ values. The results of further 
measurements at temperatures below 30°K, not shown 
in Fig. 2, are presented and discussed in Sec. V. 


IV. COMPARISON WITH THEORY 


The vibrational spectrum of the diamond lattice has 
been calculated by Smith" for a particular force- 
constant model. While this calculation predicts that 
6. will pass through a minimum near 200°K, it gives 
little detailed information about the behavior of 6 at 
lower temperatures. In addition, Smith’s calculation 
employs elastic constants about whose accuracy there 
is some doubt. Very recently the elastic constants of 
diamond have been measured by McSkimin and Bond” 


10 J A. Beattie, J. Math. Phys. 6, 1 (1926/27). 
1H. M. J. Smith, Trans. Roy. Soc. (London) A241, 105 (1948). 
12 H. J. McSkimin and W. L. Bond, Phys. Rev. 105, 116 (1957) . 
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who find quite different values. These constants 
yield*- a Debye temperature in the limit T=0°K, 
6(0), of 2240°+5°K compared with the value 1930°K 
given by Smith. 

Marcus" has recently calculated the temperature 
variation of +s for a simple model of diamond which 
assumes a definite form for the lattice wave spectrum 
fixed by the lattice structure and the new elastic 
constants. In contrast with Smith’s calculation, this 
one is most reliable near the absolute zero and makes a 
prediction of the variation of @ with increasing tempera- 
ture. Marcus’ theoretical values of @ are indicated as a 
function of 7? by x’s in Fig. 2 (B). As is to be expected 
on quite general theoretical grounds,'*'’ @ varies 
initially as 7*. The broken curve on the @ vs 7? plot in 
Fig. 2 (B) indicates that for Marcus’ model the T°? 
region persists to about @p(0)/45(=50°K). 

From 200° to 45°K the theoretical and experimental 
values may be said to agree within the previously 
quoted precision limits of the experiment as can be 


13 P.M. Marcus (unpublished). 

“A. B. Bhatia and G. E Tauber, Phil. Mag. 45, 1211 (1954). 

18 J. de Launay, J. Chem Phys. 24, 1071 (1956). 

16 J. de Launay, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, p. 
256. 

17 Ayant, Dreyfus, and Peretti, Compt. rend. 244, 1898 (1957). 
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seen in Fig. 2 (A). Below 30°K the 6.’s are distributed 
about mean values whose displacement from the 
theoretical curve increases as the temperature falls. 
Thus, the heat capacity of the specimen appears to be 
higher in this region than expected theoretically if it 
were due entirely to vibrations of the bulk diamond 
lattice. It must be remembered, however, that the 
apparent fall of @ occurs within the limits of maximum 
uncertainty defined by the bars in Fig. 2. 

In view of the good fit of the theoretical curve above 
45°K and the fact that the details of the particular 
model which it assumes become pregressively less 
important as 7 approaches 0°K, the theoretical curve 
should extrapolate the conventional lattice heat capac- 
ity adequately into the region between 45° and 0°K 
as well. It then seems desirable to attempt to under- 
stand the reproducible discrepancy with this theory 
shown by the observed @.’s. Such behavior could, of 
course, result from some undetected systematic error 
of observation. Several possible sources of such errors 
have been examined in a series of additional experiments 
below 30°K which we shall now discuss. 


V. DATA BELOW 30°K 


Let us consider the magnitude of the apparent 
discrepancy between the observed heat capacity of the 
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specimen and that expected theoretically for the vibra- 
tions of the bulk lattice. A reasonable smoothed value 
of the heat capacity at 11°K may be taken to be 
5.90 10 cal/deg. The theoretical heat capacity at 
this temperature is 4.58X10~ cal/deg. Thus, the 
“excess” heat capacity observed is only 1.3X10~ 
cal/deg. The smoothed value of Ceapsuie at 11°K is 
4.86 10~* cal/deg. The “excess,” therefore, amounts 
to 28% of the theoretical lattice heat capacity but only 
3% of the measured quantities. 

The calibration of the L & N capsule-type platinum 
thermometer used in these measurements was _ re- 
examined at the normal boiling point and the triple 
point of equilibrium liquid hydrogen with the ther- 
mometer in place in the calorimeter. The original cali- 
bration prepared at the National Bureau of Standards 
was reproduced to within one percent. It does not seem 
likely, then, that the determination of the temperature 
could itself be the source of 28% systematic error. 

When the total heat capacity is as small and strongly 
temperature dependent as that with which we are 
concerned, the temperature-time drift curves obtained 
in the discontinuous heating procedure are steep and 
nonlinear. This results in increased uncertainty in the 
extrapolation performed to obtain the ideal temperature 
rise corresponding to a given heat input. As a check on 
any systematic errors thus introduced, the heat capacity 
of the empty capsule was also measured by the cooling- 
curve method. The heat leak for fixed environment 
temperature and fixed sample temperature was deter- 
mined by observing the power input, P, necessary to 
maintain the sample temperature at a constant value. 
The slope of a subsequently measured cooling curve 
was determined at that sample temperature. The heat 
capacity is then C=—P/(dT/dt). An expression for the 
drift curve was obtained by fitting a parabola to 15 to 
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20 T vs ¢ points covering +0.3° about the desired 
sample temperature. The constants of this parabola 
were obtained by the method of least squares with the 
aid of an IBM 650 computer. The slope, d7‘/dt, was 
then taken to be the derivative of this interpolation 
formula at that temperature. The heat capacity results 
determined by this method are indicated as *’s on 
Fig. 3(B). The other data shown in the figure were 
obtained by the discontinuous heating method. The 
two methods are seen to give results which agree quite 
closely. In view of this agreement it does not seem 
likely that the discontinuous heating method is uniquely 
susceptible to large systematic error even under the 
conditions prevailing in the hydrogen region. 

Several series of measurements have been carried out 
below 30°K to determine the effects of adsorbed or 
condensed gases on the heat capacity of the diamond 
specimen. The discontinuous heating method was used. 
Improved precision in the data was achieved by (1) 
replacing the conventional sensitive galvanometer 
(period 7 seconds) with a dc breaker amplifier and 
panel galvanometer as the null detector in the tempera- 
ture measuring circuit; (2) recording the temperature 
drifts by changing the setting of the potentiometer 
(measuring the thermometer potential) in increments 
and keying a battery across the input terminals of a 
synchronously driven recorder when the galvanometer 
indicated a null instead of balancing the potentiometer 
at equally spaced times. 

The heat capacity results are shown in Fig. 3(B) for 
the empty capsule and Fig. 3(A) for the diamond-filled 
capsule. A parabola was fitted to the experimental 
points in each case using the IBM 650 computer and 
least squares. The quantities plotted are the deviations 
of individual points from the fitted equations. The 
circled points were taken after the sample had been 
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Fic. 3. Heat capacity data below 30°K. AC(=Cmeasured—Cx.s. parabola) vs 7. e—Helium transfer gas used in the cryostat, 0 —No 
transfer gas used,—envelope of the scatter used in determining maximum uncertainty limits of Fig. 4(b), (c). (A) Diamond-filled 
capsule. Cis. =4.830X 10°+6.70X 10-*(7 — 10) +1.499X 10~*(7 — 10). [J—sample at 20°K for two days. (B) Empty capsule. C1,s. 
= 4.331 10-*+5.967 X 10-*(T — 10) + 1.302 K 10-*(T — 10). * —Heat capacity by cooling-curve method. 
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Fic. 4. Observed @e41’s below 30°K. @—Experimental points; —Maximum uncertainty due to observed scatter in empty 
and filled capsule data. (A) Data of Fig. 2; (B) data of Fig. 3(A) helium used; (C) data of Fig. 3(A) no helium used; 


(D) data of Fig. 3(A) sample held at 20°K for two days. 


allowed to cool to the desired temperature by heat 
conduction via the electrical leads without the intro- 
duction of helium transfer gas into the vacuum can. 
The solid points were taken in the conventional manner, 
i.e., after cooling via helium transfer gas. It can be seen 
that the data with and without transfer gas agree very 
well indicating that any contribution to the heat 
capacity of the specimen due to helium gas desorption 
is negligible. This is in agreement with what one would 
expect from the available data on the heat of desorption 
of helium gas'* and a reasonable estimate of the surface 
area of the specimen. 

Another set of observations was made in an attempt 
to detect any contribution to the heat capacity of the 
specimen which might result from the presence of 
accumulated condensed air or other gases entering the 
system through vacuum leaks. This set, shown as open 
squares, was taken after the filled capsule had been 
kept at 20°K for two days in contrast with the periods 
of a few hours usually needed to complete a set of 
measurements. The resulting data, taken at the lowest 
temperatures, while showing more scatter than those 
of other runs are, nevertheless, distributed about the 
same mean values. Thus, it has not been possible to 
produce any systematic increase in the specimen heat 
capacity by this means. We infer from this that the 
heat capacity of the specimen has not been enhanced 
by the presence of condensed gases. The data of Fig. 
3(A) have been reduced to values of 6. by using as a 
capsule correction the fitted formula associated with 
the data shown in Fig. 3(B) and an additional correc- 
tion taken as the estimated center of the scattered 
points in Fig. 3(B) at the temperature in question. 

Figure 4 is a summary of all of the diamond data 
below 30°K reduced to values of 6%. While the maxi- 
mum uncertainty in the supplementary measurements, 
shown in Figs. 4(B) and 4(C) below 30°K is essentially 


18W. H. Keesom, Helium (Elsevier Publishing Company, Inc., 
New York, 1942), p. 127. 


the same at the lowest temperatures as that of the 
original measurements, there has been a noticeable 
improvement in the precision. The mean value of Ae, at 
a given temperature is well reproduced in all of the 
measurements. 


VI. DISCUSSION 


The data from 200° to 45°K have been compared 
with theory in Sec. IV and found to be in agreement, 
within the estimated limits of precision, with the @ xs T 
variation calculated theoretically by Marcus."® Never- 
theless, it is interesting to note that the experimental 
64's are perhaps more adequately represented within 
the same limits in the region 45° to 100°K [up to 
6p(0)/25] by a straight line on a plot of @ vs T? which 
extrapolates to 6o(0)=2246+15°K, essentially the 
value of @p(0)=2240+5°K calculated from the elastic 
constants of McSkimin and Bond." Theory predicts a 
linear decrease of 6 vs TJ? from this value of @p(0) but 
with a smaller negative slope and extending only up 
to 6p(0)/50. Such parabolic variation of 6 with T up to 
about @p(0)/50 has been predicted theoretically and 
actually found experimentally for crystals other than 
diamond.” It is possible that the present observations 
indicate that the parabolic @ vs T dependence for 
diamond actually extends to higher temperatures than 
one would expect theoretically. It is also possible, 
however, that the observed values of @.t¢ between 45° 
and 100°K are slightly lower than the theoretical values 
as a result of the effectiveness even at these tempera- 
tures of the mechanism producing the more pronounced 
enhancement of the heat capacity below 30°K. . 

The systematic fall of the observed 6.4’s below 30°K 
is just on the limit of the maximum uncertainty in the 


19 In the case of diamond the @p(0) calculated from these room- 
temperature elastic constants should be only very slightly lower 
than @p(0) calculated using the true values of the elastic constants 
at T=0°K. 

aon H. K. Barron and J. A. Morrison, Can. J. Phys. 35, 799 
(1957 
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data. This fact does make it possible to question the 
reality of the effect. However, the fall of @ with respect 
to the theoretical values is well outside of the precision 
limits as defined in Sec. ITI, therefore justifying specula- 
tion as to its cause. The possibility that the effect is 
experimental has not been completely eliminated. 
Investigation of several of the more obvious possible 
causes, however, as described in Sec. ITI, has not revealed 
the source of a systematic error. 

Let us consider now the possibility that the extra 
heat capacity below 30°K is an intrinsic property of 
the specimen distinct from the heat capacity associated 
with the vibrations of the bulk crystal lattice. It is 
found that an excess contribution of the form a7+6T* 
must be added to Marcus’ theoretical values in order 
to represent the heat capacity in the hydrogen range. 
It is not possible to fix the ratio of the coefficients a and 
b very closely. However, the extra heat capacity rep- 
resented by this expression with any reasonable set of 
coefficients is not negligible even above 45°K and 
produces a lowering of @ values in this region of the 
kind mentioned above. 

Of the several excitation mechanisms in diamond 
which one might wish to invoke to account for such an 
excess heat capacity, the most plausible seem to be 
those associated with the vibrational modes of either 
one- or two-dimensional structural defects. As has been 
shown in the work of several authors,?"~* these should 
contribute to the heat capacity terms which are 
respectively linear and quadratic in the temperature. 
It is impossible at present to give accurate estimates 
of the concentration of such defects in a given specimen 
although there is x-ray evidence® for the existence of 
internal boundaries in at least certain types of diamonds. 

It is probably not meaningful to speculate further as 
to the detailed nature of the excess heat capacity. The 
crude fitting of this contribution attempted above 
brings out a significant fact, namely, that any contribu- 
tion capable of lowering @ values drastically at the 
lowest temperatures may well reduce them significantly 
at much higher temperatures. Although small, such 
enhancement of the heat capacity, if present, may 
affect the attempted extrapolation to 0°K of observa- 
tions made at relatively high temperatures. As suggested 
above, this is probably the reason why our data between 
45° and 100°K, when extrapolated linearly on a plot of 
6. vs T? to O°K, yield essentially the theoretical 6p(0) 
rather than a higher value as one might expect.” 

In the light of the considerations just outlined, we 
conclude that our experimental observations are entirely 
consistent with the theoretical values of the lattice 
vibrational heat capacity of diamond calculated by 


2 FE. W. Montroll, J. Chem. Phys. 18, 183 (1950). 

2 A. Brager and A. Schuchowitzky, Acta Phys. Chem. U.R.S.S. 
21, 1001 (1946). 

%J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, New York, 1946), p. 314. 

* A.V. Granato, Bull. Am. Phy. Soc. Ser. IT, 3, 107 (1958). 

25 A. Guinier, Compt. rend. 215, 114 (1942). 
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Marcus on the basis of his simple model and with a 
limiting value of the Debye temperature, @p(0), equal 
to that calculated from the elastic constants by any of 
several methods. Small discrepancies with the theory 
at the lowest temperatures are either of experimental 
origin or associated with excitations other than those 
accounted for in conventional theories of the lattice 
specific heat. 

Figure 5 is a plot of the present results together with 
those of other investigators. Above 75°K DeSorbo’s 
observations agree with the present work; below that 
temperature the two sets of results are not inconsistent 
when allowance is made for the large scatter of the 
earlier data. 

Pitzer’s 6 values appear systematically low in com- 
parison with the present results in the range common 
to both investigations. The reason for this is not clear, 
particularly since the specimens appear to have been 
of comparable quality. 

The data of Desnoyers and Morrison,’ published 
during the preparation of this report; have been 
included in Fig. 5. It should be noted that these data 
were obtained by a calorimetric technique differing in 
several essential features from that employed in the 
present work. The consistency of the two sets of 
observations is most striking. The largest discrepancy 
occurs at 135°K where the two heat capacity values 
differ by 2.5%, an amount only slightly greater than 
the combined estimated errors. The general agreement 
of the two investigations lends strong support to the 
conclusion reached above, namely, that the bulk lattice 
heat capacity of diamond is well understood. It should 
perhaps be pointed out that the value of 6.¢(0) given 
by Desnoyers and Morrison was obtained by fitting a 
curve, whose form is suggested by general theoretical 
considerations, to the data and extrapolating to 
T=0°K. In carrying through this fitting procedure 
they have chosen not to regard the low 6 values which 
they obtained at the lowest temperatures as evidence 
of the existence of an extra contribution to the heat 
capacity which might still be important at much 
higher temperatures. The value of @¢(0) obtained in 


TABLE I. Debye temperatures.* 


Bobs Ou T Bobs 
0 arya 2240 90 2046 
5 ica 2240 100 2010 
10 2040 2239 110 1975 
15 2100 2238 120 1945 
20 2145 2235 130 1922 
25 2165 2232 140 1900 
30 2195 2227 150 1885 
35 2220 2221 160 1873 
40 2208 2215 170 1863 
50 2185 2198 180 1855 
60 2158 2174 190 1848 
70 2125 2144 200 1845 
80 2085 2104 





* dobs—smoothed experimental values; @4—Marcus’ theoretical values. 
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this way, 2219°+20°K, is somewhat lower than the 
theoretical value, @p(0)=2240°+5°K, although not 
inconsistent with it when the maximum allowable 
errors are considered. An alternative interpretation of 
the low @ values obtained in both investigations has 
already been suggested. If an extra contribution to the 
heat capacity is present and ignored, a curve as chosen 
by Desnoyers and Morrison will not represent the bulk 
lattice specific heat alone and will extrapolate to a 
value of @(0) lower than that calculated from the 
elastic constants. 

Smoothed experimental @ values as well as the 
theoretical values of Marcus are presented in Table I. 

The present measurements yield an entropy value at 
200°K of Sooo°=0.177 cal/°K mole. This is to be com- 
pared with the value S2oo0°=0.183 cal/°K mole calcu- 
lated by DeSorbo® from his measurements. Using 
DeSorbo’s values between’ 298.16° and 200°K, we 
arrive at Sogg.16°=0.563-+0.005 cal/°K mole as opposed 
to Sogs.16°=0.568+0.005 cal/°K mole given by De- 
Sorbo. The 3% difference in the two results at 200°K 
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Fic. 6. Reduced @e¢¢ vs reduced temperature for the diamond 
structure elements. @—Diamond (this research and reference 1), 
6p(0)=2240°K; *—grey tin [W. J. Webb and J. Wilks, Proc. 
Roy. Soc. (London) A230, 459 (1955), and R. W. Hill and D. H. 
Parkinson, Phil. Mag. 43, 309 (1952) ]; experimental @(0) = 212°K; 
o —germanium (Hill and Parkinson, see above and reference 7), 
6p(0) =372°K; [J—silicon [C. T. Anderson, J. Am. Chem. Soc. 
52, 2301 (1930), and N. Pearlman and P. H. Keesom, Phys. Rev. 
88, 398 (1952) ], @n(0) = 648°K, 





1282 D. L. BURK AND 
does not produce a significant difference in the values 
of the entropy at T= 298.16°K. 

It is interesting to compare the lattice heat capacity 
of diamond with those of the other elements crystallizing 
in the diamond structure, namely Si, Ge, and grey 
tin. This is most conveniently done by plotting reduced 
O.¢ versus reduced absolute 7, reduction in each case 
being accomplished by dividing by the appropriate 
6p(0). Such a plot, incorporating the results of several 
investigators, is shown in Fig. 6, 6p(0) being calculated 
from the measured elastic constants except in the case 
of grey tin where it was estimated from the observed 
limiting values. It is seen that the reduction of the 
observations in this way causes essentially a super- 
position of the results for all of the materials except 
diamond up to about 6p(0)/6. The behavior of diamond 
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over this temperature range is exceptional although 
qualitatively similar. A discrepancy of the type shown 
in Fig. 6 suggests that the dispersion of lattice vibrations 
is similar in silicon, germanium, and grey tin and 
stronger in these substances than in the lattice proto- 
type diamond. 
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The coupling of the angular momenta of individual particle states in odd-odd nuclei is shown to be gener- 
ally describable as spin-spin coupling if the asymptotic-quantum-number description of particle states is used 
for deformed nuclei. Coupling rules for these nuclei are given, and all available data are treated by them. The 
results are compared with results based upon a j-7 coupling model for a spherical nucleus. A formula based 
upon the present coupling description is given for calculating magnetic moments of deformed nuclei, and 
magnetic moments calculated by it are compared to the experimental moments and to those calculated 
assuming the gyromagnetic ratios of the odd nucleons are those given by the Schmidt formulas. A qualitative 
theoretical discussion of the basic validity of the coupling rules is given. 


I. INTRODUCTION 


HE ground states of odd-odd nuclei provide sig- 

nificant information regarding the effective forces 
in nuclear matter. This problem was first studied by 
Nordheim,! who pointed out that the ground state spins 
of a number of odd-odd nuclei could be accounted for on 
the basis of a 7-7 coupling model plus certain simple 
rules governing the angular momentum coupling of the 
last odd proton and neutron. These rules are the 
following : 


I=jotjn 
[= ljo—Jal 


if jp=lpt} and ja=l,+}, (A1) 


if jp=l,+} and j,=1,¥}, 


“strong” rule, (A2) 


where j,, and /, (or j, and /,) represent the total and 
orbital angular momenta of odd proton (or neutron) as 
deduced from a study of neighboring odd-A nuclei in the 

* Supported in part by the U. S. Atomic Energy Commission 


and the Office of Ordnance Research. 
1L. W. Nordheim, Phys. Rev. 78, 294 (1950). 


light of the nuclear shell model, and, more specifically, 
the single-particle version of this model.?* The rule 
(A1) is frequently given in the following less specific 
form‘: 


(A1’) 


In the present article, however, this form of the rule is 
not used.° 


| jp—jn| <1R jptjn “weak” rule. 


2M. Mayer and J. H. D. Jensen, Elementary Theory of Nuclear 
Shell Structure (John Wiley and Sons, Inc., New York, 1955). 

3 For a comprehensive review of the nuclear shell model and its 
applications, see J. P. Elliott and A. M. Lane, Handbuch der 
Physik, edited by S. Flugge (Springer-Verlag, Berlin, 1957), 
Vol. 39. 

4 See for example the discussion and application of this form of 
the rule in Way, Kundu, McGinnis, and van Lieshout, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), 
Vol. 6, p. 129. 

5 The form A1’ is the form implied by Nordheim (reference 1). 
Although we have been somewhat arbitrary in restating it as Al, 
we have done so in order to compare it more closely with the 
analogous rule B1. Stated in this definite form, the weak Nordheim 
rule is not, of course, as generally applicable as it has shown itself 
to be in the form A1’. 
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The Nordheim rules can be justified on the assump- 
tion that the intrinsic spins of the last odd proton and 
neutron always tend to line up parallel. 

The case of nuclei with one odd proton and neutron 
outside closed shells, interacting by means of a delta- 
function force, was first investigated theoretically by 
de-Shalit® who found a theoretical basis for the success 
of the Nordheim rules, at least for nuclei of this kind. 
Other special configurations were investigated by 
Kurath’ and by Flowers.' The odd-group model with 
j-j coupling has been studied using different nuclear 
interactions.’ Calculations involving an arbitrary num- 
ber of particles outside closed shells, but still assuming 
the validity of 7-7 coupling and delta function interac- 
tions were made by Schwartz.’ He found that in most 
cases involving more than two particles outside of 
closed shells, the Nordheim rules, especially the strong 
rule, (A2), would be expected to hold. However, for 
nuclei in which we have a proton (or neutron) outside 
of a closed shell and a neutron (or proton) missing from 
a closed shell, the resultant ground-state angular mo- 
mentum may be given by 

[= jptjn—! (A3) 
in agreement with the experimental evidence for these 
cases. This rule we will call (43). A qualification of it is 
that both j, and 7, are 23, so that there is a real 
distinction between particles and holes. 

Pandya’ has derived some general results for the 
odd-group model. His results indicate that when forces 
of longer range than those used by Schwartz are used 
to calculate the energy levels of odd-odd nuclei they 
do not, in general, agree with experiment. 

In cases with .V = Z, the results of the coupling calcu- 
lations are somewhat ambiguous, especially for jp= jn 
= 3. However, there is expected to be a rather close 
competition between the 7=0, J=1; T=0, J=2j; and 
T=1, J=0 states for the ground state. These configura- 
tions we shall refer to as A4. 

While the j-7 coupling model seems to have some 
validity for a surprisingly large class of nuclei (at least 
for predicting their ground state spins and binding 
energies), effects of the correlations between particles 
outside closed shells are extremely important for those 
nuclei in which a sizeable fraction of the nucleons are 
outside of (or missing from) closed shells.* Thus there 
are three well-defined groups (A~25, 150<A<190, 
200<A) for which the so-called rotational model is 
applicable.” In the application of this model it is as- 
sumed that the nucleons move approximately inde- 
pendently, but that the average binding field is 


6 A. de-Shalit, Phys. Rev. 91, 1479 (1953). 

7D. Kurath, Phys. Rev. 91, 1430 (1953). ' 

8 B. H. Flowers, Proc. Roy. Soc. (London) A242, 248 (1952). 

*C. Schwartz, Phys. Rev. 94, 95 (1954); S. P. Pandya, Phys. 
Rev. 108, 1312 (1957). { 

” Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 
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spheroidal," rather than spherical as in the conventional 
j-j coupling model. In this way a much larger fraction 
of the correlations is taken into account than in the 
spherical j-7 coupling model.” 

In these spheroidal nuclei, the 7 of each nucleon is no 
longer a good quantum number because the binding 
field no longer has spherical symmetry. However, the 
spheroidal nuclei do have axial symmetry, so that in 
this case the component of angular momentum along the 
symmetry axis is a constant of the motion, provided 
that the rotational frequency of the nucleus is suffi- 
ciently small. The magnitude of the component, 2, the 
sum of the components of angular momenta of the two 
particles along the nuclear symmetry axis, is given by 
either 2,+2, or by |Q2,—2,|, because the particle 
orbits about the symmetry axis of the deformed nucleus 
have twofold degeneracy, corresponding to the two 
equal and oppositely-directed angular momenta. The 
ground-state spin, Jo, is equal to Q if the interactions 
between different rotational bands can be neglected. 

We have found it is possible to determine Q by as- 
signing values to 2, and &, using the Nilsson!!! 
classification of single-particle states in deformed nuclei. 
This is in agreement with the results of Bohr and 
Mottelson™ and Peker,'® who have shown that the 
ground state spins of a sizeable number of deformed 
odd-odd nuclei can indeed be accounted for on the basis 
of the coupling between the last odd proton and 
neutron. However, assuming such a coupling, there 
remains the problem of deciding whether the odd 
particles couple their angular momenta parallel or 
antiparallel. 

The purpose of the present paper is to show that this 
question can be answered by the same considerations 
that led to the Nordheim rules in the case of j-7 coupling. 
We merely assume that the components 2, and 2, of 
proton and neutron spin along the nuclear symmetry 
axis always couple parallel. If the deformation is suffi- 
ciently large, then the orbital angular momentum A and 
spin angular momentum * of each single-particle state 
are separately good quantum numbers. For most 
strongly deformed nuclei, the separation of 2 into A 
and > is still expected to have approximate validity. 

We then arrive at the following coupling rules: 


[=0,+02, if 
I=|2,—2,| 


Q,=A,p+} and 2,=A,+3, 


Q,=A,FH. 


(B1) 
(B2) 


if Q,=A,+} and 


The following section contains a tabulation of all 
measured (or well-established) ground-state spins and 
magnetic moments of odd-odd nuclei, and interpreta- 


1S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

12S. A. Moszkowski, Phys. Rev. 110, 403 (1958). 

1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

4B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). 

16 L. K. Peker, Izvest. Akad. Nauk. S.S.S.R. Ser. Fiz. 31, 1029 
(1957). 
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tions on the basis of the above coupling rules. As will be 
seen, the coupling rules appropriate to deformed nuclei 
hold quite well not only for these nuclei, but also for 
some nuclei not far from closed shells. Indeed, in a 
number of nuclei, the spherical shell model and Nilsson 
model give the same result. 

In Sec. III we make some remarks regarding the 
theoretical basis of the coupling rules in spherical and 
deformed nuclei. Section IV consists of a discussion of 
the empirical data. 


II. PRESENTATION OF DATA 


In recent years the amount of experimental data on 
the ground-state spins of odd-odd nuclei deduced from 
nuclear spectroscopic studies has increased tremen- 
dously. Recently, in addition, the spins of a number of 
odd-odd nuclei have been measured directly, principally 
by the atomic-beam magnetic-resonance method.'* In 
the second column of Table II we list all the odd-odd 
spins which have been measured directly (without 
parentheses), and those which have been deduced from 
spectroscopic data (in parentheses). Unless otherwise 
indicated, the data were taken from the new compilation 
of nuclear data by Strominger, Hollander, and Seaborg,!” 
which contains the original references. 

The definitions of the coupling rules A1, A2, A3, A4, 
and B1 and B2 have been given already. The designa- 
tions Al—, A2—, B1—, and B2— mean that the spins 
can be described by a coupling in the opposite sense of 
the rules, and hence constitute violations of them. C 
indicates that a reasonable configuration cannot be 
given using the coupling rules. The D and E classifica- 
tions (which apply only to spheroidal cases) apply to 
nuclei in which one or both of the two restrictions we 
imposed in selecting the odd-proton and odd-neutron 
states are violated. 

These restrictions are that any odd-particle state used 
must appear experimentally (a) as the ground or excited 
state in an odd-A nucleus with the same Z or N as those 
of the odd-odd nucleus in question, or (b) in the case 
where little experimental information is available, in 
nuclei with Z+2 or N+2. The D classification is given 
nuclei where one or both of the odd-particle states is not 
experimentally observed but can be obtained from the 
Nilsson diagram for this Z or V. 

In a similar spirit the E classification refers to the 
violation of the second restriction we imposed in 
selecting the data, namely, that the states used must 
also be obtainable from the Nilsson diagram for the Z 
or V in question. However, in all cases where the E 
classification is used the particle states are observed 
experimentally in the odd-A cases. We consider that 


16 See for example, the review article by W. A. Nierenberg, 
Annual Review of Nuclear Science (Annual Reviews, Inc., Stanford, 
1957), Vol. 7, p. 349. 

17 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 
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this (which corresponds to a breakdown of the Nilsson 
description) is more serious than D. 

In the cases where the data comply with the re- 
strictions, the actual appearance of the state is listed in 
column 9. The designation 0-0 in column 9 means that 
the states coupled are both observed as ground states; 
0-1 means that the proton state is observed as the 
ground state, the neutron state as the first excited state; 
and so on. 

The assignment of the Nilsson states to odd particles 
was done using the ordinary Nilsson diagram," except 
that the proton configurations for Z= 50 and Z=82 are 
taken from a later modification.'* A complete compila- 
tion and interpretation of odd-particle states has been 
given by Mottelson and Nilsson." 

We have listed both spherical and spheroidal coupling 
rules in Table I wherever applicable. Because the single- 
particle configurations are easily determined, they are 
not included in the table. 

In the cases where more than one spheroidal con- 
figuration is possible, we have listed the one we prefer in 
the table; the other is listed in column 10. In the cases 
where no choice is possible we have listed both in the 
table. For example, Eu!" probably has spin 0, negative 
parity,”” but because the spin has not been measured, 
we also list a possible 1— configuration. 

The experimental magnetic moments listed in Table II 
are also taken from the compilation of Strominger, 
Hollander, and Seaborg.'? The expressions used to 
calculate the theoretical values listed in columns 3 and 4 
are discussed in Sec. IV. 


III. THEORETICAL CONSIDERATIONS 


We shall regard the angular momentum of an odd-odd 
nucleus as a vector sum of that of the last odd proton 
and neutron. While such a description is not completely 
accurate, the essential idea that the last two particles 
move independently except for interactions between 
themselves can be justified to some extent empirically 
by considering an odd-odd nucleus as a kind of “super- 
position” of two odd-A nuclei. In these nuclei, as is well 
known, the angular momentum (or its component along 
the nuclear symmetry axis in the case of a deformed 
nucleus) does seem to be carried largely by the last odd 
nucleon.2* Thus a study of the angular momentum 
coupling in odd-odd nuclei should provide us with 
interesting information regarding the effective inter- 
actions between the last odd proton and neutron.*! Let 
us now consider some features of this angular momentum 
coupling in the cases of spherical and spheroidal nuclei. 

Basically, the nuclear forces are mainly attractive, 

18 Courtesy of Dr. S. G. Nilsson. This modification has been 
published, for example, by Cranston, Bunker, and Starner, Phys. 
Rev. 110, 1427 (1958). 

19 B. R. Mottelson and S. G. Nilsson; Kg]. Danske Videnskab. 
Selskab, Mat.-fys. Medd. (to be published). 

” L. Grodzins, Phys. Rev. 109, 1014 (1958). 

21 E. Feenberg, Shell Theory of the Nucleus (Princeton University 
Press, Princeton, New Jersey, 1955). 
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TABLE I. The experimental spins of odd-odd nuclei and the coupling rules applicable assuming the spherical and spheroidal models 
(columns 4 and 5). Columns 6, 7, 8, and 9 refer to the spheroidal model only. Configurations are not listed for the spherical cases. The 
configurations listed for the spheroidal cases can be for either prolate (+) or oblate (—) deformations (column 6). The asymptotic 
quantum numbers, (V,n,,A,2), are deduced from the Nilsson diagram. * The experimental observation of the states is given in column 9. 


Ground Configuration 


state Coupling rule Deformation Proton Neutron 
spin Jo Reference Spherical Spheroidal 6 NnzAZ VnzAL Remarks 
{ Positive quadrupole 
1+ : Bi OOOF 0004 moment due to tensor 
forces 

, 1104 1104 
) 1104 1014 
101¢ 101¢ 
) / 101f 101) 
) d . 101) 101f 
101) 101y 
) 1104 2024 
) / t 2204 2204 
) ; 220f 211f 
211f 211f 
211f 2024 
(5-7) j 211f 211y 
(4+) [ , 2024 211f 
202¢ 202% 
2024 2024 
2024 211) 

21ly 

211f 

202¢ 

211f¢ 

211f 

211f 

211f 


( 
( 
( 
( 
( 
( 


{Can also be described as 
\Bi—, 2114, 2024 


1 
2 
3 
1 
1 
1- 
2 - 
1 
2 
3 
4 
1 


2024 
2024 
220¢ 
2204 
3034 

. Can also be described as 
TR D(B2—), 303%, 3214 
3214 Can also be described as 
iia pies D(B1), 330%, 3034 


Can also be described as 
\B2, 3034, 321) 


B2- 
B2 
B2- 
B2— 
B2 
B2- 
B2 
7(R2 {Can also be described as 
ne : {B2, 3124, 3104 
1(B2) 


Bl— ‘ 
Bi— {Can also be described as 
\B2, 312), 3014 

Bi— 

Bi- 

B2 

C 
2 B2 
42 E(B2) 
Cc B2 
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TABLE I.—Continued. 


Ground Configuration 
state Coupling rule Deformation Proton Neutron 
spin Jo Reference! Spherical Spheroidal r) Nn.zAd Nn.Az Remarks 
(2—) A2 Bi- 301f 4134 
(5—) C Bi + 301F 

5- C Bi 301F 

5- oy E(B1) + 301f 

2— E(B2) . 303) 

3 B2 303), 

(2—) B2 - 303) 

(4—) Bi-— t 3304 

(2—) B2 3304 

(2—) B2 - 3304 

(2+) :(B2) | 4044 





— bho ho ht bh be be 


| 
i> 


( These states can also be 
(2—) B2 5504 J described as B1, 301) 
(2—) . ; B2 t 550f ‘ \422) if the obs. 4 
state is not 5504 
B2 + 4134 
(B1) + 4134 
B2 4134 
B2 550f 
B2- + 4134 
B2 + 413 Ag!96108110 can also be 
B2 4 413 - / 4 described B2, 4047, 
B2 + 4134 . | 404) 
+ 4137 
550F Can also be described as 


B2—, 413¢, 541 


4044 
4044 
404f 404) In", In" can also be 
4134 4114 described as B2, 413f, 
4044 404) 413) 
54 , 4134 = 4114 
sib” (1+ ; d — 413) 431 


(Can also be described as 
sSb'™ A2 413¢ 5054 D(B1—), 413}, 505} 
with negative 6 
ssl! (—) / - - 4134 5054 
531226 / - 4134 5054 
5318 d 413) 4314 
Can also be described as 
wsCs™ , 413) 4314 ) B2(5=+), 4204, 4004 
| B2(6=—), 411), 4317 
5sCs!8 \ y 413) 4314 
; 413) 4317 
413) 400t 
413) 402) 
413) 5054 
404) 402) 5+ state predicted 


++++ | 


4224 514) 
4224 512¢ 
411f 521f - state predicted 
4117 651f - 3+ state predicted 
413) 512f — state predicted 
413) 521f - state predicted 
411? 5217 f state predicted 
411f 651f . state predicted 
523¢ 633+ 
521) 
514f -! state predicted 
514) - state predicted 
624f - state predicted 
514) - state predicted 
514) - state predicted 
510f - 3— state predicted 
510¢ - 
514) 
510f 
512} 
512) 
510¢ 
5107 


‘hdl dicd aah dada dani 
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TABLE I.—Continued. 





Configuration 
Proton Neutron 
Nn:AZ Nn.Az 


Ground 
state 
spin Jo 


Coupling rule 
Reference’ Spherical Spheroidal 


Deformation 
Remarks 


7Aul™ Al— 
moAul% A2 
7oAuls A2 
1 1 1! A2 
31 1 1'98" } Al 

si 11 A2 
81 11% A2 
si 11 A2 
si 1 18 Al 
83Bi™ C 

s3 Bi A3 
g3Bi2! at 
s3Bi2? Ai— 
osNp™* 

osNp™ 


5104 
503) 
503) 
503) 
6064 
503) 
5034 
503) 
6244 
5414 
541f 
6244 


402) 
4004 
4004 
4004 
4004 
4004 
4004 
4004 
4404 
5144 
5144 
514) 


, rT eT. 


rti tr 


5324 
6424 
532¢ 
523) 


514) 
631) 
631) 
6224 


2+ state predicted 
2— state predicted 
os Am*2m 


* See reference 11. 

> Unless specifically stated, references for all data will be found in Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 585 (1958). 

¢ B. S. Dzhelepov and L. K. Peker, Decay Schemes of Radioactive Isotopes (Academy of Sciences of the U.S.S.R., 1957) (in Russian). 

4 Assignment by authors deduced from experimental data in literature 

¢ The previous 1 + assignment of this level was based on stripping data which have recently been reinterpreted by the authors of the assignment [Bull. 
Am. Phys. Soc. Ser, II, 2, 52 (1957)). 

{P,. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 (1957). 

* Way, Kundu, McGinnis, and van Lieshout, Annyal Review of Nuclear Science (Annual Re 

5 W. Nierenberg (private communication, March i958), 

iW. J. Childs and L. S, Goodman, Bull. Am. Phys. Soc. Ser. II, 3, 21 (1958). 

) Nuclear Level Schemes, A =40-—A =92, compiled by Way, King, McGinnis, and van Lieshout, Atomic Energy Commission Report TID-5300 (U. S. 
Government Printing Office, Washington, D. C., 1955). 

k T. Jacobi (private communication, 1958). 

1L, S. Goodman and W. J. Childs, Bull. Am. Phys. Soc. Ser. II, 3, 21 (1958). 

m Garvin, Green, and Lipworth, Bull. Am, Phys. Soc. Ser, II, 2, 344 (1957). 

® Garvin, Green, and Lipworth, Bull. Am. Phys. Soc. Ser. II, 2, 383 (1957). 


views, Inc., Stanford, 1956), Vol. 6, p. 129. 


oF. F, Felber, Jr., thesis, University of California Radiation Laboratory Report UCRL-3618, September, 1956 (unpublished). 
eC, J. Gallagher, Jr., thesis, University of California Radiation Laboratory Report UCRL-3928, September, 1957 (unpublished). 
a Ewbank, Marino, Shugart, and Silsbee, Bull. Am. Phys. Soc. Ser. II, 2, 383 (1957). 


t B. Astrém, Arkiv Fysik 12, 237 (1957). 


* Marino, Ewbank, Nierenberg, Shugart, and Silsbee, Bull. Am. Phys. Soc. 


t Observed N —2. 

« | states observed N +2. 

vy It is very peculiar that this is the ground state 
* Observed N +2. 

* Observed Z —2. 

y Observed Z +2. 

* Observed N +2. 


and, of course, short ranged ; thus they tend to maximize 
the overlap between the wave functions of interacting 
particles. As is well known from the properties of the 
deuteron, the m-p forces are such as to make it favorable 
for their intrinsic spins to add. 

In spherical nuclei the overlap of the wave functions 
is maximum if the two particles tend to couple their 
orbital angular momenta antiparallel. (This can be seen 
mathematically from the fact that the matrix element 
for the contact interaction is proportional to the square 
of a Clebsch-Gordan coefficient, (/,/,00)/0)*, which has 
its largest value when /,;=/:.) Then, taking into account 
the spin dependence of nuclear forces, we can see that if 
there were no spin-orbit coupling, and if the / of each 
nucleon were a good quantum number, all spherical 
odd-odd nuclei would have L=/,—/,, S=1. 

This result is changed considerably if strong spin- 
orbit coupling is present. Strong spin-orbit coupling is 
empirically manifest in the observed j-7 coupling; 
indeed, for a j-j coupling description to hold, it is 
necessary for the spin-orbit coupling to be strong com- 
pared to the effect of the residual two-particle forces. 
For the case of a n-p configuration with jp,=/,+4 and 


Ser. II, 2, 383 (1957) 


jn=l,#} the tendency to couple the spins parallel and 
that to couple the orbital angular momenta antiparallel 
are not opposed by the spin orbit coupling if the total 
J =| jp—Jn|. This is the theoretical basis of the strong 
Nordheim rule. 

In the case of n-p configurations with j7,=/,+} and 
jn=l,+} the spin-orbit coupling introduces some diffi- 
culty, because when the two particles coupled by the 
spin-orbit force try to combine, the spin-spin coupling 
and orbital-angular-momentum coupling tend to oppose 
each other. Which of the possible configurations will 
actually be lowest depends in this case on further details 
of the nuclear forces.*.?! The weak Nordheim rule applies 
if the coupling of the intrinsic spins is more important 
than that of the orbital angular momenta. This would, 
for example, occur for long-range attractive forces 
because in this case the forces will depend only on the 
spin-dependent term. Furthermore, the results of de- 
Shalit® and Schwartz® imply that the spin-spin coupling 
dominates (although only slightly) for contact inter- 
actions if an exchange mixture of the form [(1—a) 
+a(o1:o2) | with a>}, i.e., no attraction in odd states, 
is used. 
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TaBLeE IT. Comparison of experimental and calculated magnetic 
moments. (spherical) iS Calculated assuming the gyromagnetic 
ratios of the odd nucleons are those given by the Schmidt formulas 
(with no quenching). p(spheroidaly is Calculated using the expression 
given in the text. 


Ground 
state spin 
Io (spherical) 
1+ 
i+ 
3+ 
1+ 
3+ 
4+ 
2+ 
4— 


0.88 
0.53 
1.88 
0.37 


0.85 
— 1.68 
—1.73 

3.30 

6.23 

4.28 

6.23 

3.88 
—0.93 

0 
—0.94 
—4.58 
—2.13 


| 
_ 
win 
i) 


to in ui X 
“In GO OO 


i i 


Dit 0 tv we iP 
SOrISN 
7=~ 


—_ 
o 


4 
4 
1 
2. 
2. 
& 
3. 
2: 
2 


—s 


4. 
+0.008* 
+0.50 
+0.89 
+0.62 
+7.0* 
+4.5* 


0.90 
-0.58 


—0.58 


3.42 





* W. A. Nierenberg (private communication, 1958). 


As can be seen from the spherical cases in Table I, the 
empirical coupling schemes for nuclei with j,=/,+3, 
jn=ln,2} are somewhat ambiguous. Apart from nuclei 
with N=Z and those clearly involving particle-hole 
configurations, we find that the weak Nordheim rule 
(both the Al and A1’ forms) is violated, i.e., 7= | jp>—jn 
in the majority of cases. It appears from these results 
that the tendency to couple the orbital angular momenta 
antiparallel is actually somewhat stronger than would 
be expected on the basis of short-range attractive forces 
in even states only. It is true that by reducing the 
assumed amount of exchange interaction, i.e., by having 
some attraction in both even and odd states, it is still 
possible to obtain J=|7,—j,{ for such cases as Co** 
and Ga® where the weak Nordheim rule appears to 
fail.6 However, the interactions between free nucleons 
are believed to be rather weak in odd states, and, if 
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anything, they tend to be repulsive.” Thus it appears 
difficult to understand how the effective interactions in 
odd states could be attractive. 

As will be discussed in a forthcoming article by one of 
us (S.A.M.), the effective interactions in the interior of 
the nucleus appear to act mainly between nucleons near 
the top of the Fermi sea, and with equal and opposite 
momenta. This momentum dependence of the inter- 
actions has essentially the same effect as shortening the 
range, thus enhancing the tendency for coupling the 
orbital angular momenta antiparallel. Such a tendency 
is in excellent agreement with the observed breakdown 
of the weak Nordheim rule. More detailed studies using 
this kind of momentum-dependent interaction are now 
in progress. It should be noted that configuration inter- 
action, i.e., deviations from j-j coupling description, 
also tends to energetically favor states of small spin over 
those of large spin, because of the statistically larger 
number of states with small spin. 

The situation in strongly deformed nuclei is con- 
siderably simpler than in spherical nuclei. First of all, 
because each orbit is only twofold degenerate, there is no 
longer any difference between particles and_ holes. 
Secondly, preliminary calculations show that the tend- 
ency to couple the orbital angular momenta antiparallel 
is much weaker here than in spherical nuclei. Thus, for a 
delta-function interaction, the energy would, in fact, be 
the same for A,+A, and |A,—A,|, because the overlap 
of the wave functions would be exactly equal in these 
two cases. The momentum dependence of the effective 
forces is expected to introduce some favoring of anti- 
parallel coupling, but much less than in the spherical 
case. Consequently, in deformed odd-odd nuclei, the 
coupling of angular momenta is expected to be deter- 
mined largely by the criterion that the intrinsic spins 
line up parallel. In this way we obtain coupling rules B, 
the analogues of the Nordheim rules for deformed nuclei. 
As is seen in the next section, these rules are satisfied 
surprisingly well in deformed nuclei, and on the whole 
they work considerably better than the corresponding 
coupling rules A for nuclei near closed shells. 


IV. DISCUSSION OF EMPIRICAL DATA 


In order to contrast the general applicability of the 
spheroidal coupling rules with the rather specific nature 
of the j-7 coupling rules we can mention the following 
statistics: of 139 ground or isomeric states of odd-odd 
nuclei that have been measured, 11 obey rule A1, 46 
obey A2, 7 obey A3, and 16 obey A4. In 59 cases the 
j-j coupling rules A break down or are ambiguous. As 
mentioned previously, rule A2 works well, but in general 
can be applied only in regions near closed shells. A3 and 
A4 are very specific and apply only to a small class of 
nuclei. Rule Al is very much weaker than previously 


2 See, for example, Gammel, Christian, and Thaler, Phys. Rev. 
105, 311 (1957); C. De Dominicis P. C. Martin, Phys. Rev. 105, 
1418 (1957). 





COUPLING OF ANGULAR 
thought, because in 15 cases out of 26 where it can be 
applied, the coupling is 7=|j,—j,| rather than the 
predicted J= j,+ 7, (which is also a violation of the A1’ 
form). In fact, the only nuclei in which rule A1 is 
observed to apply at all are nuclei with one particle less 
than a complete shell or subshell. And in over half of 
these cases we are dealing with a metastable state, 
rather than the ground state. 

The use of the B coupling rules in determining the 
ground state spins of odd-odd nuclei has, rather sur- 
prisingly, shown itself to be generally applicable in 
almost all regions of the periodic table. The general 
success in applying this model suggests that we should 
consider seriously the cases in which the model breaks 
down. 

Let us first consider the statistics. Of the 139 ¢ases, 90 
can be described by B1 and B2, and 27 by Bi— and 
B2—. Of the 19 cases where B1 is violated, every case 
corresponds to a nucleus in one of three categories: 
(1) with Z= JN; (2) near‘a closed shell and describable in 
terms of the strong Nordheim rule; (3) near a closed 
shell and describable in terms of a violation of the weak 
Nordheim rule. That is, almost all of these 19 cases 
correspond to cases where the asymptotic quantum 
numbers assign parallel orbital angular momentum and 
spin, whereas the j-7 coupling description assigns jp>=/p 
+4, j,=l,+}. In the remaining cases, to which the j-j 
coupling model assigns jp=/)+4, ja=/,#3, the orbital 
angular momenta appear to be coupled antiparallel. 
Furthermore, 10 of these 19 nuclei have spin 0. These 
facts seem to indicate that, in general, the orbital 
angular momentum coupling is more important than 
the spin-spin coupling in spherical odd-odd nuclei. The 
cases where B2 is violated are near closed shells where 
the j-7 coupling model leads to rule A1 or A3. The most 
serious breakdown seems to be Al’, where a 2+ state is 
predicted, and a 3+ state is observed. It is somewhat 
disturbing to find this breakdown occurring in what is, 
at present, the only odd-odd nucleus for which detailed 
information on ground and excited states is available. 

In general the coupling of odd-odd nuclei seems to be 
describeable in the following manner. In regions with 
several particles outside closed shells, the coupling can 
be described usually by either the A or B coupling rules, 
but tends to favor the rule which couples the orbital 
angular momenta antiparallel. In general in regions 
where there are three or more particles outside both 
proton and neutron closed shells the B coupling rules 
hold. In regions where there is a definite particle-hole 
configuration, the coupling is well described by rule A3. 
The spins of all V=Z nuclei listed can be accounted for 
on the basis of the spheroidal shell model, but in the 
nuclei with A 2 34, the 0+ state is, in general, lower, 
i.e., the antiparallel coupling of orbital angular momenta 
predominates. 


*% R. K. Sheline, Nuclear Phys. 2, 382 (1956/57). 
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The tendency for the ground state spins to increase 
monotonically as the 1p}, 1d), and 1/7” shells are being 
filled has already been noted by King and Peaslee,™ and 
can readily be explained on the basis of the spheroidal 
model with prolate deformations.'*:* 

The surprising validity of the asymptotic-quantum- 
number description for nuclei in almost all regions of the 
periodic table suggests the possible applicability of this 
description for the calculation of other nuclear properties 
which are more sensitive to the mixing of the states, i.e., 
magnetic momentsf and nuclear level spectra. 

In Table II we compare the magnetic moments calcu- 
lated assuming the validity of the asymptotic-quantum- 
number description, using the simple expression derived 
by Bohr and Mottelson“ for deformed nuclei. This 
expression was used in the form: 


w= (goQ+gr)I/(I+1), 
gr=Z/A, 
gqQQ= [+ (A,+5.62 p) 3.8 my 


where the signs of the two terms of the expression are 
the same as the signs of 2, and 2, appearing in the 
coupling rule, A, is the asymptotic quantum number A 
of the proton, and the signs of 2, and =, are plus or 
minus depending on whether the particle intrinsic spins 
are up (+) or down (—). 

The expression used to calculate the magnetic mo- 
ments assuming spherical nuclei is well known and is 
given, for example, by Feenberg.?* We have assumed no 
quenching, i.e., we have used the Schmidt single- 
particle limit for the gyromagnetic ratios of each of the 
odd nucleons. 

From Table II it is evident that the spheroidal model 
gives in general better agreement with experiment than 
does the j-7 coupling model. However, it is also seen 
that in about half of those cases where both spherical 
and spheroidal coupling rules hold, the magnetic mo- 
ments lie somewhere between the values given by the 
two models. An interesting example of this is provided 
by the three nuclei As’*, Rb™, and Rb**. In all three 
cases both the A and B rules can be applied successfully. 
The value of the magnetic moment given by the sphe- 
roidal description is —1.14; that by the 7-7 coupling 
description is — 2.13. The observed magnetic moments 
of the three nuclei are —0.906, —1.32, and —1.69, re- 
spectively. This is just the sort of trend that might be 
expected if As” with 43 neutrons can be described by 
the spheroidal model, which becomes less applicable as 
the closed shell is approached, until in Rb** with 49 
neutrons the agreement is closest of any of the sequence 


*R. W. King and D. C. Peaslee, Phys. Rev. 90, 1001 (1953). 

25S. A. Moszkowski and C. H. Townes, Phys. Rev. 93, 306 
(1954). 

t Note added in proof—The calculation of magnetic moments in 
several odd-odd nuclei using Nilsson wave functions has recently 
been discussed by W. M. Hooke, Bull. Am. Phys. Soc. Ser. II, 3, 
186 (1958). 

26 See reference 17, Eq. III, p. 43. 
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to the j-7 coupling model value. The obvious disa- 
greement of the experimental and spheroidal magnetic 
moments of K* is consistent with the reasonable ex- 
pectation that K* is describable by j-7 coupling®’; on 
the other hand, the rather good agreement in Cs'*’ 
indicates that the spheroidal model is applicable in this 
case. 

The excited states of odd-odd nuclei can be expected 
to serve as another guide in deciding the validity of the 
spheroidal description. The validity of the asymptotic 
quantum number implies the presence of rotational 
spectra. On the other hand, in regions where the Nilsson 
description is inadequate one might expect a rather 
complicated spectrum. Furthermore, as pointed out by 
Nordheim,' there will exist a pronounced competition 
between excited states involving recoupling of the 
angular momenta, and those involving particle excita- 
tions. Because the experimental data are limited, we 
will not attempt to discuss this problem in more detail 
here. However, it is interesting to note that it is possible 
to describe the two isomeric states of Br® as the 2,+2,, 
and |Q2,—2,| doublet of a configuration different from 


27 In support of the applicability of a j-7 coupling model to K®, 
see, for example, S. Goldstein and I. Talmi, Phys. Rev. 102, 589 
(1956). 
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the ground state. It would be interesting to determine 
whether this nucleus has rotational states. 


CONCLUSIONS 


The present formulation of the angular momentum 
coupling rules suggest that the j-7 coupling model and 
spheroidal, or spin-spin, coupling model represent two 
extremes of behavior in odd-odd nuclei. In general we 
may conclude that the ground state spins of odd-odd 
nuclei will be given by one or both of the models, with 
spin-spin coupling largely predominating, while the 
features which are more sensitive to mixing of states, 
such as magnetic moments, will essentially define the 
extent to which the models are applicable. It is also 
noteworthy that the tendency of the orbital angular 
momenta of the odd particles to couple antiparallel 
seems to be stronger than would be expected on the 
basis of the conventional shell model. 
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The radiations of Os'** have been examined in a thin magnetic lens beta-ray spectrometer and in coincident 
scintillation spectrometers. By these means, gamma rays of energies 75, 122, 158, 233, 593, 643, 718, 750, 
870, and 878 kev have been observed, revealing excited energy levels of the residual nucleus, Re!**, at 122, 
643, 718, 870, and 878 kev. Internal conversion coefficient measurement showed the 643-kev gamma ray 
to be predominately £2. A search for positrons was made by observing gamma-gamma coincidences with the 
counters placed at 180° and 90°. An upper limit of (4+3)X10~* positron per disintegration could be set. 


INTRODUCTION 


OHR and Mottelson’s' unified model as well as 
Mottelson and Nilsson’s’ classification of nucleonic 
states in deformed nuclei have proved highly successful 
in interpreting the characteristics of the energy levels 
in heavy nuclei. The decay of Os'** to Re! afforded one 
such example and was therefore taken up for further 
investigation. 

W'* and Os'* both decay to Re’, the former by 
electron emission only* and the latter by orbital electron 
capture followed by emission of gamma rays. It was 
established by Goodman and Pool‘ and by Katzin and 
Poberskin® that Os'* decayed by A capture to Re'® 
with a half-life of 94 days. A few years later this decay 
was studied by Bunker ef a/.,6 Swann and Hill,’ and 
Cork et al.’ The results of their experiments indicated 
that the gamma-ray spectrum was complex. Miller and 
Wilkinson’ compared the intensities of the 646- and 
872-kev gamma-rays and found the ratio to be equal to 
6.1. Up to this date, Os'*® was known to decay by 
K capture followed by gamma rays of energies 162, 233, 
646, and 872 kev. Pruett and Wilkinson” later found 
two more gamma rays of energies 125 and 72 kev, 
suggested energy levels at 125, 646, 809, and 872 kev, 
and gave qualitative indication that LZ capture also 
occurred in a significant proportion. Energy levels in 
Re'® have also been studied by Coulomb excitation 
experiments" and energy levels at 125 and 280 kev 

t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

* Permanent address: Muzaffar Nagar (U.P.), India. 

t On leave of absence from the Tata Institute of Fundamental 
Research, Bombay, India. Present address: Agricultural and 
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were observed. The spin’’ of the ground state of Re'® 
was measured and found to be 5/2 in agreement with 
the shell model prediction of a d5,2 orbital for the 75th 
proton. The major portion of the work reported here 
was completed in the summer of 1957, and since then 
two more papers’*:* have been published concerning the 
decay of this isotope. The studies of Marty and 
Vergens® showed that the 593-kev gamma ray was in 
coincidence with gamma rays of 125, and 162 kev in 
energy, while the 718-kev gamma ray was coincident 
with only the 162-kev gamma ray. These coincidence 
experiments indicated that the second excited level in 
the Coulomb excitation experiments is not excited 
through radioactive decay. Further, they showed that 
the level at an energy of 875 kev is a singlet. The 
energy levels thus indicated were at 125, 646, 718, and 
875 kev. The excellent studies by Johns, Nablo, and 
King" confirm the coincidence results of Marty and 
Vergens and further demonstrate that the level at 875 
kev is not a singlet but a doublet emitting two gamma 
rays of energies 870 and 878 kev. These authors also 
measured the L-capture to A-capture ratio for all 
transitions and found it to be equal to 0.38. Further, 
by measuring the Z-capture to K-capture ratio for the 
872- and 878-kev levels, they conclude that the energy 
difference between the ground states of Os'*® and Re!® 
is 987 kev. The conversion coefficient measurements by 
these authors" indicated the 646-kev gamma ray to be 
an £2 transition. The K-capture transition probabilities 
to various levels were also estimated and it was con- 
cluded that the K-capture™-“ transition to the ground 
state of Re'*®, if it does occur, is present in less than 5% 
of the disintegrations. The results obtained from the 
study reported in this paper are in excellent agreement 
with those of Johns, Nablo, and King."* The conversion 
coefficient measurement agrees very well with the 
value obtained by these authors, and the present 
results regarding the A-capture branciung ratios are 
also in agreement with their conclusions. The data 
obtained from the coincidence experiments indicate 
that there is an additional gamma ray associated with 
this decay of about 750 kev in energy, which was not 


2 R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 
'SM. Marty and M. Vergens, J. phys. radium 18, 233 (1957). 
4 Johns, Nablo, and King, Can. J. Phys. 35, 1159 (1957). 
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intensity together with the fact that no quantitative ray and the absence of a transition between the 870- and 
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718-kev levels further imply that the spin assignments" 
for the 870-kev and 878-kev levels must be modified. 
The search for positrons yielded negative results which 
seem to imply that enough energy for the positron 
emission is not available, offering no conflict with the 
conclusion of Johns, Nablo, and King" that the energy 
difference between the ground states of parent and 
daughter nuclei is 987 kev. The existence of a doublet 
at 870 and 878 kev instead of a singlet at 875 kev also is 
in excellent agreement with their data. 


EXPERIMENTAL INVESTIGATIONS 


The Os!* sources used in the investigations described 
here were obtained in two ways. For the measurement 
of internal conversion electron lines in the thin lens 
beta-ray spectrometer, the chemically processed radio- 
active osmium sample supplied by the Oak Ridge 
National Laboratory was used after allowing it to age 
for three months. However, for the measurements of the 
unconverted gamma-ray spectrum and the gamma- 
gamma coincidences, Os'*® was produced by irradiating 
Re2S; powder by deuterons of 15-Mev energy in the 
cyclotron of the University of Pitsburgh. The irradi- 
ated sample was chemically processed and was then 
allowed to age for over a month before the coincidence 
experiments were commenced. 

The internal conversion lines were measured with a 
thin magnetic lens beta-ray spectrometer. The baffle 
system of the spectrometer was adjusted to give a 
resolution of 1.6% (full width at half-maximum of the 
662-kev K-shell conversion line of Cs'*’). The sources 
were mounted on thin backings of Nu-Skin. Because of 
the low intensity of the sample, a somewhat extended 
source was employed. The lower energy portion of the 
electron spectrum is depicted in Fig. 1, and the higher 
energy part in Fig. 2. The interpretation of the lines is 
given in Table I. The contributions due to the various 
groups of Auger electrons are also indicated in Table I. 
The K-shell conversion line of the 718-kev gamma ray 
falls within the ZL and M conversion lines of the strong 
643-kev gamma ray and therefore could not be resolved. 
However, by considering the resolution of the spec- 
trometer and estimating the A/(1+M) ratio from the 
theoretical considerations, it may be concluded that 
approximately 15% of the area under the Z and M line 
of 643-kev gamma ray is due to the presence of the K 
internal conversion electrons of the 718-kev gamma ray. 

The unconverted gamma-ray spectrum measured 
with a scintillation spectrometer using a 4}-in. NaI (TI) 
crystal is depicted in Fig. 3. The interpretations of the 
peaks are indicated in the figure. The strong radiation 
of the 643-kev gamma ray completely masks the con- 
tribution due to the 593- and 718-kev gamma rays. 
Even after carefully comparing this spectrum with the 
normalized spectrum of the unconverted part of the 
662-kev gamma ray of Cs'*’ measured under identical 
conditions, little information could be obtained as to 
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TABLE I. Gamma rays of Os!** (conversion lines). 


Electron 
energy 
in kev 


Interpretation 
Gamma-ray 
energy 
in kev 


50+2 122 K 
Auger KLL of Re 


53+1 129K 
Auger KLL of Ir 
+Auger KLM of Re 


871 6341 : 
938 72+1 WU 
ger KMN of Re 


50 
a 


1029 86+1 
1171 109+ 1 
1212 116+1 
1270 126+1 
1378 146+1 
1456 161+2 
2990 52142 : 
3182 57142 64: 
3418 63343 643 L+M+718 K 
4018 798+? 870 K 

4050 806+ 2 87S K 
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the relative intensities of the unconverted quanta of 
the 593- and 718-kev gamma rays. 

The internal conversion coefficients of the 643-, 870-, 
and 878-kev rays were determined by a comparison 
method" wherein the internal conversion lines from two 
similar sources of Os!*° and Cs!’ were measured in the 


beta-ray spectrometer under the same conditions. 
Subsequently, these same sources were employed to 


measure their respective unconverted gamma-ray 
spectra with a scintillation spectrometer using a 43-in. 
thick NaI(Tl) crystal. In these latter observations a 
collimator was employed so that a pencil of gamma rays 
fell at the center of the crystal. Using the value of the 
K-shell internal conversion coefficient of the 662-kev 
gamma ray of Cs'*? as 0.096 as measured by Azuma,!® 
the A-shell internal conversion coefficient of the 643-kev 
gamma ray was estimated. The value of the K-shell 
internal conversion coefficient thus experimentally 
estimated is compared with the theoretical values of 
Rose ef al.!? and Sliv and Band!* in Table IL. 
Considering the 122-kev gamma ray to be emitted 
from the excited level in Re!® at 122 kev, which has 
been observed in Coulomb excitation experiments, it 
may be taken as 3% E2 and 97% M1." The 233-kev 
gamma ray is apparently very little converted and both 
this gamma ray and the 593-kev gamma ray have been 


'® Dubey, Malik, Mandeville, and Mukerji, Phys. Rev. 111, 920 
(1958). 

16 T, A. Azuma, J. Phys. Soc. Japan 9, 1 (1954). 

17 Rose, Goertzel, and Swift, ““Table of Conversion Coefficients 
(privately circulated). . 

18L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57ICCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. 

19 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 
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assumed to be predominently £2 transitions for the 
purpose of estimating their relative intensities. These 
intensities are obtained by comparing the areas of the 
internal conversion lines and correcting for the internal 
conversion coefficients. The 718-kev gamma ray has 
almost the same intensity as the 593-kev gamma ray, at 
least insofar as the unconverted part is concerned as 
may be inferred from the coincidence experiments dis- 
cussed below. From a consideration of the spins of the 
878- and 718-kev levels, the 158-kev gamma ray may 
be reasonably assumed to be emitted in a transition 
which is predominantly M1 in character. The intensity 
can be estimated from the area of the conversion line 
and the conversion coefficient. 

The relative intensities of different gamma rays are 
given in Table ITI. 

To establish the disintegration scheme of Os!** and 
to obtain some other information with regard to the 
intensities of some gamma-ray transitions, as has been 
pointed out earlier, gamma-gamma coincidence meas- 
urements were undertaken utilizing a fast-slow coin- 
cidence circuit with resolving time of about 40 milli- 


TaBLE II. K-shell conversion coefficients of the 643-, 870-, and 
878-kev gamma rays (experimental and theoretical) 


Gamma- 
ray 
energy 
in kev 
643 (1.1440.1) K107 4.43 xK10°% 1.16 x10"? 
870 (1.1 +0.3) X10~° 5.47 X10°3 
878 (5.8 +1) x10" 5.35 K10°3 


Theoretical value after Rose ef al. 


Exp. value of ax El E2 M1 M2 





3.50 X10"? 
1.42 X10°2 
1.35 K10-2 


1.01 X10" 


Theoretical value after Sliv and Band 
El E2 Mi M2 


(1.1440.1) X10 4.2 K10°* 1.10 XK10-? 3.21 X10"? 9.1 K10% 


5.45 X10-% 
5.34 X10-% 


1.36 X107? 
1.29 X10? 


(1.1 +0.3) X10 
(5.8 +1) x10" 





microseconds and a hundred-channel analyzer. Two 
scintillation counters consisting of (1) 3540-mm and 
(2) 25X 10-mm NaI(T]) crystals mounted on RCA-6342 
photomultiplier tubes were placed at an oblique angle 
to each other with lead absorbers lined with copper 
between them so that no part of one crystal could “see”’ 
any part of the other crystal. The larger crystal has a 
resolution of 8% for the 662-kev gamma ray of Cs'*’ and 
was connected to the hundred-channel analyzer, while 
the smaller crystal having a resolution of about 10% 
for the same gamma ray was associated with the single 
channel analyzer. Gamma-gamma coincidences were 
taken by placing the channel of the single-channel 
pulse-height analyzer at different photopeaks of the 
gamma-ray spectrum. In Fig. 4(a) are reproduced the 
gamma-gamma coincidences measured by placing the 
channel of the single-channel analyzer on the lower- 
energy edge of the photopeak of the 643-kev gamma ray, 
including some of the 593-kev gamma ray also. In 
Fig. 4(b) are depicted the coincidences measured by 
moving the channel of the single-channel analyzer so 
as to include only the higher-energy edge of the photo- 
peak of the 643-kev gamma ray including less of the 
593 but some of the 718-kev gamma ray in addition. 
While the height of the peak interpreted as due to the 


TABLE III. Relative intensities of different gamma-ray transitions. 


Relative 
intensity 
(approx. ) 


Gamma-ray 
energy 
in kev 


Relative 
intensity 
(approx. ) 


Gamma-ray 
energy 
in kev 
75 643 ~82 
122 ~2 718 ~2 
158 ~2 750 <0.4 
233 ~2 870 ~7 
593 ~2 878 
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Fic. 4. Gamma rays coincident with the 643-kev radiation: 
(a) with the lower energy region of its photopeak, setting 1; 
(b) with the higher energy region of the same photopeak, setting 2. 


233-kev gamma ray remains the same, the heights of the 
peaks due to the 122- and 158-kev gamma rays are 
considerably reduced. This shows that the 233-kev 
gamma ray is in coincidence with the 643-kev gamma 
ray. Nothing definite could be said about the 122- and 
158-kev gamma rays. The coincidence measurements 
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reproduced in Fig. 5 were therefore undertaken. In 
Fig. 5(a) are presented the coincidences with the single- 
channel analyzer placed so as to include both the 122- 
and 158-kev gamma rays. It is to be observed that these 
two gamma rays are coincident with each other, with a 
233-kev gamma ray, and with gamma rays contributing 
to a photopeak at higher energies. From the measured 
peak shape and resolution for the 662-kev gamma ray 
of Cs’, the composite peak could be resolved into four 
components as indicated in the Fig. 5(a). In Fig. 5(b) 
are depicted the coincidences with the channel of the 
single-channel analyzer placed so as to include all of the 
158-kev gamma ray but very little of the 122-kev 
gamma ray. The coincidences observed again are with 
122-kev gamma ray, fewer with the 158-, 233-kev 
quanta and a composite peak at higher energy. On 
comparing the two sets of coincidences of Fig. 5 it is 
apparent that 158-kev gamma ray is in coincidence with 
the 122-, and 718-kev gamma rays. A small 
number of coincidences are observed with the 643-kev 
The 122-kev gamma ray is in coinci- 
These 


£02 
593-, 


gamma ray also. 
dence with the 158- and 593-kev gamma rays. 
conclusions are derived from the relative heights of the 
593-, 643-, and 718-kev gamma rays in both the 
measurements. The small number of coincidences with 
the 233-kev gamma ray may be interpreted as due to 
the Compton recoil photons of the 643-kev gamma ray. 
Also, on comparing the end portions of the two sets 





COINCIDENCES WITH 
122 8158 kev y 


X-rays 
' [ 122 
r 158 


‘ 


NUMBER OF COINCIDENCES 


NUMBER OF COINCIDENCES 








COINCIDENCES WITH 


158 kev y 


662 kev 





4 


20 40 








NUMBER OF CHANNELS 





rm n 1 4 








80 100 120 140 


NUMBER OF CHANNELS 


Fic. 5. (a) Gamma-gamma coincidences with both the 122- and 158-kev gamma rays; (b) gamma-gamma coincidences with the 158-kev 
gamma ray alone. The dotted line indicates the pulse shape of the photopeak of the 662-kev gamma ray of Cs" 
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Fic. 6. Disintegration scheme of Os". 


of curves of Fig. 5 one observes some additional coin- 
cidences in the set of the coincidence measurements of 
Fig. 5(a) over that of Fig. 5(b). This indicates the 
existence of a very weak gamma ray at an energy of 
about 750 kev which is coincident with the 122-kev 
gamma ray. This set of coincidences was repeated 
several times before the existence of such a weak 
gamma ray could be established but the same bulge was 
observed every time at the end of the curve of Fig. 5(a). 
The presence of these coincidences could not be ex- 
plained on the basis of statistical fluctuations, as may 
be clear from the statistical error plotted at certain 
points. 

A search for the presence of positrons was made by 
placing the scintillation counters at 180° and 90° and 
observing coincidences while setting the channels of two 
single-channel analyzers at the expected positions of the 
photopeak of the annihilation radiation. After compari- 
son with the observed coincidences with Na” in both 
the positions, an upper limit of (4+3)X10~® positron 
per disintegration could be set. 

From the relative intensities and conversion coeffi- 
cients of the gamma rays emitted from the more highly 
excited states of Re!*, the intensity of the observed 
x-ray peak of Fig. 3 could be completely accounted for, 
assuming the decay scheme of Fig. 6 to be correct. It is 
thus indicated that few or no K-capture transitions 
occur to the ground state or first excited state. The 
second excited state has been fixed in this disintegration 
scheme by Coulomb excitation experiments." 


DISCUSSION 


The energy levels in Re!** at 122 and 278 kev have 
been observed in Coulomb excitation experiments. No 
definite evidence could be obtained with regard to the 
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Values of log/t 


TABLE IV. 


Orbital electron capture 


transition probabilities 
to the level 


Energy level in 


Re!85 in kev logft 


878 6.6 
870 6.9 
718 8 


643 j 


excitation of the 280-kev level by radioactive decay of 
Os'**, The 158-kev gamma ray which has been observed 
by Coulomb excitation is indicated by a dotted line. It 
has been shown in the course of the present measure- 
ments that the 593-kev gamma ray is in coincidence 
with both the 122- and 158-kev gamma rays while the 
718-kev gamma ray is in coincidence only with the 
158-kev gamma ray emitted from the level at 878 kev. 
The doublet at 870 and 878 kev de-excites by gamma 
emission partially to the ground state and partially to 
the other excited states. The main branch of decay is 
via the excitation of the 643-kev level in Re! by orbital 
electron capture and thence by gamma-ray transition 
directly to the ground state. The 233-kev gamma ray is 
in coincidence with the 643-kev gamma ray. 

No gamma-ray transition was observed between the 
870- and 718-kev levels, suggesting the indicated 
relationship between the spins of the 878- and 870-kev 
levels. Consequently, the 750-kev gamma ray has been 
assumed to be emitted in a transition between the 
870- and 122-kev levels. Had the 870-kev level had a 
spin less than or equal to that of the 878-kev level, it 
might be reasonably expected that a gamma ray of 
energy 152 kev, of comparable intensity with the 
160-kev gamma ray, would also be emitted. As afore- 
said, this gamma ray was not observed. The spin values 
of the disintegration scheme of Fig. 6 have been 
determined from the known ground state spin of Re! 
and to some extent by a consideration of values of log// 
which will be discussed in the paragraphs following. 

The logft values for electron capture transition 
probabilities to the different levels have been calculated 
assuming that not enough energy is available“ for the 
positron emission. Values of logft are given in Table IV. 

The ground-state spin of Re’ has been experi- 
mentally observed to be equal to 5/2,'* and the shell 
model postulates a ds. orbit for the 75th proton. 
According to Mottelson and Nilsson’s? model with the 
deformation parameter=0.19, a spin of either 9/2 or 
5/2 and positive parity is predicted for the ground state 
of Re!*, The shell model assignment for the 109th 
neutron is either 3/2 or pij2 and the measured spin’ 
of 74Wioo'* is 1/2. In analogy with this nucleus the 
ground state spin of 7sOs'** may also be considered as 
1/2—. According to Mottelson and Nilsson’s*? model, 
with the deformation parameter=0.21, a spin of either 
1/2, 7/2, or 3/2 and negative parity is postulated for 
the ground state of Os!**. The first two excited states in 
Re'* at 122 and 278 kev are rotational states belonging 
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to the ground state band (K=5/2), and therefore may 
be assigned spins of 7/2+ and 9/2+. The 643-kev 
gamma ray is predominantly an £2 transition and 
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energy levels are more or less compatible with the spins 


assigned. 
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therefore the spin of the corresponding level may be 
taken as 1/2+. The spin assignments of 5/2+ and 
3/2+ to the 870- and 878-kev levels are consistent 
with the multipole order of the gamma transitions from 
these levels. The calculated values of transition prob- 
abilities of orbital electron capture to the different 
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Photoneutron Reactions in N, O, F, Cu, Ag, and In 
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Using an energy scale based on an electrical “zero” and the (y,m) thresholds of F, N™“, and C®, five 
(y,m) thresholds were measured: Ag™, 9.14+0.05 Mev; Ag"? to 24-min Ag™®, 9.43+0.05; Cu®, 9.89+0.11; 
Cu®, 10.80+0.04; and In"® to 49-day In'”, 9.22+0.10. Breaks, interpreted to be levels in the initial 
nucleus, were found at 10.47+0.02 Mev in F” and 16.17+0.05 Mev in O'*. The observed O'*(y,n)O"% 
threshold was in poor agreement with the known Q value. Two half-lives were measured: F8, 1.830.02 


hours and In"*™, 49+-1 days. 


I. INTRODUCTION 


HOTONEUTRON thresholds for five medium- 

weight nuclei were measured using the similar 
reaction thresholds in light nuclei for calibration. These 
measurements were made to determine the indium 
value for the first time and to redetermine the silver 
and copper values on which disagreement exists. 

The observed threshold of a nuclear reaction is often 
assumed to represent the Q value of the reaction. This 
identification is often employed, as in this paper, for 
the calibration of the energy scale of an accelerator. 
In order to check the validity of this assumption for 
photoneutron reactions, our irradiations include two 
elements, fluorine and nitrogen, with accurately known 
and nearly equal () values. 

The determination of a photonuclear threshold is 
made from measurements of radioactivity induced at a 
number of bremsstrahlung energies in the threshold 
region. In analyzing the data presented here, we have 
attempted to determine the region in which the photo- 
neutron activity begins. The upper limit of this region 
is that energy, or helipot setting, at which the specific 
photonuclear reaction has definitely occurred. The lower 
limit is estimated on the basis of a ‘‘reasonable’’ curve 
fitted to the observed data. 


II. EXPERIMENTAL PROCEDURE 


The samples were irradiated with the x-ray beam 
from the NRL 22-Mev betatron. The intensity of 
radiation was measured with an air-filled transmission 


ionization chamber at atmospheric pressure and a 
current-integrating circuit. 

The peak energy of the bremsstrahlung was deter- 
mined by an integrator circuit basically similar to that 
described by Katz ef a/.! A variable resistor was added, 
permitting the empirical adjustment of the phase be- 
tween the integrator stack output and the magnetic 
field so as to provide an energy control which is inde- 
pendent of the magnet amplitude. One expects a linear 
relationship between the helipot dial setting and the 
momentum of the electrons producing the x-rays. The 
energy scale used in this paper is based on the electrical 
“zero” and the fluorine, nitrogen, and carbon? photo- 
neutron thresholds. The energy referred to on this 
energy scale is the peak energy of the bremsstrahlung 
spectrum. We estimate an uncertainty of 0.02 Mev 
(near the calibration points) to 0.04 Mev in the energy 
scale. The photoneutron threshold for oxygen appeared 
high relative to the other known values. It was assumed 
that the activity near the true threshold was too small 
to observe, so the oxygen value was rejected as a cali- 
bration point. 

Stability of the ‘betatron energy was checked by 
measurements of the Ag" activity produced by irradi- 
ations of silver cylinders at 0.10 Mev above threshold. 
The standard deviation of 27 such runs corresponded to 
an uncertainty of 7.3 kev in the reproducibility of the 
energy, assuming no error in the relative measurement 


1L. Katz et al., Can. J. Research A28, 113 (1950). 
*L. Cohen and J. McElhinney, Rev. Sci. Instr. 27, 773 (1956); 
L. Cohen (private communication). 
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of the x-ray dose. We have therefore assigned an un- 
certainty of 8 kev to each individual run on any isotope. 

Except in the case of oxygen, each sample was a pair 
of hollow cylinders irradiated simultaneously 15.5 cm 
from the betatron target with the axis of the cylinders 
perpendicular to the beam. (Because the samples were 
in the fringing field of the betatron when irradiated, the 
metallic cylinders were slotted to reduce Eddy cur- 
rents.) The cylinders were telescoped to obtain a 
maximum radiation exposure and then spread apart to 
expose a larger inner surface for counting. 

The radioactivity (except for oxygen) was observed 
with {-in. diameter, 5 in. long, cylindrical Geiger 
counters having thin aluminum walls. Two units were 
employed, each with a central counter and an anti- 
coincidence ring of nine counters. The samples were 
coaxial with the central counter and the entire unit 
surrounded by at least 4 inches of steel. The background 
observed with this system is 2.4 counts per min. 


III. RESULTS 
A. Fluorine and Nitrogen 


The fluorine samples were hollow Teflon cylinders. 
They were irradiated for 25 to 75 minutes, the longest 
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irradiations being utilized when operating near thresh- 
old. In all cases, the F!* activity was observed in the 
interval 2 to 182 minutes after irradiation. A number of 
Teflon samples were irradiated at energies well above 
threshold and the radioactivity followed for about a 
day. We found a value of 1.83+0.02 hours for the F'8 
half-life. 

The nitrogen samples were hollow cylinders of 
melamine, encased in thin plastic. They were irradiated 
for 15 minutes and the 10-min N® activity was ob- 
served 2 to 27 minutes thereafter. 

The activation curves for fluorine and nitrogen near 
their thresholds are shown in Fig. 1. In the laboratory 
system, the F(y,2)F'8 threshold was observed at 
10 399+17 kev and the N"(y,n7)N™ threshold at 
105532417 kev on our energy scale. From the mass 
values of Mattauch,® one can calculate a Q value of 
10 400.5 kev for fluorine, with an uncertainty of about 
11 kev. Mattauch* adopted a Q value of 10 543.54+4.3 
kev for nitrogen. In order to conserve momentum, an 
energy slightly greater than the ( value is required in 
the laboratory system. Employing the mass data, one 
calculates thresholds of 10 403.6 kev and 10 547.8 kev, 
respectively. 

The energy scale was made to fit the average of the 
fluorine and nitrogen data, plus an electrical ‘zero”’ 
and the carbon threshold? at 18 737 kev. If the scale 
had been linear in electron momentum versus dial 
setting, and based only on the ‘‘zero”’ and carbon 
values, the observed fluorine and nitrogen values would 
have been 11 kev larger. 

The difference in the fluorine and nitrogen thresholds 
was found to be 154425 kev. This value is rather 
insensitive to uncertainties in the energy scale. A differ- 
ence of 144 kev, with an uncertainty of about 12 kev, 
can be calculated from Mattauch’s* data. These values 
are in satisfactory agreement, and the observed thresh- 
olds indeed appear to correspond to the Q values. 

The fluorine activation data are shown in Fig. 2. 
The activity was found to increase in slope by a factor 
of 11 at 10471+9 kev on our scale. We interpret this 
to be due to a 10.47-Mev level in F®, 72+20 kev above 
the (y,2) threshold. This appears to be the level ob- 
served** at about 69 kev (center-of-mass) above 
threshold in the O'*(p,n) F'* reaction. 

The break at 10.47 Mev has never been reported in 
photoneutron activations. The best previously reported 
thresholds seem to correspond to our 10.47-Mev level. 
Accordingly, all energies measured relative to fluorine 
as a standard should reflect this difference. 

There are no other breaks as pronounced as the one 
near threshold. Nevertheless, we can fit the data quite 
well with a small number of straight lines, some changes 


3 J. Mattauch et al., Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, p. 179. 

4H. Mark and C. Goodman, Phys. Rev. 101, 768 (1956). 

5H. A. Hill and J. M. Blair, Phys. Rev. 104, 198 (1956). 

6 V. Naggiar et al., Compt. rend. 242, 1443 (1956). 
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in slope being even larger than at 10.47 Mev. Because 
of the larger slope and total activity, these breaks are 
less evident, and their locations cannot be uniquely 
determined from these data. 

Although the fluorine activation curve has been 
published many times, only the work of Taylor et al.’ is 
sufficiently detailed near threshold for a comparison. 
Their data exhibit a much sharper break at 10.9 Mev 
than is shown by our data. 

The nitrogen activation data are shown in Fig. 3. 
Again, suggestions of breaks appear, but their exact 
locations are not clear. The most detailed previous work 
near threshold seems to be that done in this Laboratory 
by Birnbaum.’ In the time since that work, several 
substantial improvements in sensitivity have been 
made. Although the two sets of data are in agreement 
within the accuracy of the earlier data, we find a 
curvature in the first 0.4 Mev above threshold and the 
earlier data were fitted to a single straight line in this 
region. From this, we believe that Birnbaum’s threshold 
is above ours. 
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Fic. 3. Activation data of the reaction N"(y,n)N™. 


The activation data of fluorine and nitrogen are 
compared in Fig. 4, with the energy scale adjusted for 
the difference in thresholds. In each case, the activity 
is approximately proportional to the square of the 
energy above threshold. In detail, however, the sets of 
data deviate from this relationship and, more signifi- 
cantly, from each other. This is expected since the 
detailed shape of an activation curve is attributed to 
the distribution and strength of the levels, or resonances, 
in the initial nucleus. 


B. Silver 


Pairs of coaxial silver cylinders, slotted to reduce 
Eddy currents and surrounded by cadmium to reduce 
neutron-induced activities, were irradiated simultane- 
ously in a telescoped position, then spread apart for 

7 Taylor, Robinson, and Haslam, Can. J. Phys. 32, 238 (1954). 

8M. Birnbaum, Phys. Rev. 93, 146 (1954). 
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Fic. 4. Nitrogen and normalized fluorine activation data, as a 
function of energy above threshold. The thresholds used are those 
derived from the mass data. 


counting of the resultant beta activity. Since the 
betatron produces some neutrons as well as x-rays, 
three half-lives were observed in the irradiated silver. 
The 24-min activity was produced by the Ag!’ (7,2) Ag?® 
reaction, the 24-sec activity by Ag’™(m,y)Ag!, and 
the 2.3-min activity by both Ag®(y,2)Ag'® and 
Ag’ (n,y)Ag™’. Irradiation and counting times were 
adjusted to the half-life of the primary activity under 
investigation. 

The determination of the Ag’ photoneutron thresh- 
old is shown in Fig. 5. Because the 2.3-min Ag! 
activity could be produced by both photons and 
neutrons, it was necessary to separate the two com- 
ponents. This was accomplished by comparing the 
2.3-min activity with the 24-sec Ag!” activity, which 
could be produced only by neutrons. Figure 5 shows 








Fic. Determination of the Ag'®(y,n)Ag® threshold. As 
Ag'$ can also be produced by neutron capture, data on the 
Ag'(n,y)Ag"® reaction is shown in order to demonstrate the 
behavior of a similar neutron-capture reaction. 
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Fic. 6. Determination of the Ag!’(-y,#)Ag'® threshold. 


the Ag" and the normalized Ag!” activities plotted as 
a function of energy. One sees that the normalized Ag!” 
curve rises slowly while that of Ag'® begins to increase 
rapidly at 9.14+0.025 Mev. The correction to the 
center-of-mass system is negligible for all except light 
nuclei, being 0.4 kev for Ag’. Allowing for the un- 
certainty in the energy scale, the threshold for the 
Ag™(y,n)Ag"® reaction is taken to be 9.14+0.05 Mev. 

The 24-min Ag" activity is shown in Fig. 6 as a 
function of betatron energy. The threshold for the 
Ag"? (y,n)Ag'® reaction appears at 9.43+0.017 Mev on 
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Fic. 7. Determination of the Cu®(y,»)Cu™ threshold. As 
Cu can also be produced by neutron capture, data on the 
Cu (n,y)Cu® reaction is shown in order to demonstrate the 
behavior of a similar neutron-capture reaction. 
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this scale and is taken to be 9.43+0.05 Mev. This 
threshold appears relatively sharp partly because the 
activity is not produced by the (,y) reaction and no 
other activity of similar half-life occurs. 

The difference of the two silver photoneutron thresh- 
olds is 0.29+0.03 Mev. Basile and Schuhl’ reported this 
difference to be 0.40+0.06 Mev. 


C. Copper 


Pairs of slotted, cadmium-shielded, copper cylinders 
were irradiated, and three activities were observed: the 
10-min activity from Cu®(y,2)Cu®, the 5-min activity 
from Cu®(n,y)Cu®, and the 13-hour activity from both 
Cu®(y,n)Cu® and Cu®(2,7)Cu®. 

The Cu® photoneutron threshold was determined 
from the data shown in Fig. 7. As in the case of silver, 
a comparison was made between the Cu® activity, 
which was produced by both photons and neutrons, 
and the Cu® activity which could be produced only by 
neutrons. It is seen that the Cu® activity begins in- 
creasing rapidly at 9.89 Mev while the normalized Cu® 
activity remains relatively constant. Including an un- 
certainty in the energy scale, the Cu®(y,2)Cu® thresh- 
old is taken to be 9.89+0.11 Mev. 

The Cu® photoneutron threshold is shown in Fig. 8, 
the irradiation and counting periods being selected to 
enhance the Cu® activity. The dominant activity above 
10.82 Mev is that of 10-min Cu®, whereas below 10.78 
Mev only 13-hr Cu® and 5-min Cu" activities appear. 
Therefore, it is concluded that the change in slope at 
10.80 Mev is due to the onset of Cu® activity. As this 
threshold is quite close to our calibration points, the 
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Fic. 8. Copper activation curve. The rapid increase of activity 
at 10.8 Mev is attributed to the Cu®(y,n)Cu® reaction. The 
slowly increasing activity at lower energies is attributed to other 
reactions in copper. 


9R. Basile and C. Schuhl, J. phys. radium 16, 372 (1955). 





PHOTONEUTRON RE 


uncertainty in the energy scale is relatively small and 
we report the threshold at 10.80+0.04 Mev. 


D. Indium 


When using unirradiated indium samples, a counting 
rate of 5.1 per min was observed, rather than the usual 
background of 2.4 counts per min. The excess counts 
were attributed to the natural radioactivity of In’. 
The observed excess counting rate was in satisfactory 
agreement with the value calculated for this system 
utilizing the energy and lifetime reported by Martell 
and Libby.’ 

Pairs of indium cylinders were irradiated for periods 
of 100 to 200 minutes. The short-lived activities, in 
particular the 4.5-hour In'*", became negligible after 
3 days. The data obtained after this interval showed a 
49-day half-life and was utilized in determining the 
In'™ activity in each sample. The indium activation 
curve, obtained by employing both counting systems 
continuously for 26 days, is shown in Fig. 9. Eleven 
irradiated samples and two unirradiated ones were 
employed, the sample in each counting system usually 
being changed twice per day. 

The activity below 9.2 Mev is attributed to the 
In!3(n,7)In'4" reaction. The activity begins to increase 
rapidly at 9.22+-0.02 Mev on the scale shown. In view 
of a possible error in the energy scale at the time that 
the indium data were taken, we have assigned a rela- 
tively large error to the threshold: 9.22+0.10 Mev. 
As the ground state of In' is 0.192 Mev below the 
isomeric state, the neutron binding energy of In!!® is 
9.03+0.10 Mev. 

One sample of indium was irradiated at 10.2 Mev and 
the activity followed periodically for four half-lives. 
A half-life of 491 days was observed. 
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Fic. 9. Determination of the In™5(y,n)In"™™ threshold. 


10 E. A. Martell and W. F. Libby, Phys. Rev. 80, 977 (1950). 


ACTIONS 


VE ACTIVI 





RELATI 





10. Activation curve of the reaction O'*(y,n)O”. 


E. Oxygen 


To measure the O'%(y,7)O' threshold, samples of 
about 200 grams of ordinary distilled water were 
irradiated in a glass container about 20 cm from the 
betatron target. After each irradiation, the water was 
transferred to a container surrounding a Geiger counter, 
where the O' activity was determined. The activity 
above 15.74 Mev on our scale had the 2-min half-life 
characteristic of O', whereas the activity below this 
value had a longer half-life and was attributed to other 
reactions. As indicated in Fig. 10, the ‘‘threshold”’ in 
the laboratory system is found at 15.74+0.05 Mev on 
our scale. : 

The Q value for this reaction is 15 647+7 kev, based 
on the compilation by Mattauch*? and new data on 
both the N'°(p,2)O"* reaction!!!" and the O!* positron 
decay.’ The threshold expected in the laboratory 
system is ‘thus 15 655+7 kev, in poor agreement with 
our determination. A discrepancy in the oxygen thresh- 
old has occurred in other betatron calibration data," 
but was larger before the new data on the O mass. 
The discrepancy may be attributed to an error or non- 
linearity in the energy scale or to insufficient sensitivity 
to detect the reaction near threshold. Assuming that 
the latter is the correct explanation, we have rejected 
oxygen as a calibration element, and report an apparent 
threshold, in the center-of-mass system, at 15.73 
+0.07 Mev. 

The activity increases markedly at 16.18+0.02 Mev 
on our scale. Identifying this with a level in O'*, the 


J. D. Kington ef al., Phys. Rev. 99, 1393 (1955). 

2 Lidofsky, Weil, and Jones, Bull. Am. Phys. Soc. Ser. II, 2, 
182 (1957). 

3 Q. C. Kistner et al., Phys. Rev. 105, 1339 (1957). 

MA. S. Penfold, Ph.D. thesis, University of Illinois, 1955 
(unpublished). 
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level is at 16.17+0.05 Mev. The activity below this 
energy can be fitted with a smooth curve or, as shown 
in Fig. 10, with two straight-line segments meeting at 
15.94+0.05 Mev. This would correspond to a level at 
15.93+0.07 Mev. The relative oxygen energies and the 
general shape of the activation curve are in good agree- 
ment with the work of Penfold and Spicer."*:!® However, 
their levels were reported as 15.83 and 16.03 Mev 
based on the O'*(y,7)O" threshold as 15.61 Mev. 


IV. DISCUSSION 


The observed threshold of photoneutron reactions 
has been shown to be inconsistent with the Q value in 
cases where large spin changes are involved.'®!” In all 
eight cases reported here, the spin change is thought to 
be 3 unit, from initial nucleus to the radioactive nucleus 
detected. The carbon calibration point? involves a 
change of $ units. 

As suggested by the oxygen result, the observed 
threshold may be misleading even when the spin change 
is small. The threshold is determined by the energy 
which produces sufficient activity to be detected. For 
light nuclei, separate discrete levels may exist at the 
excitations considered here. The photon-capture cross 
section will exhibit peaks with relatively small cross 
sections between peaks. The activation curve produced 
by bremsstrahlung would increase very slowly from 
threshold, then increase sharply at the first resonance 
above threshold. This interpretation has been given to 
the fluorine activation curve, Figs. 1 and 2. After 
capture of a photon, a nucleus may decay by several 
modes. For each of the cases considered here, the (y,p) 
and either the (y,a) or (y,d) thresholds are lower than 
the corresponding (7,) threshold. At least for the light 
nuclei, where the Coulomb barrier is small, an appreci- 
able neutron kinetic energy must be available for 
neutron emission to compete effectively with emission 
of charged particles. 

The activation curve is expected to rise slowly from 


15 A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 


16P, Axel and J. D. Fox, Phys. Rev. 95, 613(A) (1954); 100, 
1249(A) (1955); 102, 400 (1956). 
17 Bendel, Toms, and Tobin, Phys. Rev. 99, 672(A) (1955). 
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threshold and an extrapolation to zero yield is required. 
We have assumed that the fluorine, nitrogen, and 
carbon. activities are detected with sufficient sensitivity 
to permit proper extrapolation to the true energetic 
threshold. We have assumed that the curve fitted to 
the oxygen data does not indicate the true threshold, 
but a “‘tail” extending about 80 kev further is required. 
We cannot discount the possibility that the fluorine, 
nitrogen, and carbon data are also misleading, but to 
a lesser extent. 

The differences between published threshold values 
are due to differences in the calibration thresholds as 
well as the reported threshold. As in the cases reported 
here, many of the measured thresholds are near 10 Mev 
and the accuracy of the observed nitrogen and/or 
fluorine calibration thresholds is critical. In particular, 
we believe that the wide range of values reported for 
copper and silver thresholds reflects variations in the 
measurement of the nitrogen threshold, which is one 
of the more difficult to obtain. 


V. SUMMARY 


The following photoneutron thresholds were deter- 
mined : 


9.14+0.05 Mev, 
9.43+0.05 Mev, 
9.89+0.11 Mev, 
10.80+0.04 Mev, 
9.22+0.10 Mev. 


Ag! (y,n)Ag'® 
Ag'?(-y,m)Ag!® (24 min) 
Cu® (y,n)Cu™ 
Cu®(y,n)Cu® 

In" (y,n)In!™™ (49 day) 


These values are based upon the observed photo- 
neutron thresholds of fluorine, nitrogen, and carbon, 
plus an electrical zero. On the same scale, the first 
large “break” in the O'%(y,n)O" activation curve is 
found at 16.17+0.05 Mev, and a “break” in the 
F'8(y,n)F!8 curve is found at 10.47+0.02 Mev. The 
difference in the Ag and Ag’ thresholds is 0.29 
+0.03 Mev. The difference in the fluorine and nitrogen 
photoneutron thresholds is 154+25 kev, in satisfactory 
agreement with mass data. 

The half-life of F'* was found to be 1.83+-0.02 hours. 
The half-life of In'“" was measured as 49+1 days. 
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Low-Lying Excited States of Na”+ 
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Using the singly and doubly ionized helium beams as well as a He* beam from our electrostatic generator, 
we have studied the low-lying level structure of Na®* in the F(a,ny)Na®™ and Ne®(He?,py) Na” reactions, 
respectively. We found one excited state at 666+4 kev in addition to most other states previously discovered 
in the self-conjugate reaction Mg*(d,a)Na® which presumably yields only states having 7=0. We believe 
this state to be the 0* analog of the ground states of the two neighboring even-even nuclei forming the T7=1 
triplet at A=22. By various coincidence experiments, this state is found to decay by a 73-kev transition, 
having a probable half-life of 0.014 usec, to the first-excited state of Na” at 593 kev, which in turn decays to 
the 3* ground state with a half-life of 0.266+0.010 usec. With the plausible assignment of 1+ for the 593-kev 


state (0* being completely ruled out by the half-life) this would represent a pure 1 


pure E2 cascade, whose 


strengths would be 0.0045 and 0.0077 single-particle units, respectively. The location of the first T=1 state 
occurs exactly as expected from a systematic study of the 4 =4n+2 series Coulomb-energy differences, 
lending additional support to the /=0*, T=1 assignment. 

We observed proton groups to most previously known states, and one new one at 3.75 Mev. A number of 
higher energy gamma rays were found in coincidence with those already mentioned which we can interpret 


within the framework of known excited states. 


A. INTRODUCTION 


N view of the self-conjugate nature of the odd-odd 

nucleus Na”, it is natural to inquire as to which of 
its excited states might be analogs of those of its two 
even-even neighbors, Ne” and Mg”. In particular, the 
lowest of these T7=1 states, corresponding to the spin 
zero ground states of the neighbors, had not been 
located in Na”, but is rather well identified in all other 
members of the A =4u+-2 family of light nuclei having 
\=Z. As was pointed out some time ago,'” the energy 
difference between the members of an isobaric triplet, 
having different values of 7, can be properly interpreted 
as a Coulomb energy difference and can lead to the 
determination of nuclear radii as in true odd-A mirror 
nuclei. 

Some years ago we discovered a gamma-ray transition 
of 593 kev when bombarding F" with alpha particles, 
and were able to assign this transition to the first- 
excited state of Na” on the neutron 
and gamma-ray threshold measurements in the 
F¥(a,ny)Na™ reaction.’ Since 600 kev was not too far 
below the value predicted for the first 7=1 state by 
the systematics, we tried to find out whether /=0* was 
a possible spin assignment for this state. Isotropy is of 
course a necessary but not a sufficient condition. 
However, if this state be the first above the ground 
state—which is known to have character 3*—the 
de-excitation would have to take place by an M3 
transition, for which the single-particle lifetime estimate 
is about 0.1 second, and the “systematic” lifetime 
undoubtedly much longer. We were able to place an 


basis of 


ft Preliminary results presented at the 1958 Spring Meeting of 
the American Physical Society [G. M. Temmer and N. P. Heyden- 
burg, Bull. Am. Phys. Soc. Ser. II, 3, 200 (1958) ]. 

1Q. Kofoed-Hansen, Phys. Rev. 92, 1075 (1953). 

? P, Stahelin, Phys. Rev. 92, 1076 (1953). 

3N. P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1254 
(1954). 


upper limit of 0.01 second upon this lifetime, which in 
effect ruled out a M3 isomerism and hence a spin 0*, 
T=1 assignment. Subsequently, Browne and Cobb 
studied the level structure of Na* by the self-conjugate 
reaction?» Mg™(d,a)Na” and found a number of 
excited states, among which was one coincident in 
energy within the experimental uncertainties with the 
593-kev state (see Fig. 7). Since only T=0 states 
should be appreciably excited in their reaction, the 
first T=1 state remained unknown. Our further 
attempts to identify this state form the substance of 
the present investigation. 


B. EXPERIMENTAL DETAIL 


We have tried to reach possible T=1 states by 
using the reactions (I) F®¥(a,zy)Na* and _ (II) 
Ne”(He’,py)Na™. In both cases we studied coincident 
events by means of an 80-channel quartz memory 
pulse-height analyzer® gated by a single channel in a 
modified ‘‘slow-fast”’ time-compensated* coincidence 


‘system having 2r~30 millimicroseconds. 


In reaction (I) we used a moderately thin (~100 
kev) target of CaF). The gamma rays were detected 
by one 1 in. X1 in. and one 2 in. X2 in. Nal(TI) 
crystal placed very close to the target but shielded 
from each other by one-eighth inch lead to minimize 
Compton coincidences. We used both our singly 
charged Het beam up to 3.7 Mev, and our doubly 
charged He** beam at about 6 Mev from the Depart- 
ment of Terrestrial Magnetism electrostatic generator. 
The slow-fast system allowed us to monitor the 

4C. P. Browne and W. C. Cobb, Phys. Rev. 99, 644(A) (1955). 

5C. P. Browne, Laboratory of Nuclear Science, Massachusetts 
Institute of Technology, Progress Report, May 31, 1955 (un- 
published). 

6 Schultz, Pieper, and Rosler, Rev. Sci. Instr. 27, 437 (1956). 

7G. S. Stanford and G. F. Pieper, Rev. Sci. Instr. 26, 847 (1955). 

8 B. Johansson, Nuclear Instr. 1, 274 (1957). 
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accidental coincidence rate simultaneously with the 
accidental plus true rate. The former was always 
below five percent of the true rate. This is important 
since the bombardment of F" with alpha particles 
leads to several other reactions giving rise to abundant 
undesirable and even coincident gamma rays.’ Delayed 
coincidences were observed by inserting appropriate 
lengths of tapped delay line or cable, depending upon 
the time ranges involved. 

In reaction (II) we used a small gas cell containing 
ordinary neon at pressures up to one-fourth atmosphere, 
separated from the main vacuum by the thinnest 
reliable nickel window (0.05 mil, or 1.1 mg/cm?), one 
quarter inch in diameter. At the bottom of the cell 
the beam was stopped in a niobium foil. A small 
window of one-mil aluminum on one side of the cell 
allowed protons to emerge and enter a 1-mm thick 
NalI(Tl) crystal, viewing the target at right angles to 
the He** beam. The beam energy at the target volume 
was usually about 2.5 Mev, and the effective gas target 
thickness was about 100 kev. For the detection of the 
73-kev gamma transition we used a }-inch thick Nal 
crystal at right angles to the beam opposite the proton 
counter. The entire target assembly was insulated so 
that the beam current could be monitored; it had to be 
kept below 0.6 microampere to avoid burning the Ni 
window. Our ion source gas supply consisted of a 


100-cc reservoir’ of pure He’*. At the time of this 
writing we have been using the beam for about 50 
hours from our rf ion source with no evidence of having 
depleted the gas supply appreciably. 


C. BACKGROUND PROBLEMS 


We found the He*® beam to produce considerable 
prompt gamma-ray background as well as to induce 
copious amounts of various positron activities. Even 
at 2.5 Mev the thin nickel window was found to yield 
unpleasant amounts of Cu® (24 min) activity. Other 
activities were minimized by lining all important 
collimating apertures with tantalum foil. A detectable 
amount of Na” (2.6 years) activity was built up in 
both reactions (I) and (II) over a period of several 
months. 

In the case of reaction (II) we could detect the 
presence of small amounts of air (nitrogen) by the 
prolific, high-O reaction N“(He’*,p)O"*, yielding up to 
17 Mev protons at 90 degrees. 

Since we used ordinary Ne targets (Ne”, 91%; Ne”, 
0.26%; Ne”, 8.8%) the possibility of reaction products 
originating from Ne” must be considered. Fortunately 
the Q value for the (He*,p) reaction on this isotope is 
some 2.3 Mev higher than for Ne”, so that the proton 
transitions to the first six or seven states of Na would 
give groups at energies higher than the Na” ground- 
state group. No appreciable amounts of such protons 


§ Obtained from Isotopes Division, Oak Ridge National Labora- 
tory, Oak Ridge, Tennessee. 


N. P. HEYDENBURG 

were observed. This does not rule out the possibility 
that some of the weaker groups we observed in 
single proton spectra (see Fig. 4) might be due to 
Ne” (He’,p) Na”. 


D. RESULTS 
(I) F°(a,ny)Na” 


Figure 1 shows various gamma rays belonging to the 
F®(a,a'7)F’, F8(a,py)Ne”, and F"(a,ny) Na” reactions 
at 3.9 Mev bombarding energy. The lowest energy peak 
at 73 kev was a newcomer on the scene; we verified 
that it was not (a) a K x-ray of Pb, by removing all 
Pb shielding, and (b) a secondary effect due to one 
of the higher gamma rays, by seeing its intensity 
change relative to the other peaks upon varying the 
bombarding energy. It practically disappears at 3.2 
Mev. The next two peaks are the well-known first two 
excited states of F®, predominantly Coulomb- 
excited.?"° The 593-kev peak represents the _first- 
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Fic. 1. Gamma-ray scintillation spectra obtained upon bom 
barding F” with 3.9-Mev alpha particles. (a) Low-energy portion 
showing 73-kev peak representing cascade radiation between 
second- and first-excited states of Na™ following (a,n) reaction, 
and the two well-known peaks at 109 and 197 kev following 
inelastic (and Coulomb) excitation of F”. (b) High-energy portion 
containing 593-kev and 890-kev lines representing ground-state 
transitions from first and third excited states of Na™, respectively, 
and 1.28-Mev gamma following F"(a,p)Ne** reaction. 1 in. X1 in. 
Nal(TI) crystal detector used. 


“0 Sherr, Li, and Christy, Phys. Rev. 96, 1258 (1954). 
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excited state transition in Na* as previously reported.’ 
It has since also been observed in the same reaction by 
the Duke group." Next we see a peak at 890+10 kev 
which undoubtedly corresponds to the direct ground- 
state transition from the third-excited state of Na”. 
Finally, we see the first-excited state transition of Ne”, 
following the (a,p) reaction. Upon gating our coin- 
cidence system with the single channel at 593 kev, we 
observed the pulse-height distribution shown in Fig. 
2(b) proving unequivocally that the 73-kev peak 
represents a real transition, in coincidence with the 
593-kev radiation. Upon inserting delay in the 73-kev 
branch, we obtain the delayed coincidence curve 
shown in Fig. 1(a). This then yields the half-life of the 
593-kev first-excited state of Na” to be 0.266+0.010 
microsecond. We obtained the same (but less reliable) 
value when bombarding at 5.7 Mev and gating the 
coincidence circuit with a gamma energy at about 1.3 
Mev. When gating on the 73-kev peak, the coincidence 
spectrum we obtain at the higher bombarding energy 
is shown in Fig. 3. The gamma-ray energies indicated 
are those transitions from higher known states of Na” 
which might be expected to feed the new 593+73 
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Fic. 2. Results of 73-kev-——-593-kev coincidence measurements 
at 3.9-Mev bombarding energy. (a) Decay of 593-kev state as a 
function of delay inserted in 73-kev channel (upper abscissa). (b) 
Coincident pulse-height spectrum obtained with single-channel 
gate on 593-kev peak. Compare with singles spectrum in Fig. 1 (a). 


1 R, M. Williamson and B. S. Burton, Bull. Am. Phys. Soc. 
Ser. IT, 2, 182 (1957). 
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Fic. 3. High-energy portion of coincident gamma spectrum 
obtained at 5.7-Mev bombarding energy. Single-channel gate at 
73-kev peak. Arrows indicate gamma cascades believed responsible 
for feeding 666-kev state (see level scheme in Fig. 7). 2 in. <2 in. 
Nal(T]) crystal detector used. 


=666+4 kev second-excited state. All our data are 


.compatible with the occurrence of cascades through 


the 666-kev and 593-kev states when Na” decays from 
more highly excited states, although direct transitions 
to the 593-kev state (without 73-kev gamma ray) are 
not ruled out. 

Incidental to this investigation, we also observed 
both the prompt and delayed coincidences expected 
from the (a,a’y) reaction on F”, which had previously 
been observed only with inelastic proton excitation.” 
A half-life of 8045 millimicroseconds was found for the 
197-kev state of F, while an upper limit of 10 musec. 
could be set for the 109 kev state, both values being in 
accord with previous determinations.“ The 
former was fed by a gamma ray of about 1.35 Mev 
from a 1.55-Mev state, while the latter followed a 
~1.25-Mev transition from a ~1.35-Mev state (for 
proton excitation, see reference 12). 

Upon gating with gamma-ray energy above 1.25 
Mev, we observe the 73-kev, 109-kev, and 197-kev 
peaks in prompt coincidence. When inserting delay in 
the gating channel, we see that the (essentially prompt) 
109-kev peak falls off most rapidly, the 73-kev peak 
less rapidly, and the 197-kev peak hardly decreases in 
intensity, as is to be expected in view of its 80- 
millimicrosecond lifetime. The 109-kev falloff gives a 
measure of the “electronic” half-life of prompt radiation 
at that energy (9 musec). The fact that the 73-kev 
radiation decays more slowly can be blamed in part on 
its lower energy and hence its greater time jitter due to 
the decreased number of photoelectrons from the 
photocathode. However, the true half-life of the transi- 


good 


2 Toppel, Wilkinson, and Alburger, Phys. Rev. 101, 1485 

(1956). 

18 Fiehrer, Lehmann, Lévéque, and Pick, Compt. rend. 241, 1748 
1955). 
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Fic. 4. Proton spectrum obtained under conditions of best 
resolution from the Ne®(He*,p)Na” reaction at 3.5-Mev bombard- 
ing energy at 90 degrees to the beam. Group labelled 0 coincides 
with calculated ground-state Q value within the errors. Other 
peaks are identified nominally with reference to Fig. 7. States 
marked with asterisk are new. 1-mm thick NalI(T]) crystal 
detector. 


tion is probably close to the observed value of 14 
my sec.* 


(II) Ne*(He’,py)Na” 


Figure 4 shows the proton spectrum obtained when 
bombarding neon with 3.5-Mev He’ particles. Using 
the known ground-state Q value of 5.78 Mev for this 
reaction, and calibrating the crystal for proton energy 
by means of the N“(He’,p)O"* reaction leading to the 
ground state and first four excited states of oxygen, we 
calculated the ground-state proton group of Na” to 
lie within 100 kev of the peak marked (0) in Fig. 4. 
Using the known levels shown in Fig. 7 as a guide,® we 
have tentatively identified the excited-state groups of 
Na” as shown. No pronounced additional peaks are 
seen to occur within the limited resolution possible in 
this work except for a state at 3.75 Mev which lies 
beyond the range covered in the previous investigations. 
Upon changing the bombarding energy, all peaks were 
observed to shift in the manner appropriate for this 
particular reaction. The spectrum of Fig. 7 was obtained 
under our best conditions, the counter being placed 


* Note added in proof.—A recent measurement by R. E. Holland 
and F. J. Lynch using pulsed-beam techniques sets an upper limit 
for the 73-kev transition half-life of 0.35 msec. We are indebted to 
these authors for a private communication of their results. 
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some 6 cm from the proton exit window. Because of the 
restriction in current intensity, the proton counting 
rate was rather low. Figures 5(a) and 5(b) show 
portions of the gamma singles spectrum obtained at 
3.2-Mev He® bombardment. Again we see a pronounced 
73-kev peak, and an indication of the 593-kev transi- 
tion, partially obscured by the omnipresent annihilation 
radiation, mainly from the activated nickel foil. When 
gating with the 73-kev gamma ray, and relaxing our 
proton geometry conditions somewhat, we observe the 
coincident proton spectrum shown by a dashed curve 
in Fig. 6, to be compared with the single proton spec- 
trum shown in full trace. The ground-state group is 
conspicuously absent, as it should be; the group leading 
to the states around 3.0 Mev also does not cascade 
through the 666-kev state. The coincidence rate was 
too low to attempt another check on the 73-kev lifetime 
by proton gating. 

However, we were able to obtain gamma-gamma 
coincidences upon replacing the proton counter with a 
2 in. X2 in. Nal crystal, and gating the coincidence 
circuit with 73-kev radiation. The coincident spectrum 
showed a definite peak around 1.28 Mev (compare 
Fig. 3). Once again we obtained an apparent half-life 
of 14 mu sec. for the 666-kev state of Na” (see, however, 
reference *). 


E. DISCUSSION 


A summary of what is now known about the level 
structure of Na” is given in Fig. 7. The circumstantial 
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Fic. 5. Gamma-ray scintillation spectra obtained upon bom- 
barding Ne® with 3.2-Mev He’ ions. (a) Higher energy portion 
showing composite peak of annihilation radiation (from Ni 
window positron activity) and 593-kev radiation from first-excited 
state of Na®. 2 in. X2 in. NaI(TI) crystal. (b) Low-energy 
portion showing 73-kev cascade radiation from second excited 
state of Na®. } in. NaI(T]) crystal. 





LOW-LYING EXCI 
evidence is strong for the new state at 666 kev to 
be the lowest 7=1, 7=0* state in Na”. The lifetime 
of the 593-kev state completely rules out spin 0*, 
since a pure M3 transition of this energy would have a 
lifetime of ~0.1 second or longer. Character 1+ seems 
the most plausible assignment. In fact, a very recent 
study of the Na¥(d,t)Na” reaction and analysis in 
terms of a pickup mechanism™ seems to lead un- 
equivocally to /,=2 angular distributions for the 
ground state, 593-kev, 893-kev, and 1.54-Mev triton 
groups, and hence insures posilive parity and J <4 for 
these states. It is puzzling that these authors did not 
observe the 666-kev state, although their resolution 
was definitely sufficient, and the reaction allows both 
T=0 and T=1 states to be excited. 

Returning to the 1* assignment for the 593-kev state, 
this leads to pure £2 decay to the ground state, with a 
reduced transition probability of 0.0077 single-particle 
units (s.p.u.). The 0*, 7=1 state at 666 kev would then 
decay by a pure M1 transition of 73 kev, whose reduced 
transition probability amounts to 0.0045 s.p.u.f Both 
of these strengths are of the order of magnitude en- 
countered in this region of nuclear masses. On the other 
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Fic. 6. Proton spectrum in poor resolution from Ne®(He?,p)Na” 
reaction at 3.3 Mev, 0=90°. Solid curve: single spectrum of groups 
up to about 3-Mev excitation in Na®. (Compare Fig. 4.) Dashed 
curve: coincident spectrum as gated by 73-kev gamma radiation. 
Note absence of ground state (0) and states at ~3.0 Mev. 

4 W. F. Vogelsang and J. N. McGruer, Phys. Rev. 109, 1663 
(1958). 

t Note added in proof.—In view of the upper limit added in 
proof above, the latter strength now amounts to more than 0.18 
s.p.u. This fact lends strong support to the A7 =1 character of the 
transition, since /1 radiation in self-conjugate nuclei with AT=0 
should be inhibited about one-hundredfold, according to a recent 
theoretical study; see G. Morpurgo, Phys. Rev. 110, 721 (1958). 
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Fic. 7, Level scheme of Na®. Reaction Q values and bombarding 
energies are shown on distorted scale, only levels of Na® shown 
correctly. All states except 666 kev and 3.75 Mev were known from 
Mg” (d,a)Na® (see reference 5). 


hand, spin 2+ for the 593-kev state would entail both 
an unlikely E2 decay of ~5000 s.p.u., and an in- 
ordinately slow 593-kev M1 decay of 5X10~7 s.p.u. 
One expects on the basis of almost any nuclear model 
to find low-lying excited states having spins 0*, 1+, 2+, 
and 3* for the configuration of ;,;Na™. In particular, 
the predictions of the rotational model are quite explicit 
here.'® Application of this model and its appropriate 


~ 16 G. Rakavy, Nuclear Phys. 4, 375 (1957). 
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Fic. 8. Systematics of Coulomb energy differences for the 
(4n+-2)-series of self-conjugate nuclei between major shells at 
8 and 20. Energies are obtained from differences between 7,=0 
and T,=1 members of ground-state isobaric triplets (references 
17 and 18), and size corrected to the nearest (4n+-1) mirror nuclei. 
They are plotted against $A! of the latter (reference 16). Na® is 
seen to fall as expected. Straight line has no particular significance 
except to indicate trend for uniformly-charged sphere model with 
radius varying as R=roA}, with ro= 1.30 10-" cm. 


wave functions'® may well be justified in view of the 
fact that the calculated equilibrium deformations!® for 
nuclei between A=18 and A=24 attain values com- 
parable to those of the heavier nuclei exhibiting well- 
developed rotational bands. For Na”, the intrinsic 
spin projections along the nuclear symmetry axis of 
protons and neutrons are 2,=2,,=3; three low-lying 
rotational bands are predicted as follows: 


(a) K=20=3, [=3+,4+,5+---, T=0; 
(b) K=0, J=1+,3+,5+---, T=0; 
(c) K=0, [=0*, a", 4t..., T=}, 


16S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 
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The first state of band (a) should be the ground state 
under rather general assumptions, while no unique 
prediction exists for the relative positions of bands (b) 
and (c). No negative-parity states are available. The 
slowness of our 593-kev £2 transition would follow 
naturally because of AK=3 (first K forbidden). The 
state at 890 kev might then have character 4+ and be 
the next member of the ground-state band ; the moment 
of inertia inferred from level spacings in neighboring 
Na* leads to about this energy, and the observed 
predominant ground-state decay is to be expected. It 
is clear that considerably more information is needed 
to put these speculations on a firmer basis. 

Browne, in a preliminary study of the Mg**(p,a)Na” 
reaction at a single energy and angle, finds some 
evidence for an alpha group to a level at ~0.66 Mev," 
the only group not also found in the self-conjugate 
reaction Mg*™(d,a)Na®”.® This is very probably the 
same T=1 state. 

If the state at 666 kev is the analog of the ground 
states of the even-even neighbors Ne” and Mg”, then 
we should find the next T=1 state at about 1.3 Mev 
(as in Ne”) above the former, or at an excitation of 
about 2.0 Mev in Na”. We cannot draw any conclusion 
concerning the presence or absence of such a state from 
our data. 

Finally, it is interesting to examine the systematics 
of the Coulomb-energy differences for the 4n+2 
isobaric triplets in this region of masses. In Fig. 8 
we have plotted the energy differences between the 
lowest T=1 states'*” corrected to the nearest 4n+1 
mirror nuclei, against A!. We see that the Na” point 
falls exactly where expected. We make no attempt here 
to refine these considerations beyond the uniformly 
charged sphere model, as has been done by Kofoed- 
Hansen,” and merely confine ourselves to nuclei 
between the major shells at 8 and 20 so as to obtain an 
approximate straight-line relationship. The straight 
line corresponds to a nuclear radius variation R=1A!, 
with ro-=1.3010-" cm. 


17C, P. Browne (private communication). 

18F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

19 P,. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

” For a complete discussion of nuclear size determination from 
mirror nuclei, see, e.g., O. Kofoed-Hansen, Nuclear Phys. 2, 441 
(1956/57), and Revs. Modern Phys. 30, 449 (1958). 
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The angular distribution of neutrons from the reaction D(d,n)He’ has been obtained at 8.40.1 Mev 
incident deuteron energy for center-of-mass angles 2° to 84°. A single plastic crystal was used as a detector 
and deuterium gas at 200 psi as a target. The distribution is fitted by a sum of Legendre polynomials. It is 
also compared with the predictions of nuclear stripping theory, and adequate agreement is found with an 
angular distribution of the form da/dQ « hg*— Shahar +ha*, where the hg and hg represent the simple Butler 
stripping distributions for the incident and target deuterons, respectively. The interaction radius necessary 


was Ro=7X 107" cm. 


I. INTRODUCTION 


HE D(d,n)He*® reaction has been the subject 

of many investigations both experimental and 
theoretical. (A thorough list of references is given in a 
recent article by Fowler and Brolley.') It is of import- 
ance experimentally, as a source of fast neutrons, and 
theoretically, because it is one of the less complex 
nucleus-nucleus reactions. 

The early work of Konopinski et al.2 showed that by 
considering the centrifugal barriers for different 
deuteron partial waves, one should be able to fit the 
observed angular distributions with a sum of Legendre 
polynomials. An exact calculation of these coefficients 
over an extended energy range has not been attempted ; 
the usual technique is to use them as adjustable 
parameters, and since at deuteron energies in the 
neighborhood of 10-Mev polynomials to order ten are 
needed (even polynomials only), one has six adjustable 
parameters with which to approximate the observed 
angular distribution and quite adequate fits are 
obtained. 

Other authors, notably Fairbairn’ and Chagnon and 
Owen,‘ have utilized the approach of stripping theory. 
Fairbairn used the same stripping approach as Butler® 
but appropriately symmetrized his wave functions to 
take into account the identity of the incident and 
target particles. His predicted distribution was com- 
pared to observed high-energy data, ~20-Mev 
deuterons, and was in qualitative agreement at the 
forward angles. Chagnon and Owen obtained the 
angular distributions for deuterons of energy ranging 
from!250 kev to 825 kev and found that a Born approxi- 
mation approach, properly symmetrized, would fit 
the data over that energy range if the interaction radius 
was allowed to decrease slowly with energy, from 
8.2X10-* cm to 7.15X 10~-% cm. 


* Supported in part by the U. S. Air Force through the Office 
of Scientific Research of the Air Force Research and Development 


> nd. 
ee Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 


56). 
tse, Pruett, and Konopinski, Phys. Rev. 77, 622 (1950). 
3 W. M. Fairbairn, Proc. Phys. Soc. (London) A67, 990 (1954). 
4P. R. Chagnon and G. E. Owen, Phys. Rev. 101, 1798 (1956). 
5S. T. Butler, Proc. Roy. Soc. (London) A202, 559 (1951). 


Brolley, Putman, and Rosen® recently reported an 
experimental investigation of the D+d _ reaction 
covering a range of deuteron energies from 8 to 14 
Mev. In the D(d,n)He*® reaction, using emulsion 
techniques, they detected the He’ particle rather than 
the neutron and thus the angular range they were 
able to cover was limited to center-of-mass angles 
greater then 30°. As the forward neutron angles are 
of great interest if one wishes to compare the data with 
stripping theory, an experiment in which the neutrons 
were detected directly was undertaken. 


Il. EXPERIMENTAL TECHNIQUE 
A. Apparatus 


In Fig. 1 a schematic view of the experiment is 
given. A beam of fast deuterons strikes a Ds target of 
600 kev thickness. The deuterium gas target consists 
of a thin-walled cylindrical chamber of 1-inch diameter 
with 0.001-inch stainless steel entrance and exit foils, 
which is filled with D2 gas at 200 psi 10-Mev deuterons 
from the Washington University cyclotron, after 
passing through the monitor foil, the vacuum exit foil, 
target entrance foil, and half the gas target, have a 
residual energy of 8.40.1 Mev. The beam leaves the 
target through the exit window and stops in air. 

The neutrons are detected directly by a plastic 
scintillation crystal (Nuclear Enterprises Ltd. Ne 102), 
and the pulse-height spectrum is analyzed and displayed 
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Fic. 1. Experimental arrangement of target, monitor, and 


detector for measurement of angular distribution of D(d,n)He 
neutrons. 


* Brolley, Putman, and Rosen, Phys. Rev. 107, 821 (1957). 
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by a 60-channel pulse-height analyzer of the Hutchin- 
son-Scarrott type. The scintillation crystal (110.25 
inch) is mounted in an iron shield of 2-inch wall 
thickness. 

Since it was desired to measure the absolute cross 
sections for the reaction, accurate monitoring of the 
beam was necessary. After some experimentation, it was 
found quite satisfactory to scatter a small fraction of 
the collimated and focused beam into a small KI 
crystal by a thin (2.5 micron), Pt foil. Both total 
counts and counting rate were measured. 


B. Procedure 


In spite of careful shielding and target design, the 
background counting rate in unfavorable cases was 
often ten times as high as the neutron count. Thus each 
signal run was preceded and followed by a run with no 
D, in the target chamber in order to allow the accurate 
subtraction of background counts. Figures 2 and 3 
show signal, background, and neutron spectra at a 
favorable and an unfavorable angle. The long dead 
time of the multichannel analyzer (500 microseconds 
average) made counting loss corrections necessary. The 
correction factor was found experimentally by counting 
the total number of pulses fed into the analyzer as 
well as those that were recorded. The unwanted 
detection of “breakup” neutrons was prevented by 
setting the analyzer bias at 4 Mev. 
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Fic. 2. Pulse-height spectrum of neutrons from D(d,m)He? at 1.3° 
lab. Background was taken with no Dz in target chamber. 
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C. Errors 


The method of subtracting the background spectra 
from the signal spectra proved quite satisfactory in all 
cases where the background did not greatly exceed 
the neutron counting rate. Background spectra taken 
under the same conditions but at different times were 
found to differ by as much as 2% due to changes in 
intensity and direction of the cyclotron beam during 
the runs. This time-dependent background caused a 
variation in counting rates, which caused gain shifts 
in the phototube (RCA 6199). Thus at large angles 
(90° c.m.), where about 90% of the total counting rate 
is background, a 1% uncertainty in the background 
spectrum will cause an 8% error in the neutron spectrum. 
At small angles, the same effect caused errors of only 
0.4% because of the better signal to background ratio. 

Other errors in the final results are due to the limited 
accuracy with which the crystal properties are known. 
An error of 2% is estimated for the determination of 
the absolute detection efficiency and uncertainties in 
the nonlinearity corrections of the plastic crystal used. 
Statistical errors of the neutron spectra range from 
0.1% at 0° c.m. to 0.6% at 90° c.m. The error in the 
determination of the gas pressure of the target is about 
1%. All geometrical uncertainties (solid angles, foil 
thicknesses, distances) should cause an absolute error 
not larger than 0.2%. 

Thus the absolute probable errors range from 2.5% 
to 8.5% as indicated in Table I. 
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Fic. 3. Pulse-height spectrum of neutrons from D(d,n)He® at 
48.7° lab. Background was taken with no Dz in target chamber. 
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TABLE I. Angular dependance of the neutrons from D(d,n)He? at 
Ea=84+40.1 Mev. Angular resolution <+1°. 
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D. Data 
The experimental V(/) vs E curves were integrated 
and extrapolated to zero in order to obtain the total 
number of neutrons detected. The nonlinear pulse- 
height energy response of the plastic crystal for heavy 
particles was taken into account by using Birks’ 
formula’ 


dP/dE=1/(1+kBdE/dx), (1) 


where &B is a constant that depends only on the 
particular type of crystal which is used. From the 
pulse-height to energy relations found in this experi- 
ment we calculated kB=0.002 mg/kev cm’, The value 
0.003+0.001 mg/cm? was found in a different experi- 
ment especially designed to measure kB.* These 
values are smaller by a factor 6 than the kB value for 
stilbene reported earlier.? Table I shows the experi- 
mental data for the angular distribution and the 
probable absolute errors; Fig. 4 shows these data in 
the center-of-mass system. The solid curve on Fig. 4 
is a summation of Legendre polynomials 


12 
do/dQ= > a,P,(8), 


y==() 


(2) 


where the a, were taken from Brolley, Putnam, and 
Rosen. The agreement is well within experimental 
errors. 


vi=Wa(Rn— Ry)¥a(Rn— Rp’) 


v2 


In Eq. (5) we have separated the internal motion and 
the center-of-mass motion, the primed quantities 
referring to the ‘“‘target’’ deuteron and the unprimed to 
7 J. B. Birks, Proc. Phys. Soc. (London) A64, 874 (1951). 
® R. Wilson (private communication). 


® Swartz, Owen, and Ames, The is Hopkins University 
Report NYO-2053, 1957 (unpublished 


D(d,2)He NEUTRONS 





id 
Solid Curve do/An=E op 
From Brolley et al. 


dd/dain mb /steradian 











re i R. 1 1 l 
0 30 @ c.otm, 0 O 


Fic. 4. Angular distribution of neutrons from D/(d,n)He® at 


Ea=8.4+0.1 Mev fitted by sum of Legendre polynomials with 
coefficients from Brolley, Putman, and Rosen.® 


III. DISCUSSION 


The calculation of the differential cross section of 
D(d,n)He’ using a stripping approach generally follows 
that of Owen and Madansky.” In the Born approxima- 
tion the differential cross section is given by 


do/dQ«¥ | M.E.|?, (3) 


where >> indicates an average over initial and a sum 
over final spin orientation states. The matrix element is 


given by 
ME.= [ . fut 


with U the effective interaction potential among the 
nucleons involved and y;, ¥; the initial and final wave 
functions. 

The initial wave function, appropriately symmetrized, 
will have the form 


(4) 


1 R,+R R,, +R ul 
exp (ike iS ‘) exp( ih - 7 ) Saw 
2 


Ry-+ Bi R,+R, 
expe —) exp( —ihe 3 *) seal (5) 


the “incident” deuteron. Sav and Saq are the appro- 
priate combinations of deuteron spin wave functions 
for the initial total spin values of 2,1,0 (see for instance 
Schiff.") If we further assume that the spin-orbit 





1 G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957). 
L,I, Schiff, Phys. Rev. 53, 783 (1937). 
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term in the effective interaction potential is not 
important, so that the total spin angular momentum is 
conserved, we can immediately eliminate the initial 
state with total spin 2 from consideration; this follows 
since the protons in the final He* nucleus must be 
antiparallel so that the final total spin is at most 1. 

In assembling the properly symmetrized final state 
wave function, our first requirement is that it be 
antisymmetric for exchange of the two neutrons as well 
as antisymmetric with respect to the two protons. If we 
treat the neutron space wave function as a plane wave 
and write the final state as a product of this with the 
internal He*® space wave function y,;, the complete 
final state wave function will have the form, 


1 
v= Anu R,,R,, R,)e** Ra 
v2 


R,+R,+R, 
xexp(~iky-—"—"—*) 


+77(Rn,Rp,Rye 


ee) 


ex (-it, 
. 3 


XSan'(F)Spp(—). (6) 
In Eq. (6), ¥1(Rn or n’, R,, R,)=7/(R. or ny R,, R,,) 
(+) indicates the symmetric and the antisymmetric 
possibilities, and fhe primed and unprimed variables 
indicate, as before, quantities in the “target” and 
“incident” deuteron. The spin wave function for the 
protons in the He’ nucleus, S,,/(—), is antisymmetric 
consistent with the above noted symmetry of y,; and 
so of ¥; in R,, R,’. The neutron spin wave function, 
Snn(+) must be antisymmetric (—) if the symmetric 
(+) combination in R,, R,, of the space wave functions 
vy; is used, and vice versa. 

Application of the conservation of total spin angular 
momentum now indicates that there are only four 
nonzero matrix elements of the type of Eq. (4) with 
vi, vy given in Eqs. (5), (6). The first of these is char- 
acterized by Stor=0; Stoe=0; Ws space-symmetric 
for interchange of R,, with R,, ; and yy space-symmetric 
for interchange of R, with R,,. The other three are 
characterized by Stor=1; Stor“? =1, 0, —1; Ys space- 
antisymmetric for exchange of R,, R, with R,,, R,; 
and wy space-antisymmetric for interchange of R, with 
R,,. Including the contributions of all of these possibil- 
ities gives 


da/dQ« {| ha|\?—4hatha —thaha*+ |ha |}, (7a) 


which in the case of real ha, ha, [Eqs. (9), (12), (13) ] 
becomes 


do/dQ«he—Fzhahatha’. (7b) 
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ha is a spatial integral of the form: 


bu=3f [Ae RyRy exp(—ike Ry 


Ry +R , R 
xexp( ty id ") 
3 


x u| vik, R,)a(Rw— R,) 


R,+R, 
xexp( iks exp( — ihe 


Ry +R,, 
=) 0 
& Pe 


‘ 


and hw has the same form with the primed and unprimed 
quantities interchanged. We may also mention that 
the coefficient of the Aghy “interference” term was 
taken as zero in the earlier work of Chagnon and Owen? 
but, in agreement with our Eq. (7b), has been reported 
as —§ in a recent “wave vector” treatment of stripping 
by Owen and Madansky.” 

Choosing an effective interaction potential U in 
Eq. (8) either in the manner of Butler’ or of Bhatia,!* 
one can express these spatial integrals as 


ha= AG(K) f(RRo), 
he= AG(K’) f(R’Ro). 


(9a) 
(9b) 


In Eqs. (9a), (9b), the factor G(K), the “internal 
momentum function,” represents the probability that 
the captured proton has the momentum K within the 
“incident” deuteron. G(K’) has the analogous meaning 
for the “target”? deuteron. f(kRo) and f(k’Ro), the 
“centrifugal barrier terms,” represent the probability 
that a proton traveling with the momentum k, k’ is 
found at a distance Ro from the center of the capturing 
deuteron. The A function describes the net capture 
probability and, as it is not angle dependent, can be 
factored from the Ay and hy’ terms. The momentum 
vectors K, k are defined in terms of the momentum 
k, of the incident deuteron and the momentum k, of 
the outgoing neutron by 


K(6) =k,— Aka, 
k (0) =ki— $k, 


(10a) 


(10b) 
with the relation between the primed and unprimed 
quantities being consistent with the symmetry about 
6=90°: 

K’ (6) = K(r—8), 


k’ (0) =k(xr—8). 


(11a) 
(11b) 


The quantitative expressions for G(K) and f(RRo) in 
ha depend of course upon the exact form of U which 
# G, E. Owen and L. Madansky, Am. J. Phys. 26, 260 (1958). 
8 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 
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is used. Following Butler,’ we have 


Sra 
G(K) (= ), 
ag+K? 


Mn ; 
a= (- Fa) : (12b) 
h? 


and since the proton is captured into an /,=0 orbit 
in He’, 


(12a) 


where 


Jy(RRo) 


Vv 0 


J_4(RRo) Jy(RRo) 
t kRo = 


- | (13) 
V(RRo)  V/(RRo) 

where the J;(kRo) are the spherical Bessel functions. 
Figure 5 shows the data compared with this expression. 
The solid curve in Fig. 5 was obtained by normalizing 
the plot of Eq. (7b) [with hg and ha given by Eqs. 
(9a)-(12b) ] to the data at 23.5° c.m., and adding an 
isotropic background of 2.2 mb/steradian to each 
point. The ordinates of Figs. 4 and 5 give the absolute 
cross section directly in mb/steradian calculated from 
the yield of deuterons scattered into the monitor 
counter. 

In the angular distribution described by the Eqs. 
(7), (9a), (9b), (12a), (12b), (13) there is only one 
adjustable parameter, the “‘interaction radius” Rp. 
The freedom of choice of this radius allows one to 
simulate to some extent the various effects that have 
been neglected, such as the interaction of the outgoing 
neutron with the residual nucleus, the Coulomb 
interaction between the incident and the target 
deuteron, etc. The magnitude of the radius must still 
have some physical significance, however, and the 
large value of Ro=7X10~'® cm which is necessary to 
fit the observed data emphasizes again the spatially 
extended nature of the deuteron.'* It should also be 
mentioned that the slope of the angular distribution 
between 0° and 30° is quite sensitive to the radius 
used; thus Ro=6.5X10~' cm and Ro=7.5X10- cm 
give poor fits to the experimental data. 

In the preceding calculations we have used a central- 
force, delta-function interaction potential and con- 
sidered S-state internal wave functions for the initial 
deuterons and the final He* nucleus; as a result we have 
no mechanism to produce a polarization of the outgoing 
neutrons. There have been, however, several experi- 
mental measurements of the polarization of these 
neutrons and also of the polarization of the protons 
from the companion (d,p) reaction, and polarizations 


44 The conventional “radius” of the deuteron is 4.3 10~" cm. 
UT. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley and Sons, Inc., New York, 1952), Chap. 2, p. 52.] 
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Fic. 5. Angular distribution of neutrons from D/(d,n)He® at 
Ea=8.4+0.1 Mev fitted by nuclear stripping curve of Eq. (7) 
with Ro=7X10™ cm and /,=0. 


in the neighborhood of 10-20% have been found.!*-!9 
To predict such polarizations from a stripping approach, 
it would be necessary to examine more carefully the 
effects which have been neglected. Thus in the matrix 
element of Eq. (4), one would have to allow an admix- 
ture of D state in the deuteron and He?’ internal wave 
functions; in addition, the interaction potential, U, 
would have to be expanded to include spin-orbit force 
and tensor force terms. 

However, from the success of the simple stripping 
theory in fitting this and other observed angular 
distributions, one feels that these additional effects are 
small and not important for the determination of the 
angular distribution. Measurements are now under 
way at this laboratory to determine the magnitude of 
the polarizations of the emitted neutrons at this 
deuteron energy (8.4 Mev). 
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The transverse polarization of the outgoing proton from the photodisintegration of the deuteron is calcu 
lated in the angular momentum representation, without assuming any detailed interaction among particles. 
General formulas for the polarization as well as for the angular distribution are given in terms of the Racah 
coefficients. If we write the angular distribution in a form a+ sin*#(1+-2c cos@), the polarization is given 
in terms of a, b, c, and the nucleon-nucleon scattering phase shifts of the S, P, and D states under reasonable 
assumptions. By using experimental values of a, 6, and c, and scattering phase shifts as much as available 
and also some theoretical estimates of the phase shifts, 20 to 30% polarization is expected for up to 40-Mev 
gamma rays and 10 to 20% for 140-Mev gamma rays over a wide range of angles in the center-of-mass 


system. 


1. INTRODUCTION 


HE purpose of this paper is to estimate the 

polarization of the outgoing proton from the 
photodisintegration of the deuteron in a phenomeno- 
logical way. 

The only assumptions which we make here are 
fundamental, namely, conservation laws of energy, 
momentum, angular momentum, and parity, charge 
independence of nuclear forces, and unitarity of the 
S-matrix. The deuteron is treated as an elementary 
particle with spin 1, and the detailed form of the 
deuteron wave function is not used. 

In the angular momentum representation, one can 
immediately write down a general expression for the 
angular distribution in the center-of-mass system and 
for the polarization perpendicular to the reaction 
plane.'~* As parity is conserved in this process, both 
the longitudinal polarization and the transverse polari- 
zation parallel to the reaction plane vanish identically. 

In their recent work Czyz and Sawicki‘ have obtained 
the polarization by assuming specific nuclear potentials. 
In the present work, especially in the low-energy region, 
we do not assume either any particular nuclear potential 
or the detailed mechanism of the electromagnetic 
interactions. If the current interpretation that the 
magnetic dipole radiation with final state 1§ and the 
electric dipole radiation with final state *Po,1,2 con- 
tribute to the low-energy process is taken, the magni- 
tude of the polarization is obtained from the experi- 
mental values of the angular distribution for the 
photodisintegration and the experimental nucleon- 
nucleon scattering phase shifts within the experimental 
accuracy. In the higher energy region the nuclear 
phase shifts are not yet uniquely determined from 
experiment, so that we sometimes use theoretical ones. 

* Assisted by contracts with the Air Force Office of Scientific 
Research and the U. S. Atomic Energy Commission. 

1A. Simon and T. A. Welton, Phys. Rev. 90, 1036 (1953) 

2 A. Simon, Phys. Rev. 92, 1050 (1953). 

3 Morita, Sugie, and Yoshida, Progr. Theoret. Phys. Japan 12, 


713 (1954). 
4W. Czyz and J. Sawicki, Bull. acad. polon. sci. 4, 515 (1956); 
W. Czyz and J. Sawicki, Nuovo cimento 5, 45 (1957). 


The contribution from the electric quadrupole radiation 
is also taken into account. 

Any discrepancy between some future experiment of 
the polarization and our calculation would criticize the 
current interpretation, especially in the low-energy 
process. An experiment on polarization might, therefore, 
provide important information on the electromagnetic 
properties of the nucleon as well as the nuclear forces. 
For example, it would give an estimate of the relative 
magnitude of the contribution from the electric and 
magnetic dipole transitions, effect of the D state of the 
deuteron, effect of the tensor force, and so forth. 


2. FORMULAS FOR THE ANGULAR DISTRIBUTION 
AND THE TRANSVERSE POLARIZATION 
OF THE PROTON 


A system consisting of a photon and a deuteron is 
characterized by the following quantities; the wave 
number vector of the photon, k, in the center-of-mass 
system, the order of the multipole radiation, L, total 
angular momentum, J, and the parity, II. The proton- 
neutron system in the final state is specified by J, II, 
the orbital angular momentum /, and the channel spin 
s, which takes on the value 0 or 1 according as the spin 
is singlet or triplet. For a given total angular momentum 
J the possible transitions are shown in Table I. 

We can readily write down the general form of the 
angular distribution for the photodisintegration of the 
deuteron?* 


ds 1 

—=—X >> Re[_R(1)R*(2) ] 

dQ 4k? 
X[(2L1+1)(2L2+1) (2) 1+1) (2J2+1) }} 


XK (L,Lo1—1! LyL2d0)W (LyJ LJ 0,1X) 
XZ (LJ leJ 25d) P,(cos6), (2.1) 
where the definition of the W and Z coefficients is 


changed by a phase to fit time-reversal invariance.*' 


5 R. Huby, Proc. Phys. Soc. (London) A67, 1103 (1954). 

° The tables of W and Z coefficients published so far are used 
by multiplying (2.1) by the factor i+4:-Lrt»r-pr+#s, where p=1 
for electric multipole radiations and p=0 for magnetic radiations. 
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TABLE I. Transition schemes for the photodisintegration 
of the deuteron. 


Orbital angular momentum 
Triplet state 


J+i J+1 
J J 

J+ J+1 
\J J 
J 
J 


Multipole 
radiation 


EJ-1 J —1) 
EJ J 
EJ +1 Ei 
MJ—1 J 
J 
J 


Total angular 


momentum J Parity Singlet state 


UJ 
UWJ+1 


se Js} 
Fs 


) 
) 


The R-matrix, R, is specified by angular momenta and 
parity. 

The total cross section is given by putting A 
(2.1): 


0 in 


¥ (27+1)| RI. (2.2) 


6k? 


For the sake of convenience the explicit angular 
distributions for the dipole transitions are displayed in 
lable IL. 

The transverse polarization of the outgoing proton 
is given by 

dP ;do 

P / 

d2/ dQ 
where dP/dQ is the expectation value of the proton spin 
operator in the final state, which is perpendicular to 
the reaction plane. It is also evaluated in terms of the 
Racah coefficients, namely’ 
dP 1 v3 

a 
dQ k? 12 

% (21+ 1) (Qle+1) (25, +1) (252+1) }} 

 (2I +1) (2J2+1) (Li Le1— 1 AO)W (LiJ Les 2, 1d) 


ax (1,1,00 AO) W (513505,31 VX (J yh151,J olose,AA1 ) 


Y Re[iR(1)R*(2) JC (2L1 41) (2241) 


2\+1 |} 
Py'(cos6). (2.4) 


24(A+1) 
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Here n is given by n= (kXk’)/|kXk’|, where k’ is 
the wave number vector of the proton. The explicit 
angular dependence of this quantity is exhibited in 
Table III. 

Many terms in Table II and Table III are not im- 
portant for the photodisintegration of the deuteron, 
but they are shown for the sake of the wider range of 
application to general reactions as 


spin 1 nucleus (y,p) spin 3 nucleus, 


“ 


spin 1 nucleus (y,) spin 3 nucleus. 


3. FINAL STATE INTERACTIONS 
As is well known, the unitary of the S-matrix gives 
a relationship between the phase of the R-matrix of the 
photodisintegration of the deuteron and the nucleon-: 
nucleon scattering phase shifts. The unitary condition’ 
is written as 
SRt= 


—R, (3.1) 


where R=S—1. In an energy region where pion pro- 
duction is negligible one gets 


(np| S| np)np| Rt| yd)= —(np| R\ yd). (3.2) 


If we introduce phases and amplitudes for the respective 
matrix elements, namely 


(np| S|\np)=e**, 


(3.3) 
(np | R|yd)= Re*, 


we obtain from (3.2) the final result 
(3.4) 


If there are two final states with the same quantum 
numbers, we introduce the eigen phase shifts for the pro- 
cesses. In the magnetic dipole transition, for instance, 
there are *S, and *D, states in the final state, both hav- 
ing the same total angular momentum and the same 
parity. In this case the most general form of the S- 


TABLE II. Differential cross sections for the photodisintegration of the deuteron. R(£1'P), for example, is the R-matrix for the 
electric dipole transition with final state 1?;, and R* means the complex conjugate. The cross section is given by 4h*(do/dQ) 


= R(E11P,)R*(E1'P,)X}(1+cos%) and so forth. 


(a) Dipole radiations with singlet final states 


4k%do/dQ R(E1'P1) 


R*(E1'P1) 
R*(M1 'So) 
R*(M1'D,) 


i (1 +cos¥) $/2 cosé 
44/2 cos# 4 
3/5 cosd 


(1/24) 4/10] (1 —3 cos¥ 


R(M1'So R(M1'Dz») 


3/5 cosé 
[(1/24)/10] (1 —3 cos¥® 
(5/24) (5 —3 cos¥ 


Dipole radiations with triplet final states 


21 *Po 
R*(E1 *Po) i 0 a 
R*(E1 *P;) 0 tf (3 —cos®) i (1 —3 cos¥) 
R*(E1 *P:) (1/12) f (1 —3 cos) 
R*(M1 4S;) [(1/12) 6] cosé $ V/6 cosé 
R*(M1 #D,) ~~} /3 cosé i /3 cosé 
R*(M1 *Ds) 0 §V/15 cosé 


4ktdo/dQ R(E1 *P;) R(E1 4P2) 


3 cos”) 


§V/15 cosé 


12)(1 —3 cos¥) 


(1/48) (47 —21 cos¥ 
[ (5/24) 6] cosé 
[ (1/24) 73] cos@ 


R(M1 3S; R(M1 #D,;) R(M1 4D: 


V6] cosé —} V3 cosé 0 

t V3 cosé —}V/15 cosé 

[(1/24) 73] cosé §V/15 cosé 
ve V10( —1+3 cos¥ 
fe VS (1 —3 cos) 
vs (3 —cos*) 


Ys /2(—-14+3 cos” 
ty (7 +3 cos%) 


) 


6/2 (—1 +3 cos%) 


fs V10(—1+3 cos¥®) 4 4/5(1 —3 cos” 


7 (2.4) should be multiplied by i42-!rter prt lst htiJa#e2 when the published tables of W, Z, and X are applied. 
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TABLE IV. Isotropy coefficient a/b of the photodisintegration of 
the deuteron, and the nucleon-nucleon scattering phase shifts." 


Gamma-ray Isotropy Kinetic energy 
_ energy coefficient of p-n in lab S phase P phase 
in lab (Mev) a/b (Mev) shift shift 


4.5 0.04 6.9 56 0 
6 0.1 10 506‘ 0 


\/15)i cosé 


R(M1'D») 
— (PeV/ 30) 
[(5/48)+/6]i cosé 


1 
* 


0 
( 

0 
0 


® L. Hulthén and M. Sugawara, Encyclopedia of Physics (Springer-Verlag, 
Berlin, 1957), Vol. 39, Chap. I 


matrix for nucleon-nucleon scattering is given by Blatt 
and Biedenharn® as 


R(M1'So) 
[(1/12)4/5 i cos@ 


0 
0 


(85,|.S|8S1)=cos*e e?*!+sin*e e?%2, 
GD,\S |3D1)= sine e?*1+ cose e282, (3.5) 


(8D, | S|%S1)= sine cose(e?"*!— e?*?), 


Ji cosé 


5)t 
5V/ 30)% 


16 
1 


For the photodisintegration the relation (3.4) holds 
for the respective eigen S-matrices, and the R-matrix 


4/10)2 cosé 


(4./5)i cosd 


) 


(1/12) 15 ji cosé 
48)\/6 


R(M1 8D») 


V1 
¥ 
16 
( 
L(S 


om [ 


( 
( 
— ( 


is transformed in the following way’: 


851|R|yd)= Rye +*™* cose— Rye*?*'™* sine, 


(3.6) 
@D,| R| yd)= Rie*'+'™* sine+ Roe’?*'™* cose, 


/5)é cosé 


where the m are integers. 


0 
(4 
0 
(25+/30)i cosé 


—[(1/12)v3 


— (p50 6)2 
— (4's V2)i cosé 


4. POLARIZATION OF PROTON FOR LOW- 
ENERGY GAMMA RAYS 
For low-energy gamma rays the predominant con- 
tribution to the photodisintegration comes from the 
electric dipole and the magnetic dipole radiation, and 
we take here only the ‘So and *P, final states as usual. 
If we assume that there is no noncentral force in the 


v3)i 


1 
s 
(¥sv/ 10) cosé 


{ 
( 
0 
— (4\/15)i cosé 


—[(1/12)/6} 
[ (5/48) /6]}i 
(#sV2)i cosé 


=f vs~ 6)2 


low-energy region, the three R-matrices for *Pj,2,3 are 
equal. In this case the polarization is immediately 


0 
— (4v3)z 
ts 6)i 
ts 30) 


( 
( 
0 
0 


0 
— (#5v2)i cosé 


— (%sV2)i cos 


written down from Table II and Table IIT: 
1R(®P)R(AS) sind sin[6(4S)—6 (FP) ] 


———_____, (4.1) 
bR*(1S) + (9/4) R*(2P) sin’ 


(1/12)v3 ji 
($/15)i 


(352) cos@ 
Sire 
0 

— (6 10)2 


4 cosé 


3 
8 
0 


—1}i cosé 
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Fic. 1. Angular dependence of the polarization of the proton 
from the photodisintegration of the deuteron with gamma-ray 
energy 4.5 Mev and 6 Mev. 


1*P;) 


8 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 


258 (1952). 
9L. D. Pearlstein and A. Klein, Phys. Rev. 107, 836 (1957). 
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TABLE V. Isotropy coefficient a/b of the photodisintegration of the deuteron, and the nucleon-nucleon scattering phase shifts. 


Isotropy coefficient 
a/b (Experiment )*® 


Gamma-ray energy 
in lab (Mev 


2 0.1 
y 0.4 


*®L. Allen, Phys. Rev. 98, 705 (1955 
b See reference 10 
¢ J. L. Gammel and R, M. Thaler, Phys. Rev. 107, 291 (1957). 


Theoretical phase shifts 
6(@Po 6(P; 


Kinetic energy 

of p-n (Mev 
42 40 OS ee 
86 24° Ng 


6S» 


7° 


~14° 


These values are not so different from the ones in the next reference except *P2, though the potential is different. 


TABLE VI. The angular distribution for the interference term between £1 *Py and E2D,,. The complete interference terms 
are obtained by adding the complex conjugate. 


4k%do/da R(E1 *Po 
R* (E2 4D) ({v3) cosé 
R* (E2*D,) 0 


R* (£2 4D;) [ (1/12)v3 ](3 cos@—5 cos#) 


where the sign is an unavoidable ambiguity in this 
framework. We cannot, therefore, find the sense of the 
polarization. If we write the cross section as usual, 
namely 

(4.2) 


da /dQ= a+b sin’6, 


the polarization is given by 


(ab) siné sin[6('S) —6(P) ] 
>= + . (4.3) 
a+b sin’0 


One sees from (4.3) that the magnitude of the 


polarization is a maximum at 


2 1 RS) a 


Sin8 max = 


=4/-, 
34 6 RP) Ni 
and the maximum polarization is 


P mex _ (1/y 6) sin[6('S) —6(P) ]. 


(4.5) 


At 90° it is a minimum. It is noted that the polarization 
does not exceed 1//6 (41%). 

Now we shall show some numerical results by sub- 
stituting the experimental values for a, 6 and the ex- 
perimental nucleon-nucleon phase shifts for £,=4.5 
Mev and 6 Mev. Numerical values used here are given 
in Table IV. The polarization thus obtained is about 
20 to 30% over a wide range of angles as is shown in 
Fig. 1. These values have only limited quantitative 
significance, because the experimental values of a, 6 
from which they are deduced are not accurate. 

We assumed so far that the ground state of the 
deuteron is purely a *S state and that there is no tensor 
force. The solid curves in Fig. 2, which are obtained 
by inserting 5(*P;) for 5(*P) in (4.3), give the angular 
dependence of the polarization at 22 Mev and 44 Mev. 
In the following, an example is given to see how much 
is the deviation, if one takes a pion theoretical po- 
tential” for which the photodisintegration at 22 Mev 


10 J. Iwadare et al., Progr. Theoret. Phys. Japan 16, 658 (1956). 


(iv3) cosé 
[(5 24)v3] 3 cosé— 2 cos) 
(iv3) (3 cosé 


R(E1 *P; R(E1 *P2 

)v3 (11 cos#— 18 cos*@) 
)v3_](3 cosé—4 cos) 

2 cos@— cos) 


[ (1/24 
5/24 


L( 
5 cos# (3v3 


has been discussed, arising from the inclusion of both 
tensor force and the D state of the deuteron. The dotted 
curve is given by taking these into account in the 
reaction amplitude, where not only the P phase shifts 
but also the amplitudes are different according to the 
total angular momentum. For 44 Mev the deviation 
from the solid curve, taking into account only the 
difference among the P phase shifts, is quite large, 
almost twice that for 22 Mev. Numerical values of 
a/b and scattering phase shifts are given in Table V. 


5. POLARIZATION OF THE PROTON FOR HIGH- 
ENERGY GAMMA RAYS 


In the high-energy region, experiments on the 
angular distribution show that electric quadrupole 
radiation contributes to the process. From (2.1) we get 
the interference terms between £1*Py and E2*Dy,,, 
as shown in Table VI, and the polarization in Table VII. 

If we take the reaction amplitudes for *Py and *Dy, 
to be independent of J, as a crude approximation, and 
neglect the squared terms of the order of £2, then a 
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Fic. 2. Angular dependence of the polarization of the proton 
from the photodisintegration of the deuteron with gamma-ray 
energy 22 Mev and 44 Mev. Solid curves are obtained by taking 
the absolute magnitudes of the reaction amplitudes for *Py to be 
equal for J=0, 1, 2 and by substituting 6(*Pi) to 6(*P) in (4.3). 
For 22 Mev, the dotted curve is given by taking into account the 
effect of the tensor force and the D state of the deuteron on the 
reaction amplitudes. Here we take R(!So):R(*Po) :R(?P1) :R(8P2) 
=0.71:0.14:1:0.56. See reference 10. 
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Taste VII. The polarization given from E2*D z and M1 14S», E1 *Py. The complete expression is obtained by 
adding the complex conjugate. 
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Fic. 3. Angular dependence of the polarization of the proton 
from the photodisintegration of the deuteron with gamma-ray 


energy 140 Mev. For the dotted curve the direction of the polari- 
zation is opposite. 


very rough angular dependence of the polarization is 
obtained. By substituting the experimental angular 
distribution at E,=140 Mev" and the theoretical 
nucleon-nucleon scattering phase shifts of Gammel and 
Thaler?-¥ at 280 Mev, we get 


sind[ (+0.53—0.03)+(0.40+0.18) cos#+0.13 cos’é ] 
P=- ia = 
3+sin’6(1+0.4 cosé) 





’ 


aoaté (5.1) 


41 Whalin, Schriever, and Hansen, Phys. Rev. 101, 377 (1956); 
J. C. Keck and A. V. Tollestrup, Phys. Rev. 101, 360 (1956). 
Here we do not take the term proportional to cos@. 

12 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 

13 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 


R(E1 *P;) 


(4v3)¢(—1++5 cos®) 


R(E1 *P2) R(M1'So) 
[(1/12)v3ji(2—9 cos) 0 
[ (5/24)v3 ]i(1—2 cos*#) (}V2)i cos@ 
(}v3)i(—3+ cos) 0 


which is shown in Fig. 3. In our framework we cannot 
remove the ambiguity in sign, so that two kinds of 
angular dependence are expected. The high asymmetry 
with respect to 90° is mostly due to the difference 
among the P phase shifts. The electric quadrupole 
effects also contribute some to the asymmetry. 

It should be noted that the effects of the electric 
quadrupole radiation in dP/dQ are quite small at 44 
Mev. At least, they are much smaller than the effects 
of the tensor force in the P state. The formula is given 
in the same approximation as (5.1) 


sin6[ (+0.32—0.01)+0.15 cos6+0.03 cos’? ] 


(3.0) 


0.4+sin0(1+0.15 cosé) 


The second term (—0.01) and the last term of the 
numerator are the contributions from electric quad- 
rupole radiation. 
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The radiations of Co® have been studied in a thin lens magnetic beta-ray spectrometer and in coincident 
scintillation spectrometers. By observation of the internal conversion lines and the unconverted gamma- 
spectrum, gamma-rays of energies 1410, 937, 476, and 247 kev have been resolved. No other gamma-ray of 
higher energy decaying with an 18-hr half-life could be observed after careful search of that region using a 
44-in. diam and 4-in. thick NaI(Tl) crystal. The Fermi-Kurie analysis of the positron spectrum yielded 
three groups of positrons of maximum energies 1510 (51%), 1040 (45°%) and 790 (4%) kev. These measure- 
ments revealed energy levels of the residual nucleus, Fe®®, at 937, 1410, and 1657 kev. 


INTRODUCTION 


HE systematics of the energy levels of odd-A 

nuclei! in the region of NV or Z=29 to 37 show a 
number of low-lying levels even for the cases of nuclei 
having one particle or hole outside the closed shell. 
Such levels cannot be interpreted in terms of single- 
particle excitation. A systematic study of these states 
have been made by Nussbaum ef al.2~* Although, in 
the shell-model theory,’ the levels fs;2 and p3/2 are 
assumed to be very close to each other so that the 
nucleons can fill up both the subshells simultaneously, 
preferably the fs;2 orbit when in pairs, Braams® found 
the fs/2 level to be at least 3.6 Mev above the p3,2 ground 
state in case of o9Cas9"®. However, in .4Croo™ this level 
was found to be considerably depressed,’ presumably 
due to the presence of the four protons outside the 
closed shell. It is apparent that the excited states of 
odd-A nuclei containing 29 or 37 protons or neutrons 
need further experimental investigation. Radioactive 
decay of Co*® excites energy levels in one such nucleus, 
o6Fe29**, and therefore this decay was taken up for 
investigation. 

The radioactive decay of Co** had been previously 
studied by Deutsch and Hedgran* and Caird and 
Mitchell.? Deutsch and Hedgran observed two positron 

t Assisted by the Joint Program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

* On leave of absence from the Tata Institute of Fundamental 
Research, Bombay, India. Present address: Agricultural and 
Mechanical College of Texas, College Station, Texas. 

t Present address: Physics Department, Agra College, Agra, 
India. 

§ Permanent address: Muzaffar Nagar (U. P.), India. 

1R. H. Nussbaum, Revs. Modern Phys. 28, 423 (1956). 

2R. H. Nussbaum, Nuclear Levels in the Neighborhood of the 
1 fz/2 State, thesis (Van Gercum and Company, N. V. Assen., The 
Netherlands, 1954). 

* Nussbaum, van Lieshout, Nijgh, Ornstein, and Verster, 
Physica 20, 165 (1954). i 

‘Nussbaum, van Lieshout, and Wapstra, Phys. Rev. 92, 207 
(1953). 

5M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). “ 

®C. M. Braams, Energy Levels of Calcium Isotopes, thesis 
(Excelsior, Oranjeplein 96, The Hague, The Netherlands, 1956). 

7A, J. Elwyn and F. P. Shull, Bull. Am. Phys. Soc. Ser. IT, 1, 
281 (1956). 

8 M. Deutsch and A. Hedgran, Phys. Rev. 75, 1443 (1949). 

®R. S. Caird and A. C. G. Mitchell, Phys. Rev. 94, 412 (1954). 


groups of maximum energies 1500 and 1010 kev and 
three gamma rays of energies 477, 935, and 1410 kev. 
Caird and Mitchell found two additional groups of 
positrons of maximum energies 506 and 245 kev and 
three more gamma rays of energies 253, 1840, and 2170 
kev. From beta gamma coincidence experiments, energy 
levels were located in Fe®® at 935, 1410, 1870, and 
2170 kev. 


EXPERIMENTAL INVESTIGATIONS 


The radioactive decay scheme of Co®* was examined 
by employing a thin magnetic lens beta-ray spec- 
trometer, coincident scintillation spectrometers using 
a twenty-channel pulse-height analyzer, and a Beva 
gray-wedge analyzer. 

Several sources of Co®® were prepared in the following 
manner. A pure iron strip was bombarded by the 
deuteron beam of the University of Pittsburgh cyclo- 
tron. The beam energy was reduced from 15 Mev to 
10 Mev by placing an absorber of 0.015 in.-thick 
aluminum in the path of the beam. Co®® was produced 
by the reaction Fe(d,n)Co*®. It was observed that if 
the deuteron beam energy were increased to a little 
over 10 Mev, the strong Co activity induced by 
the Fe®*(d,2n)Co** reaction would completely mask the 
Co® activity, because under the circumstances, our 
measurements could only be commenced at least ten 
hours after the irradiation. 

Irradiated samples were also obtained from the 
Cyclotron Irradiation Service of the Oak Ridge National 
Laboratory when Co® was produced by the reaction 
Fe®®(p,2)Co**. Sources were prepared by chemically 
separating cobalt and iron. 

The sources used for positron spectrum measurements 
in the beta-ray spectrometer were carrier-free and were 
mounted on thin films of “Nu-skin.” The measured 
positron-spectrum is reproduced in Fig. 1(a). The 
Fermi-Kurie analysis of the positron-spectrum, Fig. 
1(b), yielded three groups of positrons of maximum 
energies 1510, 1040, and 790 kev of relative intensities 
51%, 45%, and 4%, respectively. Superimposed on the 
continuum, one observes four internal conversion 
electron lines, the interpretation of which are given in 
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Table I. The electron line observed at Hp=1245 
gauss-cm decayed with a much longer half-life. The 
momentum resolution of the spectrometer for this 
measurement was set at 1.86%. 

The spectrum of the unconverted gamma rays was 
measured with a scintillation spectrometer, and since 


800 1000 1200 


T-KEV 


(b) 


. 1. (a) Beta-spectrum of Co®*, with internal conversion lines superimposed on the continuum 
(b) Fermi-Kurie plot of the positron spectrum of Co™, 


the existence of some high-energy gamma rays was 
anticipated, a big crystal of 43 in. diam and 4 in. thick 
mounted on a Dumont No. 6362 photomultiplier tube 
was chosen. The measured spectrum is reproduced in 
Fig. 2. Several samples were studied, and the rates of 
decay of the different photopeaks were carefully 
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lic, 2, Gamma-ray spectrum 
of Co®. 
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followed. Contrary to expectation, no gamma ray 
emission with a half-life of about 18 hr was observed 
beyond the photopeak of the 1410-kev gamma ray. It 
was apparent that almost all the counts at the higher 
energy region were due to the Co*® activity. There 
were some counts due to the bremsstrahlung from Co’. 
The relative intensities of the 937- and 1410-kev 
gamma rays have been estimated to be equal approxi- 
mately to four to one. 

Knowing the radiations emitted in the decay of Co™, 
careful beta-gamma and gamma-gamma coincidence 
measurements were performed to locate the energy 
levels in the residual nucleus, Fe. The beta-rays 
were detected by using a thin anthracene crystal, and 
the gamma rays were detected in crystals of NaI(TI). 
Locating one channel on the photopeaks of first the 
937 and later the 1410-kev gamma ray, beta-gamma 
coincidences were observed by moving the second 
channel over the entire range of energy of the positron 
spectrum. These data are reproduced in Figs. 3(a) and 
3(b). It can be concluded that the principal positron 
group of maximum energy (1500+30 kev) is emitted in 
cascade with the 937-kev gamma ray and that the 
group with maximum energy (1070+30) kev is in 


TABLE I, Internal conversion lines of the 
gamma rays of Co®® and Co’, 


Interpretation 


Gamma-ray energy 
(in kev) 


Electron energy 


(in kev) Isotope 


Hp 
(gauss-cm) 





Co? 
Co® 
Co 
Co 
Co 


122+41.3 131 
240+2 247 
409+4 476 
93049 937 
1394+ 14 1410 


1245 
1836 
2792 
4490 
6117 


~ 


cascade with the 1410-kev gamma ray. These results 
confirm the conclusions of Deutsch and Hedgran.$ 
Using a slow-fast coincidence circuit and a twenty- 
channel pulse-height analyzer, gamma-gamma coin- 
cidences were measured by placing the channel of a 
single channel analyzer at the photopeaks of the 937 
and 1410-kev gamma rays. The two scintillation 
counters were placed at an oblique angle with lead 
absorbers lined with copper in between them so that 
no part of one crystal could “‘see”’ any part of the other. 
As a check, gamma-gamma coincidences with Co** were 
measured under identical geometrical arrangement by 
placing the channel of a single-channel analyzer en the 
photopeak of the 810-kev gamma ray. The gamma- 
gamma coincidence data are reproduced in Figs. 4(a) 
and 4(b). The solid lines represent the coincidences 
taken with Co*®* and the dashed lines with Co®* nor- 
malized to the same scale Comparing the curves, it can 
be concluded that a gamma ray of energy a little lower 
than that of the annihilation radiation is in coincidence 
with the 937-kev gamma ray but not with the 1410-kev 
gamma ray. This must be the 476-kev gamma ray, of 
which the internal conversion peak was observed. From 
these curves it can also be concluded that the 247-kev 


TABLE IT. Values of log/t of the transitions in the decay of Co*, 


Relative 
intensity of 
8* transition ratio for K 
to the level capture to 
in question §*-transition® 


937 41 


1410 37 
1657 3 


Relative 
intensity 
of total 
transition 


Theoretical 


Energy levels 


in Fe’ log ft 


0.10 45 6.4 
0.32 49 5.6 
0.80 6 6.1 


® These ratios are those which have been calculated for allowed transi- 
tions. 
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Fic. 3. Beta-gamma coincidences in the decay of Co®. 
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Fic. 4. Gamma-gamma coincidences in the decay of Co. 
Dashed lines represent coincidences measured with Co nor- 
malized to the same scale. 


quantum is emitted in cascade with both the harder 
principal gamma rays. The foregoing beta-gamma and 
gamma-gamma coincidence measurements indicate ex- 
cited energy levels in the residual nucleus, Fe®*, at 937, 
1410, and 1657 kev. The relative intensities of total 
transition to these levels are given in Table II taking 
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;. 5. Disintegration scheme of Co** 


into account the theoretical ratios for the orbital 
election capture to positron emission. 


DISCUSSION 

The results of all of the previously described experi- 
ments are summarized in the disintegration scheme of 
Co® shown in Fig. 5. Our conclusion that the principal 
modes of decay are via excitation of the levels at 937 
and 1410 kev in Fe is in agreement with that of 
Deutsch and Hedgran,* but the higher energy levels 
reported by Caird and Mitchell’ at 1840 and 2170 kev 
were not observed by us. Furthermore, a positron 
group of maximum energy 790 kev was resolved by us 
which has not been reported previously. 

According to the shell model, the ground-state spins 
Of 27Coog°° and 2¢Fe29*® should be fz;2 and 3/2. A level 
in Fe® at 420 kev has been observed by Stelson and 
Preston" which is not excited by the radioactive decay 
process. From Gamow-Teller selection rules, a spin of 
p12 could be assigned to this level which is, however, 
ruled out by other considerations.! A spin of fs;2 has 
been assigned to the 937-kev level!.® and this assign- 
ment agrees with levels found in similar nuclei with 29 
odd nucleons, e.g., 29Cuss™, o¢Crog®, o9Cuse®, and 
22T ig9*'. However, the transition probability to this level 
is much lower (log/t=6.4) than would be expected for 
a fz2—fs2 transition. The positron transition to the 
1410-kev level is allowed and a spin parity assignment 
of 5/2— or 7/2— may be given to this level. The lowest 
energy beta-transition is of the first forbidden order and 


10 EF. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
1 P. H. Stelson and W. M. Preston, Phys. Rev. 82, 655 (1951). 
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a spin of 9/2+, 7/2+, or 5/2+ may be assigned to the 
corresponding level. All that can be said about the 
characteristics of the principal gamma radiations is that 
they are very little converted and the measurements 
of the internal conversion coefficients by Deutsch and 
Hedgran*® or Caird and Mitchell? are not accurate 
enough to draw any conclusions from them. 
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Variational Methods and the Nuclear Many-Body Problem* 


R. Brovut 
Department of Physics, Cornell University, Ithaca, New York 
(Received February 19, 1958; revised manuscript received May 5, 1958) 


The general form of the energy of the ground state of a many-fermion system is shown to be exactly of 
the form proposed by Brueckner and Bethe, without approximation. In a variational treatment, if the trial 
wave function is picked containing only pair correlations, together with all possible unlinked pairs, it is 
described by a two-body excitation matrix (,m2|A|ipf2). Variation of this matrix in the Ritz-Rayleigh 
principle yields a set of integral equations of the scattering type for the matrix A. Hole-state energies are 
given self-consistently in terms of the matrix A, but particle-state energies are Hartree-Fock energies. This 
may be corrected for by widely enlarging the class of terms admitted into the wave function. If the ap- 
proximation is then made of omitting a class of terms, defined as cross-linked clusters in (y|H|y), the 
particle-state energies are easily renormalized. Variation then leads to an infinite hierarchy of integral 


equations. 


I, INTRODUCTION 


N recent years considerable progress has been made 

on the fermion many-body problem by Brueckner 
and collaborators! and by Bethe.* The essential feature 
of this work is the remark that states may be classified 
in terms of single-particle wave functions, though the 
wave function itself be extremely complicated through 
interparticle correlation. Formally, the energy is ex- 
pressed in terms similar to the Hartree-Fock theory, 
however the matrix elements of the potential of inter- 
action, v, are now replaced by a scattering matrix G 
(in the notation of Bethe). It is the task of the theory to 
calculate G at least in some consistent approximate 
fashion, in terms of a single-particle complete orthogonal 
set. The single-particle functions are then chosen to 
minimize the energy via the construction of a central 
potential (in terms of the G matrix)—in exact analogy 
to the Hartree-Fock equations. 

In this theory one is confronted with difficulties in 
formulating the scattering equation for the G matrix. 
These are two-fold: (1) Which intermediate states 
should be included and which excluded?—the Pauli 
principle dictates that excited intermediate states 
should lie outside the domain of occupied states; how- 
ever it also allows for particle-hole and _ hole-hole 


*Supported in part by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). For a complete list of Brueckner’s contributions to the 
problem see reference 2. 

2H. A. Bethe, Phys. Rev. 103, 1353 (1956). 


scattering. (2) More difficult and more subtle is the 
question of the choice of the energies of the intermediate 
states, remembering that a particle is in interaction 
with the rest of the medium as well as with the ‘‘colli- 
sion”’ partner in question. This latter point is discussed 
fully by Bethe where it is emphasized that a unique 
definition of energies above the Fermi level is not sup- 
plied by the theory. The effect of this arbitrariness is 
supposed to be small. 

It is the purpose of this paper to attempt a deriva- 
tion of the Brueckner-Bethe results variationally.? A 
search for a wave function that without approximation 
gives rise to the desired theory has failed. However, 
it is possible to construct a trial function which in an 
approximate sense, variationally gives rise to the 
Brueckner-Bethe integral equations. Thus the point of 
view taken in this paper is that the Brueckner-Bethe 
integral equations follow variationally from part of 
W|H\~)/@\~) where y is a certain trial function. The 
neglected terms are explicitly shown and, in principle, 
calculable using the approximate G matrix. At present, 
numerical calculations of Bethe? and Bethe and Gold- 


3 There have been several excellent treatments of this problem 
in the framework of perturbation theory. The first of these was 
given by J. Goldstone (reference 4). This work has been amplified 
by W. Tobocman, Phys. Rev. 107, 203 (1957), and N. M. Hugen- 
holtz, Physica 23, 481, 533 (1957). It might be well to point out 
here that Hugenholtz’s high-density limit in the second of the 
above mentioned papers is the same as the high-density limit 
introduced by M. Gell-Mann and K. A. Brueckner [Phys. Rev. 
106, 364 (1957) ] in their study of the correlation energy of an 
electron gas. 
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stone indicate that the neglected terms are indeed 
small in the nuclear problem. In general, however, they 
need not be small and application of this theory to 
special cases must always be justified. 

The integral equations derived in this paper include 
hole-particle and hole-hole scattering in principle. 
These terms correspond to three and four body clusters, 
respectively, and have been shown to be negligible in 
the nuclear problem.? Hence, it is sufficient in the 
nuclear problem to drop these terms. To avoid inessen- 
tial complication, this will be done in the latter half of 
this paper, (Secs. IV and V). 

Though an approximate wave function is used to 
calculate (| H|p), the energy of the ground state is 
given by a simple expression which is formally valid 
for the exact eigenfunctions of the Hamiltonian. This 
expression is derived in Sec. II and states that when the 
exact solution is expanded in antisymmetrized products 
of a complete orthogonal set of one-particle wave 
functions, the energy is completely expressible in terms 
of the two-particle excitation coefficient only (inter- 
preted as a scattering matrix). The expression for the 
energy then takes on a simple Hartree-Fock form with 1 
replaced by G, as prescribed by Brueckner. 

In Sec. III, we explore the consequences of the most 
simple imaginable wave function containing pair corre- 
lations. It is shown that, in the approximation that the 
fraction of the total number of virtually excited particles 
is small, one recovers the Brueckner-Bethe theory with 
two modifications. (1) Particle-hole and_hole-hole 
scattering is included. (2) The energy denominators in 
the scattering-matrix integral equation contain Hartree- 
Fock energies. This last defect,is, of course, very serious 
in the case of a singular potential of interaction, in 
which case the whole procedure becomes meaningless. 

In Sec. IV, it is shown how the hole-state energies are 
renormalized to finite self-consistent values with the 
simple wave function used in Sec. III. However, the 
energies of the particle states are still Hartree-Fock in 


Y=Pot dO’ S (mim! A | Pipe) A(di(riddp2(r2)bms3(r3) - 


mim? PLP? 
ee 
+ 2 


In (2.1), the operator @ is an “antisymmetrizer” and 
designates the operation of taking the antisymmetrized 
sum over products. The primes over summations means 
sums consistent with the Pauli principle. Let us write 
for (2.1) Y=o+x where (| x)=0. Then the energy E 
is given by the expression 


E= (®o| H|®y+x)= (®o| H|&o)+ (®o| H|x), 


where H=>°7;+>22;;; 04; is the potential of inter- 
action. 
The first term on the right-hand side of Eq. (2.2) is 


(2.2) 


4H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) A238, 
551 (1957). 


< (mymems| A| prpops) Apri (71) 72(1r2)bp3(173)ma(r4) + smn (rw) )+- >> 


m1,M2,M3 PLPLPS 


METHODS 1325 
the simple approximation. In Sec. V, the wave function 
is completely modified in such fashion as to insure 
finite energy of particle states. However, the modified 
wave function introduces complicated terms into the 
expression for (¥| H|y) which completely destroy the 
simplicity of the form of the theory. If, at this stage, 
one introduces the approximation of neglecting “ 
linked” diagrams (to be explained in the text), then 
the theory is again simple and a hierarchy of integral 
equations follows by variation. 

Throughout this paper we shall use the notation of 
Feynman diagrams as adapted for use in this problem 
by Goldstone.’ In an appendix the notation is sum- 
marized for the use of the reader. For simplicity, all 
the work of this paper is carried out for an infinite 
medium where only momentum-conserving transitions 
need be considered. It is hoped that these methods will 
also be applicable to finite systems, though certain 
nontrivial features arise in this case. 


cross- 


II. GENERAL FORM OF ENERGY 


Our basis of representation will be the one-particle 
complete orthogonal set ¢:(r). Throughout this paper 
we shall for simplicity deal with extended nuclear 
matter so that the ¢(r) are plane waves and only 
momentum-conserving transitions need be considered. 
Let &) be an antisymmetrized product of ¢x(r). This 
will serve as the ‘‘model wave function.” y, the true 
ground state function may be expanded in antisym- 
metrized products of ¢%(r) where the components are 
characterized by two, three etc. particles “excited” 
from the model ground state into excited states. These 
latter will be referred to as particle states and will be 
designated with the symbol p;. The particle states 
occupied in the model wave function are said to be hole 
states since they usually enter into the theory as de- 
ficiencies. These states will be labeled m;. 

The wave function may then be expanded in the form 


--Gmy(rn)) 


(2.1) 


the Hartree-Fock energy of the state ®po. It is 


> (m1|T | m1)+3 dO’ (myme|v| mym2)=(T)+(2). (2.3) 


mj mime 


The exchange term in the matrix element of 7 is always 
included, i.e., 


(myme| v| myms)= (myms! v| myme) p 


—(mymz\v| mem). (2.4) 


The second term on the right-hand side of (2.2) has 
zero contribution from 7, since T is a sum of one-body 
operators and x differs from 9 by at least two-body 


$j. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). 
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Fic. 1. Pair components of wave function (3.1). 


excitation. Further, since v is a two-body operator only 
the two-body excitation part of x gives a contribution. 
This is 


(6o|H| x)=} Lo’ YX (mimz|v| pipe) 


mim? Pipe 


X (pipe| A| myms)=(vA). (2.5) 
Combining (2.3) and (2.5) into (2.2) gives 


E=(T)+(0+ 0A). (2.6) 
One usually defines a scattering matrix G rather than 
A according to 
1 
{mymz| A | pip,)= ——————(mmz|G| pip2), (2.7) 
€( pi, po; mime 


where e(p1,p2; mim») is the energy difference between 
the designated states to be subsequently defined. In 
terms of G we have 


(mymz|0+0A | myms)= (myme| v—0(1/e)G| myme) 


=(mym2|G|mym2), (2.8) 


Eq. (2.8), is the usual form defining the scattering 
matrix (mm2|G|mymz). It will turn out in the theory 
that diagonal elements of G are not specified. Hence 
one is always free to adopt this definition. This is more 
than formal, for, in the event of singular potentials, » 
and v(1/e)G are separately divergent whereas G is 
finite. In these terms we have 


E= (T)+(G)=>- (m,| T | my) 


m} 
+4 >’ (mym.'|G| mm). 


m\m2 


(2.9) 


No exchange term is included in G as this is accounted 
for in the definition (2.8). 

Equation (2.9) is the Hartree-Fock form of the energy 
[see Eq. (2.3) ] with » replaced by G. It gives the neces- 
sary form that the energy will take if an expansion of 
the type (2.1) is used. In itself, Eq. (2.9) is empty since 
the coefficient (mm! A | pip2) is, in general, unknown. 
Further $9 is completely arbitrary so long as (2.1) is 
convergent. However, in approximate schemes >» is 
obviously chosen to be the Fermi ground state in terms 
of those ¢;(r) which give the lowest zeroth order energy. 
For finite systems, Bethe? has shown that the form (2.9) 
is probably still valid. In this case one varies the ¢,(r), 
assuming knowledge of (mm! A|pipo). This yields a 
set of Hartree-Fock type equations for the ¢, in terms 


of a nonlocal central potential. For infinite systems, 
translational symmetry imposes that the ¢,(r) are 
plane waves. 

The main point to be stressed here is that the form 
(2.9) is prescribed for an infinite medium and in no way 
involves any approximation. 


III. SIMPLE PAIR APPROXIMATION 


The simplest imaginable improvement over a product 
of single particle functions is to include a single pair 
excitation 


y=Pot+ >’ (mym2| A | Pips) 


m1,m2 


X A(gni(riddp2(r2)Gms(r3)+--dmn(rw)), (3.1) 
where %» is normalized to unity. The second term is 
diagrammed in Fig. 1(a). Actually, this trial function 
will not lead to any substantial improvement over the 
Hartree-Fock theory when (/H|y) is calculated. 
The reason for this is that Eq. (3.1) permits only 2 
nucleons to correlate at a time, whereas it is over- 
whelmingly probable that when the pair (12) is inter- 
acting then some other pairs (77) are also interacting, 
completely independently of (12). This dictates that 
one must include terms of the type (mme| A| pipe) 
(mym4|A| psps) (my A~m2~msx%m,) in the wave func- 
tion. More generally, one must include all possible 
n-fold products of mutually distinct 2-body A operators. 
Such terms will be called unlinked clusters. An arbitrary 
term just contains Fig. 1(a) repeated a certain number 
of times, an example being Fig. 1(b). 

We now evaluate (y/H|y)/(\w) using the trial 
function (3.1), where it is understood that all unlinked 
clusters are included. 

The first contribution is the Hartree-Fock energy of 
the model wave function. 


(®o| H|®o)/W |). 
Next, we consider the contribution from that part of 
the product (¥|H|) which arises from identical two- 


body excitations in ¥* and yw (termed diagonal con- 
tribution), e.g., 


(3.2) 


(mym2| A \Pits) [ @(dni*nstom :-my*) 


XK HAA (dpidrxhms- : omy) (Pipe | A | mymz). (3.3) 


The integral in Eq. (3.3) has for its basic contribution 
(@o|H|%o) which is corrected for by adding on the 
particle energies and subtracting the hole energies. 
That is, (3.3) is 


(©o| H|@o)| (mymz| A | pips) |* 
+(mymz| A | pipe)Len.r.(pi) +en.¥. (p2) 


—en.r.(m)—en.¥.*(m2) |(pip2|A|myme), (3.4) 
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where 


en.r.(Pr) = (pi! T| pi) +d (pims|v| pims), (3.5) 


T|m,)+>. (myms3|v|mym3). (3.6) 


ms 


€n.F. (m1) = (m,| 


Strictly speaking in (3.5) and (3.6) m3#m, mz should 
be specified but this is an infinitesimal correction. Also 
the element (p:f2/0| pip2) has been neglected. 

The sum of all diagonal contributions that multiplies 
(@o| H|%o) is merely (bo! H|&o)[ (W|y) ]. Next we con- 
sider the effect of the unlinked clusters insofar as they 
effect the second term in (3.4). Let us take a sample 
term with v excited pairs, i.e., that component of the 
wave function containing the coefficient 


|A| pipe)(mgmy| A | pspa)- > 
X (moy—1M2y| A | Pov»). 


(mms 
(3.7) 


The diagonal contribution of this term is 


, 
CII | (oei-s0moi| A | poi-rpas)|? 
i=1 


XL (Po| H|bo)+d5 (env. (poi-1) + env. (poi) 
1 


— €4.¥,(Mo)-1) — eu. F.(Mme;))+(corrections) ], (3.8) 


where ¢€(p) and e(m) are defined by (3.5) and (3.6), 
respectively. The term (corrections) in (3.8) comes 
about from the fact that in the component (3.7), not 
all the particles but the two in question (e.g., 2i—1, 27), 
occupy their hole states. Thus the difference of the 
diagonal contribution from (®o|H|#o) may not be 
expressed in terms of the energies (3.5) and (3.6) alone. 
The correction term to ¢x.¢.(p1) is thus 


2» 


DX [(pips| 2! pips) — (pim;|v| prm;) J. 


y=? 


(3.9) 


This term is, in general, not negligible since y=O(.V) 
However, it is clear that if the fraction, £, of the mean 
number of excited pairs is small then a small error of 
O(é) is made in neglecting (3.9). As this approximation 
is intrinsic to the theory of Brueckner and Bethe we 
have analyzed this point more closely in Appendix B. 
Here it is shown that the relatively low density of the 
nucleus is responsible for keeping £ small. The ultimate 
reason for the smallness of £ or alternatively for low 
nuclear density is the weakness of the potential of 
interaction. The success of the theory, in our opinion, 
depends critically on this fact. 

It should be pointed out, however, that the neglected 


1) dU) 
VBE 


Fic. 2. Diagrams contributing to (¥|H|y) from pair 
components with VY™™"/N =1, 


terms of type (3.9) always come in as a difference of 
quantities. It may thus happen that even if & is not 
particularly small these corrections will tend to fluctuate 
in sign and cancel out. If this is so, one might hope that 
the theory is better than one might expect. It should 
be worthwhile to check this point in terms of Brueck- 
ner’s numerical results. 

Going back to (3.8), in view of the preceding discus- 
sion we shall neglect “(corrections).” In this approxi- 
mation it is seen that following a given pair term 
whole sequence of terms all containing 
the same factors, e.g., | (myme|A| pipe)! *Len.r.(p1) 
+en_v.(p2)—en.r.(m)—en.r.(me) ]. The other factor is 
the normalization factor that would be obtained for 
N-—12 particles with the hole states m,, m2 omitted. 
This factor we symbolize as V™™, and the whole nor- 
malization (y{y) is called V.t In summary the total 
diagonal contribution to (W| H|~)/ Wy) is, to first order 
in é 


comes a 


mm») 


Eo+d-(mymz| A | pipoden.r. (pipe; 


X (pip2|A|mym2)N™™/N, (3.10) 


The 
2(a) 


where ey.r.= difference in Hartree-Fock energies. 
diagrams contributing to (3.10) are given in Figs. 
and (b) for particle and hole states, respectively. 

The next terms are those arising from cross-products 
of the two-body A operator with ®o. When the un- 
linked clusters are taken into account these terms give 


[ (myme| A | Pipe) (pipe ly] mym2)+c.c. | Vm N, (3.1 1) 


which is diagramed in Fig. 2(c). Finally the terms 
that arise from non-identical operators represent 
Gouble scattering processes twice by A operators and 


i Note added in proof. —One should also delete the particle states 
pips. However, we shall omit this effect in that for singular poten- 
tials it turns out not to be important. The exclusion effects on hole 
state energies, on the other hand, will be most important as they 
give the Brueckner self-consistent energy denominator as shown 
in Sec. IV. 
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once by a v operator. These are® 
(myms| A | pip2)(pipe| 2] pra’ )(pr 
(mymz| A | pip2)(prms|v| pr'mi)(pi'po| 
A | pipe 
A | pipe 


1 | MoM 3 
(MM 


MM» 


(mms (mym4| v (pipe! 
All diagrams in Fig. 2 are with the normalization ratios 
set equal to 1. The corrections due to the unlinked 
clusters as they appear in normalization ratios 
discussed in Sec. 4. In (3.12) the factor V™™"5/N is 
the ratio of the normalization factor, with the three 
states 2, m2, m3 missing, to the correct normalization 
factor, and similarly for VY™™™™, 

We shall now study the effect of 
the coefficients (pip2|A|mym2) in the 
tion where the normalization ratios are unity. 


is 


variation of 
approxima- 
The 


(mm2| A | pip2)= —-—— 


en.F. (p1 po; mymz) 


va | mym2)N™™2/N, 
Nmimom3 'N 
(pims|v| pr'm2)( pr’ p2| A | mym3)N™™3/N, 


{ | msm, VV mimemsma IN, 


BROUT 


(3.12a) 
(3.12b) 
(3.12c) 
(3.12d) 


particle-particle Fig. 2(d), 
, particle-hole Fig. 2(e) 
particle-hole exchange Fig. 2(f), 


hole-hole Fig. 2(g). 

factor (pips! A m,m.) appears as a linear coeffici ient 
in the diagrams 2(a) to 2(g). Hence variation puts all 
these diagrams equal to zero with A determined by the 
integral equation 


eu.p.A+v+Ar=0, (3.13) 


where the product Av contains all the intermediate 
scattering included in diagrams 2(d) to 2(g). Equa- 
tion (3.13) is put into standard form by defining the 
scattering matrix G” 


1 


————(m,m,|G"" 


| Pipe). 


In terms of G”’, (3.13), when written out in detail, becomes 


‘Pipe)— dS (mym2|C" 


pi’ p2’ 


Pip2) = (myme2 |v 


(mym,|G”" 


mr) pipe) 


— > (mym,|G 


mgm, 


ae * | Pr’ p2)— 


m3,P1" 


(mym;3|G" 


— > (mem;'|G" | po'pi)- 


m3p2’ 


> (mym;\G" 


m3p2’ 


| po pi) 


ms3pi’ 


Equation (3.15) differs from the Brueckner-Bethe 
formulation in two respects: 1. Intermediate states 
include hole-hole and particle-hole scattering [dia- 
grams 2(e), 2(f), and 2(g)]. 2. Energy denominators 
contain Hartree-Fock energies defined by Eqs. (3.5) 

®In addition to the terms listed above there are a few other 
ways that unlinked clusters enter into hole state interactions 


[(3.12b) (c) and (d)], in addition to the simple diagrams listed 
above. For example, a term entering together with (3.12b) is 


(mym2| A | pip2){pims| 2 


pi'm,)(pi'p2| A | moms) 
 (myms| A | paps)(papa| A | mim) 


Such terms lead to considerable combinatorial complication. As 
we are interested in the derivation of the Brueckner approxima- 
tion we shall not pursue these terms further in this paper. They 
constitute refinements on 3-body clusters, already shown to be 
small in the nuclear problem. 


pi'p2’) 


e€n.F. 


1 
(pi po’ |t 


(pr' po’; myme) 


1 


—(m mz \v| mym,4) 


eu.r.(P1,P2; mam,) 


1 


— —(m2p,'|\v| msp1) 


€n.F. (py’ »P2; mms) 


esneninniaali siesta (mi po’ v| M3P2) 
eu.F. (po "Dr; mym3) 


1 


(mops' | v| mp2) 


en.F. (pe! "bh; mms) 


— DY (mm;|G’ 


1 


'| Pa’ p2)—— —(myp;'|\v|mspr). (3.15) 


en.r.( pi’ pa; m M2Ms 


and “i 6). We r return shortly to a discussion of these 
points, after first deriving the expression for the energy. 

The integral equation (3.15) has put all the diagrams 
of Fig. 2 equal to zero. This leaves over the first term 
Eo in (3.10) and the complex conjugate term in (3.11). 
The Hartree-Fock potential energy contribution to Eo 
and the term Av that arises in Eq. (3.11) are diagrammed 
in Fig. 3 together with their sum as given by Eq. (2.6). 
In accordance with the general theorem of Sec. 2, the 
energy is expressible in terms of these two terms alone, 
even though an approximate wave function was used. 
The energy is given by Eq. (2.9) using (2.8) with Har- 
tree-Fock energy denominators. Equation (3.15) must 
be solved to find the term (mym2|G’’| pip) that enters 
into the definition (2.8). 
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We now return to a discussion of the integral equa- 
tion (3.15). The intermediate states other than the 
usual particle-particle scattering are given by diagrams 
2(e), 2(f), and 2(g). It is obvious that any theory 
which handles scattering matrices in an unbiased 
fashion must come out with these diagrams included 
since they are merely symmetric counterparts of 
particle-particle scattering. In the theories of Brueckner 
and Bethe these higher order interactions of holes are 
said to be three- and four-body clusters (since the 
number of particles involved is given by the highest 
index on m in the integral equation). This is, a some- 
what useful classification, though artificial. It is arti- 
ficial because, in the general theory, holes and particles 
always are involved symmetrically. The classification 
is useful because, for hard-core-type interactions, the 
momentum restrictions in hole interactions (a hole has 
momentum less than the Fermi momentum) renders 
these terms negligible. For nonsingular interaction, the 
hole interactions are as important as the particle inter- 
actions. Here, however, the Born approximation is 
probably fairly good in the nuclear problem as has been 
emphasized by Swiatecki’ and Bethe.’ In this case, the 
whole question is unimportant. At high density, the 
Born approximation decidedly breaks down as has been 
pointed out by Hugenholtz* and the hole interactions 
will certainly play an important role (in fact dominant). 

The other interesting point about the integral equa- 
tion is the presence of Hartree-Fock energy denomina- 
tors. These were prescribed by the form of the integral 
equations for the A operator in (3.13) which in turn 
followed from the analysis leading to the expression 
(3.10). For nonsingular potentials it is reasonable to 
accept the Hartree-Fock energy denominator as a first 


(MN3Ms4 A Psp) 2 


Nmime _ 1 +. 7, + 


m3,m4A%m1,m2 P3Pa 
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O-O+ 


Fic. 3. Diagram of the energy equation (2.8). 


approximation since this accounts in a rough way, for 
the particle interaction with the medium. For singular 
potentials, this is out of the question and a more 
sophisticated theory must be developed. The trial 
function given by (3.1) will not give finite particle 
state self energy. The reason for this is that when the 
trial function admits of the correlation of a pair, then a 
given member of that pair may not be simultaneously 
correlated with another third particle in the medium. 
It is thus that the uncorrelated or Hartree-Fock 
particle energy enters into the integral equation (3.13). 
This necessitates broadening the class of admitted trial 
functions as will be discussed in Sec. V. However, the 
hole states do have finite self energy, expressible in 
terms of the scattering matrix G, even for the simple 
pair function (3.1). These corrections lie in the unlinked 
clusters as they enter into the normalization ratios 
\Vmim2/N, The discussion of such terms is the subject of 


the next section. 


IV. HOLE-STATE ENERGIES 


To calculate renormalized hole-state energies, it is 
necessary to evaluate the normalization ratios V/A 
that appear in (3.10) and the following. V™™ is, by 
definition, the normalization factor with m, m2 missing 


which leads to 


bi (M3M4 A Pps) 2 (Ms5Me A PsPs) 24... - (4.1) 


— 


mzZ,™m4,mM5, MEX M1, M2 P3,P4,P5,P6 


Equation (4.1) is conveniently rearranged by adding and subtracting the restricted terms. 


(mym3|A| pips)|\?— > 


m3xme2 


> |(mym;\A\| pips 


mam} 


Nmm— N- > 


m3rm} 


-¥ 


mame 


All p indices are to be summed in the above. 

In (4.2) we have neglected those special terms which 
arise from m, m2 occurring in the same factor of A. 
This kind of neglect leads to a finite error in terms which 
are very high order interactions in (4.2). Again the 
argument following (3.8) pertains i.e., if a small, 


7W. J. Swiatecki (quoted by H. A. Bethe in reference 2). 


|(mgms3| A | pops) |” z= 


(moms| A | pops)|? 


pia (mams| A Paps) : 


m4, mprxm)1,m3 


(myms|A | psps)|?—-+--. (4.2) 


m4,m5~%me2,m3 


albeit finite, fraction of particles are in excited states 
in the large components of the wave function then the 
approximation is acceptable. 

Equation (4.2) is easily converted into a recurrence 
relation by noticing that the factors which follow 
|(myms A. pips)? are precisely those that enter into 
the definition of V’™"s and similarly for mg. 

Hence, we have the integral equation for V™™/\ 
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given by 


N™™/N=1— YY |{myms|A|pips)|?*N™"/N— DX | (mams|A| pops) |?N™™/N. 


m3~m) P1P3 


We shall use Eq. (4.3) together with the expression 
for (W|H|~)/(b|W) found in Sec. III to find variation- 
ally the best (mm2|A|pip2). We will omit terms in- 
volving hole-state interactions [(3.12b)—(3.12d) ], as 
the argument below is not so simple when these terms 
are included. Inclusion of these terms not only renormal- 
izes hole-state energies but introduces additional com- 





BROUT 


(4.3) 


mame P2ps 





plicated terms. The retained terms are those which 
lead to the Brueckner theory. 

For easy reference we write below the expression for 
(W\ H\y)/@\y) omitting hole-state interactions as well 
as corrections higher order in ~ as discussed after 
Eq. (3.8). Thus we take the sum of (3.10), (3.11), 
and (3.12a) 


wv | H\¥)/\v)= Et | (m im2| A | pipe) | "en F.(pip2; Mme )Nmime/NV 
+¥°[(mymy| A | pipe)(pipo|v| mym2)+c.c. |V"/N 


+¥°(mym:) A Pipa) pipe | v pi’ po’) (pr po! | A | mym2)N™m™/N, 


In (4.4) appear the coefficients V™™ which are func- 
tions of the A matrices given by the solutions of Eqs. 
(4.3). This functional dependence is most easily ac- 
counted for by using the method of La Grange multipliers. 
We consider the V"*" to be independent variables in 


Fmgmj=1—N™i— Y) [30 |(mame|A| pipe)|?N +L. | mjmi| A | pipe) |?>N™ J. 


Mk, Pk Pi 


Varying (p1p2|A | mymz) leads to the equation 


(mymz| A | pips)Len.¥.( pipe; mim2) +> Amimst+ DL Amoms ] 


m3 m3 


+(mymz|v| pipe) +> (mime! A | pi’ po’) pr’ po’ | 0| pipe) =0, 


and variation of V™™ leads to 


(4.4) 


(4.4) and the Eqs. (4.3) are taken to be conditions 





among the variables. Introducing the multipliers 
Amym;, we shall minimize the function [ (| H|~)/(ly) 


7 Dd Amym jF mim ; | where 


(4.5) 


Pj 


(4.6) 


X {| (mim2|A| pipe)|*en.r. (pipe; mime) +L (mm A | pipo)(pipe| v| mym2)+c.c. ]} 


Pip2 


+(mmz,| AvA | mym2)+-Amyme+ Amyms|(mymy| A | Pipe) |?+ > Amom3| (mym2| A | pipe) |*=0. 


™3; PiP2 


The last three terms in (4.7) come from the coefficients 
of N™™ in Fmym2, Fmym; and Fmgm;, respectively, these 
being the only terms that contain V™™. Equation (4.7) 
is easily rearranged into more recognizable form by 
putting the terms containing Amym; and Amgm; together 
with ey.r.(pip2; myme2). Using (4.6) it is then seen that 
almost all terms in (4.7) cancel, leaving the equality 


Amym2= - > (mymz\ | Pip2)(pipe| A m M2). (4.8) 


Pip2 


Equation (4.8) determines the Lagrange multipliers A. 


(e(Dho- fe 


Fic. 4. Diagram of the definition of the self energy of a 
hole state [Eq. (4.7a)]. 


(4.7) 


™3; P1P2 


We define the renormalized hole state energies by 

e(m,)=t(my) +>. (mym3|v—v(1/e')G’| mms), (4.9) 
where 

arenes ae (4.10) 


The operation (4.9) is diagrammed in Fig. 4. The 
integral equation (4.6) becomes 


G'’=1-—G’' (1/e’)v. (4.11) 
It is thus seen that the simple pair wave function 


m 
3 m; Mo 


(a) (b) (c) 


Fic. 5. The first few components added to the wave function to 
modify the particle-state self energy. 
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al 
el) 


( 


Fic. 6. Energy diagrams arising from the presence of 
diagram 7(a) in the wave function. 


(b) 
(d) 


leads to an integral equation for the two-body scattering 
matrix by a variational procedure valid if the fraction 
of excited pairs is small, and hole-state interactions are 
neglected. The energy denominators involving hole 
states are renormalized according to the Brueckner 
self-consistent prescription (4.9). The particle-state 
energies are still Hartree-Fock. 


V. PARTICLE SELF ENERGY 


In order to convert the Hartree-Fock particle energies 
in Eq. (4.9) to “G matrix” energies, it is necessary to 
enlarge upon the original trial function (3.1). One must 
admit components of the wave function which permit 
interaction of the excited states with the medium. Thus 
a typical added component diagrammed in Fig. 5(a) is 
(mym2| A | Pipe) (pims | A | pr’ ps) 

X A(hri'drxprsdm: - -my). 


Together with all the unlinked clusters of two- and 
three-particle excitations [i.e., unlinked combinations 
of Figs. 1(a) and 5(a) }. 

The addition of component (5.1) to the wave func- 
tion introduces various new terms into (~|/1+]y)). 
There are six new bubble diagrams, a sample of which 
is shown in Fig. 6(a). There are two diagrams which 
close off the AA product of (5.1) with a vA product. 
One of these is shown in Fig. 6(b). There are six inter- 
action terms which are the analogs of Figs. 2(d) to 
2(g). A sample is the particle-particle interaction shown 
in Fig. 6(c). Finally there are diagrams of the type 6(d) 
in which particle “3,” having interacted with particle 


(5.1) 


Le( pr) Jmi smop2= (pi |T'| pi) +20 (pims|G’ | pims)m smape, 


{prms|G’ | pyms)my :mop2= (pyms| v| pims)— L (pims| | pi’ ps) 
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©C- 


Fic. 7. Diagram of the definition of the self energy of a 
particle state. 


‘1” through an A matrix, is scattered back to its hole 
state by particle “2.” We now introduce the funda- 
mental approximation stated below. 

A pproximation.—Those diagrams in which more than 
two particle-hole loops are directly connected [as in 
Fig. 6(d) | will be neglected. Thus if a particle v inter- 
acts with a particle »’ involving a change of state, the 
inverse of this process again involving the par- 
ticles »y and v’ must occur in the diagram either 
through a dotted line or a wavy line. With this ap- 
proximation it is simple to find an integral equation for 
(pim;| A! pips) by variation. We first define 


(pims|G’ | pr’ ps)mismope 
=[en.r.(pi')+en.r.(p2)+en.r. (ps) 


—e(m,)—€(m2)—e(ms) }(pims|A| pri'ps). (5.2) 


The subscripts m, me, p2 in Eq. (5.2) indicate the holes 
and excited particles that appear in a given diagram 
other than those specifically involved in the particular 
scattering process. This is a necessary notation as is 
witnessed by the presence of the six possible bubble 
diagrams one of which is Fig. 6(a). The integral equa- 
tion is then (we again omit hole-state interaction) 


(pims|G" | pr’ ps)mismope 


= (pym3|0—G' (1/e")v| pr’ ps). (5.3) 


The e’ in Eq. (5.3) is the threefold energy difference that 
appears in the definition (5.2). Equation (5.3) contains 
the so-called off-energy-shell propagator due to the 
presence of the difference e(p2)—e(mz2) in the scattering 
equation for particles “1” and “3.” 

Once the matrix (p,m3|G| pi'ps)m1;mop2 is known it 
may be substituted into the complex conjugate diagram 
of Fig. 6(b). This is then combined with the dotted-line 
bubble diagram of Fig. 2(a). The result is a wavy-line 
bubble diagram as indicated in Fig. 7. Thus the particle- 
state energy is 


(5.4) 





x 
en.F.(pi’) +en..(p2) + en.r. (ps) — (mi) — €(me) — €(ms) 


The hole energies are still given by Eq. (4.9). 

It is now necessary to add to the trial function 
terms which will convert the dotted-line bubble dia- 
grams 6(a) to wavy-line bubble diagrams. These terms 


(pi'ps|G| pims). (5.5) 





are diagrammed in Figs. 5(b) and 5(c), respectively, 
defining the symbols (mapr' |G" | papr’’ mi smop2;map3 and 
(msps|G" | paps’ )mip1’ymop2¥m3. With the use of our funda- 
mental approximation, these terms introduce diagrams 
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which convert the bubble diagrams of Fig. 6(a) to 
wavy-line bubble diagrams. Hence the integral equation 
(5.3) must be rewritten now containing “G matrix” 
particle state energies as well as “G matrix” hole- 
state energies. The hole-state energies are given by 
an equation of the form (4.9) with G’ replaced G. 
(mym2 G\mymz2) is defined in terms of (mm2\G) pipe) 
as in Eq. (2.8) with the energy denominator expressed 
completely in terms of ““G matrix” energies. 

The general pattern is then to add successive particle- 
hole pair components to all particle lines that appear 
in y. For a component possessing v excited pairs, there 
are all possibilities of diagrams containing y scatterings 
of one particle to one scattering each of y+1 particles. 
Each such scattering defines a G matrix with a subscript 
defining the previous history of the diagram before the 
particular scattering in question. This subscript labels 
the number of holes and particles present in the wave 
function at the time of the scattering in question. 
Variation of each of these G matrices leads to an in- 
finite hierarchy of integral equations. 

As this hierarchy of equations has already been 
presented in the literature we shall not duplicate it here. 
Reference may be made to Brueckner and Gammel® 
where it is shown how the entire hierarchy may be 
reduced to a single equation. We would like to stress 
here, that this hierarchy of equations is not derivable 
variationally even to first order in the parameter 
introduced in Sec. IIT. The theory here depends com- 
pletely on the proof of the negligibility of the cross- 
linked clusters such as in Fig. 6(d). All that has been 
shown here is that the Brueckner-Bethe hierarchy of 
equations minimizes a part of (Wy! H y)/(y y) (the non- 
cross-linked diagrams and intermediate particle-state 
interaction only) if & is small. 


VI. CONCLUDING REMARKS 


We briefly summarize the results of this paper. The 
simple trial wave function introduced in Sec. III suc- 
ceeds in formulating the energy in terms of a diagonal G 
matrix. In the approximation that only a small but 
finite fraction of the particles are excited in the im- 
portant part of the wave function and intermediate 
hole-state interactions are omitted, it is possible to find 
by variation an integral equation for the nondiagonal G 
matrix. However, this integral equation contains Har- 
tree-Fock energies for the particle states. The hole-state 
energies are given by diagonal G matrices as proved in 
Sec. 4. In order to convert the Hartree-Fock particle- 
state energies to “G matrix’’ particle energies, the trial 
wave function must be completely modified. These 
modifications destroy the simplicity of the simple pair 
theory by introducing cross-linked clusters such as 
Fig. 6(d). If the approximation is made of neglecting 
all such cross-linked terms, but retaining all “self- 
energy” terms, the simplicity of the pair theory is 

4s A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 
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recovered. All particle state energies are then converted 
to “G matrix” energies. These particle state energies, in 
addition to being functions of the state in question, are 
also functions of all holes and particles that exist in a 
particular diagram at the time the particular pair 
containing the particle in question is created. This 
circumstance necessitates defining an infinite hierarchy 
of integral equation. The result is that the part of 
(YW HW) containing non-cross-linked diagrams and 
particle state interactions only is minimized to first 
order in ¢. Only in this sense are the Brueckner-Bethe 
integral equations derivable from a wave function. 

To the extent that the omitted terms are small, varia- 
tional thinking is valid and Brueckner’s procedure of 
minimizing the energy with respect to the density is 
permissible. 
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APPENDIX A 


The diagram notation of Goldstone as used here is 
the following. The sequence of events in a matrix ele- 
ment reads from left to right in the notation of 
this paper. Correspondingly a diagram reads from 
down to up. Particle (hole) states are represented 
by lines directed up (down). An A matrix of the type 
(mm, A! pipe) creates two particle-hole pairs. These 
are created on the same level of the diagram and are 
connected by an “A” line which is a wavy line. This 
explains the notation of Fig. 1(a). Some A matrices 
create a pair while merely scattering a second particle 
from one particle state to another, i.e., (pyms! A | pi’ ps). 
This is diagrammed in Fig. 7. The same notation is used 
for » matrices, but the wavy line is replaced by a dotted 
line. 

Some interactions scatter particles from one state to 
the next. These are represented by dotted (for » 
matrices) or wavy (for A matrices) lines terminating on 
the hole and particle lines that are scattered such as 
Fig. 4(d). 

Other interactions are diagonal in character and leave 
the particle in the same state it was in before. In this 
paper both direct and exchange elements are grouped 
as one and are represented by one bubble diagram 
attached to the particular particle or hole line in ques- 
tion. An example is Fig. 2(a). 


APPENDIX B 


In this appendix, we will find an approximate expres- 
sion for the fraction of excited pairs in the pair wave 
function (3.1) together with all unlinked clusters. Let 





VARIATIONAL 


us consider all terms in the normalization integral 
(wiv) that have P pairs excited. These number 
N1/(N—2P)!P!2?; P<N/2. Their average coefficient 
is (> pipe! (mime! A| pipe|*)w?; where the average is 
over hole states. Calling this latter coefficient §/, we 
have for the contribution of all terms with P pairs 
excited the value 


N! g\P NP sty? P 
conan ( ) a (-) for —<1. 
(N—2P)!PINP\2 Pi\2 N 


Let us assume (B-1) to be valid for all P. Then (B-1) 
defines a Poisson distribution and we have for the mean 
fraction of excited pairs the value 


(B-1) 


(P Ay LN = £, 


(B-2) 


If &<1, then (B-1) is a good approximation. Further 
the relative dispersion about the (?), term is small like 
O(1)/N, ie, (P?)w/(P)w?=1/(P)y. In this respect 
(W w) is quite like the cluster expansion of the partition 
function in statistical mechanics where the relative dis- 
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persion about the mean cluster populations is again 
O(1)/N. 

An expression for é is found by observing that for an 
isolated pair the wave function of the particles in the 
pair is 


Piyke= AL okidiet Dig (kik A ki+q; ko—q) 
Xdii+ebke-a, (B-3) 


so that 


1 " 
f=- ( Voair|“)w— 1 
v 


volume over which a pair is correlated 


(B-4) 


(B-5) 
volume per nucleon 


Bethe and Goldstone* have shown that for a hard-core 
interaction of the correlation range is of the order of the 
core radius. Further, they expect that an attractive well 
outside the core will not change this substantially. 
This would give an estimate for ¢ from (B-5) of &=1/10. 
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Longitudinal Polarization of Bremsstrahlung and Pair Production* 


Kirk W. McVoy 
Brookhaven National Laboratory, Upton, New York 
(Received May 8, 1958) 


The Born approximation bremsstrahlung (and pair production) cross sections, valid at all energies and 
angles, are given for all possible states of longitudinal polarization of the particles involved. 

When the photon-incoming electron angle (89) and the photon-outgoing electron angle (6) are both zero, a 
cancellation of Feynman diagrams causes all cross sections to vanish in Born approximation. Further, if 
both @ and @ are small compared to m?/E,?, the “‘spin-flip” cross sections are small (of order @) relative to 
the “non-spin-flip” ones. When account is taken of the above cancellation, angular momentum conservation 
is sufficient to determine this small-angle behavior, but it explains neither the sign nor the magnitude of the 


bremsstrahlung circular polarization 


INCE the recognition by Goldhaber et a/.! that the 

circular polarization of bremsstrahlung can serve 
as a useful means of measuring longitudinal electron 
polarization, considerable interest has developed in the 
bremsstrahlung cross sections for specific polarization 
states of the incoming and outgoing particles. Although 
several cross-section calculations are now available,” 
little emphasis has been given to the differential cross 
sections for the most general combinations of longi- 
tudinal polarization, nor has an attempt been made to 
understand the physical origin of the polarization 
effects. We shall present these cross sections in detail, 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

2 A definitive calculation of those integrated cross sections which 
are of most immediate experimental interest has recently been 
supplied by C. Fronsdal and H. Uberall [Phys. Rev. 111, 580 
(1958) ], which contains references to previous calculations. 


and call attention to their seemingly anomalous be- 
havior at small angles. The explanation of this anomaly 
provides some physical insight into the details of the 
process, and brings to light the rather unexpected role 
played by orbital angular momentum in the polariza- 
tion phenomena. 

In both bremsstrahlung and pair production, the 
total number of incoming and outgoing particles 
(apart from the static nucleus) is three, and since each 
particle has two states of longitudinal polarization, 
there are eight possible cross sections. However, by 
Lenard’s theorem,? two cross sections which differ 
from each other only in having all three spin directions 
reversed are equal in Born approximation, so to this 
approximation there are only four distinct cross sec- 
tions. If only one of the outgoing particles is to be 


3 A. Lenard, Phys. Rev. 107, 1712 (1957). 
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observed, then we are interested in the cross section 
which is summed over the two spin states of the other 
outgoing particle, and it is these (two) cross sections 
which are given in reference 2. However, if one wishes 
to use these processes as sources of longitudinally 
polarized outgoing particles, or if the longitudinal 
polarization is to be followed in the particles of a de- 
veloping electromagnetic cascade,‘ then the four cross 
sections, in which the polarization states of all three 
particles are specified, are of interest. The relativistic 
limits of these cross sections were published some time 
ago®; the expressions given below are valid for all 
energies and angles to which the Born approximation 
is applicable. Screening has been neglected in these 
expressions, but can be included merely by modifying 
the g~* factor ; it becomes important only for relativistic 
particles, where its effects are those given in reference 2 
and reference 5. 
Zé p dk dQqedQ 1 
do (€0,6,£) =—— — — —— -—X(e,6,e) 
137 po k (2m)? ¢ 


1 
X (€,6,€) = ——--_—__ 
(Eo— po cosbo)? 


KIRK W. 


McVOY 


I. BREMSSTRAHLUNG 


We shall specify the spin states of the particles 
involved in bremsstrahlung by the helicities eo, e¢, and 
5,° for the incoming electron, outgoing electron, and 
photon, respectively. They take on only the values 
+1,+1 referring in each case to a “forward-spin”’ 
particle, i.e., one whose spin and momentum define a 
right-handed screw. We use the notation of Bethe and 
Heitler,’ in which (po,/o), (k,k), and (p,E) are the 
momentum and energy of the incident electron, photon, 
and outgoing electron, respectively, and c=1. Also 0 
is the (po,k) angle, @ the (p,k) angle, a the (po,p) angle, 
and ¢ the angle between the (pok) and (p,k) planes. 
Ey= E+k and q= po— p—k. The four cross sections can 
be written in the following unified fashion: 


—{ po? sin*0o( EE +m?+ eeoppo) (1+ ee cosa) 


+k (EE — 5€opo) ( E—6ep) ( 1 —dée cos#) (1+6e9 cos) 


+5e pok[ (Eo—Seopo) (E—Sep) +m ][(1+4e0 cos) sin? sind) cosy+ e€o(1—de cos#) sin*6, }} 


1 
+a 
(E—p cos)? 


{ p sin’?@( EE )+m?+ eeoppo) (1+ e&0 cosa) 


+#(Eo+5eopo) (E+6ep) (1—de cos) (1+6e0 cosBo) 


+bepk[ (Eot+deopo)(E+bep) +m? ][(1—de cos) sin9 sindo cosy+eeo(1+64e cos) sin’ }} 


1 





(Eo— po cos8o) (E— p cos) 
+2k’m?(1—de cos8)(1+6e9 cosAo) 


{2(EE +m?*+ eeoppo) (1+ ee0 cosa) ppo sind sino cosy 


+éepok[ (Eot+deopo) (E+ésep) +m? ][ (1+6de0 cos#o) sin? sinfy cosp+eeo(1—de cos) sino | 


+deoph[ (Eo—Seopo)(E—Sep)+m?* ][(1—de cosd) sind sino cose+eeo(1+5eo cosfo) sin’? ]}. 


The validity of Lenard’s theorem’ is evident from 
the fact that the helicity coefficients appear only bi- 
linearly, as €0&, €05, or €9. 

As for comparisons with previously published cross 
sections, the sum of all four cross sections is just the 
Bethe-Heitler expression, as it should be. In addition, 
if only the spin-states of the outgoing electron are 
summed over, the resulting expression agrees with 
Eq. (13) of reference 2, for the special case of s parallel 
to p; in that equation. 


4F, J. Dyson, Ann. Phys. (to be published). 
5K. W. McVoy and F. J. Dyson, Phys. Rev. 106, 1360 (1957). 


(1) 
IL PAIR PRODUCTION 

The pair production cross sections are obtainable 
from those for bremsstrahlung, of course, by the sub- 
stitution law,* but since spin states are involved, we 
shall describe the substitution in detail. If we take as 
energy and momenta (k’,k’), (E_,p_), and (E£,,p,) for 
the photon, electron, and positron, respectively, the 


6 For more explicit definitions, see, e.g., K. W. McVoy, Phys. 
Rev. 106, 828 (1957). 

7See, e.g., W. Heitler, Quantum Theory of Radiation (Oxford 
University Press, Oxford, 1947), second edition, p. 164. 

8 See, e.g., J. M. Jauch and F. Rohrlich, The Theory of Photons 
and Electrons (Addison-Wesley Press, Cambridge, 1955), p. 161. 
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simplest substitution seems to be 


k’=k sk: p=p, E=-E; p=—p, £,.=—E; 


6’=6, e-=€0, and e,=—e, (2) 


where e, is the helicity of the physical positron (not of 
the “hole’’). In addition, Eq. (1) must be multiplied 
by pdE,/k'dk. 

As for the generality of these expressions, they are, 
of course, not restricted to beams of completely longi- 
tudinally polarized particles, but are applicable to any 
beam of incoming particles described by a spin density 
matrix which is diagonal (with respect to eigenstates of 
definite helicity). Physically, for an electron beam this 
is one in which all electron spins make the same angle 
with the momentum direction, but are distributed 
randomly over azimuthal angle. This is indeed just the 
type of beam which occurs most commonly in 8 decay. 
The above cross sections can than be employed in the 
following way. Let or and oc, be the bremsstrahlung 
cross sections given above for incoming right and left 
electrons, both leading to the same final states. Then 
the corresponding cross section for a beam of incoming 
electrons of the above type in which |apr/? and |a,;? 
are the diagonal elements of the spin density matrix 


19 


(jar|?+ |az|*=1) is, 


o= |@r|*or+ |a1|7or. 


Since the measurement of the spin states of both 
outgoing particles implies a measurement of their 
production-angles as well, only the differential cross 
sections are of interest in this case, and there seems to 
be no point in integrating them over the directions of 
the outgoing particles.’ 


III. THE “EXPLANATION” OF THE BREMSSTRAH- 
LUNG POLARIZATION IN TERMS OF ANGULAR 
MOMENTUM CONSERVATION 


The “naive” explanation of the high degree of circular 
polarization observed in bremsstrahlung from rela- 
tivistic, longitudinal electrons goes as follows. Let us 
label the four cross sections by helicity suffixes, 1c, 
denoting the helicities of the incident electron, photon 
and outgoing electron, reading from left to right. Each 
suffix can be either R or L, “R” denoting a “right 
particle” or “spin-forward”’ particle. Now the brem- 
strahlung from relativistic electrons is emitted mostly 
at small angles, so let us consider the special case in 
which both the photon and outgoing electron momenta 
are parallel to that of the incident electron. If we 
quantize angular momentum along this axis, none of 
the particles have components of orbital momentum 
along the axis, so their spin components along it must 
be conserved. For an initial R electron, J,=S,=+4 


® For very relativistic electrons, the outgoing particles are very 
much forward, and the average cross section for a given polariza- 
tion state may be of use. The integrations for this limiting case 
were given in reference 5, and an example of the their application 
is reference 4. 
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along this axis. This can be achieved in the final state 
only by adding +1 from the photon to —} from the 
electron, so all cross sections except orrx must be zero 
in this case, and the bremsstrahlung helicity should be 
the same as that of the incident electron. 

This argument, however, is invalid, for orrx is also 
zero, and in Born approximation there is no radiation 
at all, when po, p, and k are parallel. If the electron 
had no spin, this result would be a consequence of 
angular momentum conservation. The initial and final 
“electrons” would have J,=0, and could only radiate 
a photon with J,=S,=0; but S,=+1 for the electro- 
magnetic radiation field, so the process would be for- 
bidden in all orders. Dirac electrons, however, can 
conserve angular momentum in the process by spin- 
flip, and there seems to be no conservation law which 
forbids the radiation process in this case. Its non- 
occurrence appears to be a peculiarity of the Born 
approximation, and can be traced to a cancellation be- 
tween the two Feynman diagrams which contribute in 
this order. It can readily be seen (e.g., from the expres- 
sions given in reference 6) that both diagrams are zero 
in each of the cases (RRR), (RLR), and (RLL) if po, 
p, and k are parallel. For the case (RRL), however, 
which is allowed by angular momentum conservation, 
neither diagram is zero when all momenta are parallel, 
but the two cancel exactly in this case." 

Furthermore, the above ‘“‘naive argument,” invalid 
for 6)>=0=0, does not even retain approximate validity 
for small @) and @. This is because the entire matrix 
element is infinitesimal in this limit, so that the L.~0 
contributions, while infinitesimal, are not negligible, 
and orbital angular momentum actually plays an im- 
portant role as we shall show explicitly below. 

However, angular momentum conservation, when 
applied carefully, does explain certain important prop- 
erties of the cross sections of Eq. (1). Specifically, the 
angular dependence of the cross sections in the small- 
angle limit can be explained in this way, but the 
polarization of the bremsstrahlung cannot. Before pre- 
senting the argument, the exact limiting results we wish 
to explain are the following. Consider the limit @) — 0, 
6— 0 of Eq. (1), and keep only the leading terms in ¢, 
where we shall let « stand for any of the small quantities 
60, 8, and a. None of the cross sections remain finite 
in this limit (which is clear from the fact that the 
Bethe-Heitler cross section is proportional to é in this 


1 This cancellation will occur for bremsstrahlung in any central 
field, providing the recoil energy of the nucleus is neglected. 
Peculiarly enough, this effect persists in bremsstrahlung even 
when the electrons are described by Sommerfeld-Maue-Furry 
wave functions, although it does not persist in pair production 
calculated in this way. Since the electron-positron interaction is 
not included in this calculation, the same dynamical conservation 
laws should apply to both the bremsstrahlung and pair production 
processes in this approximation. The fact that they behave dif- 
ferently when po, p, and k are parallel would thus seem to indi- 
cate that the behavior cannot be due to a conservation principle. 
For these calculations see H. A. Bethe and L. C. Maximon, Phys. 
Rev. 93, 768 (1954). 
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limit), and the individual cross sections have as leading 
terms, 


- 
oRRR~C, TRRL~E, 


(3) 


‘. 
CRLR~YC, ORLL~ Ee. 


In other words, the cross sections involving no electron 
spin-flip are larger, at small angles, than those with 
spin-flip. This is true at all energies, and disagrees with 
what one would expect by extending the above ‘‘naive” 
argument from zero angle to small angles, for orrz is 
actually one of the ‘“‘small” cross sections. (However, 
the forward radiation from relativistic electrons does 
have predominantly the same helicity as the incident 
electron. This is because cree is the largest of the four 
cross sections, and is not a consequence of angular 
momentum conservation, as will be seen below.) 

These small-angle results can be obtained very 
simply in the nonrelativistic case, which is worth a few 
moments’ consideration. If we suppose for the purpose 
of illustration that Z is so small that Ze?/hv<1 even for 
a nonrelativistic electron, we can use the Born approxi- 
mation, in which case the angular dependence of the 
matrix element (for arbitrary 4 and @) has the well- 
known form 

gL (po— p)- € ](uo,2), 


where %o(po) and “(p) are the Pauli (2-dimensional) 
spinors for states of definite helicity, and e= (e,+-iée,)/ 
v2 for a photon travelling along the z axis (6=+1 is 
the photon helicity). From this we see immediately 
that, if po, p and kK are parallel, then (po— p)-e=0, and 
the process cannot occur at all, just as a dipole cannot 
radiate (transverse) photons along its own axis. Sec- 
ondly, if we note that 


tr (Po) 'ux(p)~a, 


p-e~é, 


ur(Po)'ur(p)~1, 


(4) 
Po: €~4o, 


as e— 0, we immediately get the results (3). 

To see that the small-angle behavior (at all energies) 
does indeed follow from angular momentum conserva- 
tion,” let us consider the bremsstrahlung matrix ele- 
ment as an element of the S matrix, 


m=<(f| S| i). (5) 


The only property of the S matrix we need is [.S,/, ]=0, 





J, eigenfunctions 
[Vim (F) 14. | 


J, eigenvalues 

(ABC) (€0/2—4) 
RRR 

Vy ou_; Vis, 


RRL 


RLR 
xs $ Y;, 144; Y;, gu_ 


RLL 


KIRK W. 
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i.e., J,=L,+s, is conserved. Since the nucleus is treated 
in the static approximation and exerts only a central 
force on the electron, it can absorb no angular momen- 
tum, so in (f) only the J, of the photon and outgoing 
electron need be considered. 

For simplicity consider the special (but entirely repre- 
sentative) case in which k, taken along the z axis, is 
parallel to po but not to p (Fig. 1). The argument then 
proceeds exactly as before, except that @#0, so the 
outgoing electron carries both orbital and spin angular 
momentum components along the z axis. If the initial 
electron and the photon helicities are @9 and 6, the 
outgoing electron must carry total angular momentum 
J ,=(eo/2—6) along the z axis, so if its wave function 
is expanded into J, eigenstates, only that part with 
J .= (@9/2—6) can contribute to IM. 

In order to accomplish this expansion, we can use 
the following spinor transformation. If ur(p), wz(p) 
are the eigenstates of o- p, and u,, wu the eigenstates 
of o;, then 

ur(p) =A, cos}0u,+A_ sindbe'*u_, 


‘ (6) 
uy(p)= —A_ sin}de~‘*u, +A, cos}0u_, 


where A, are real numbers, independent of @ and ¢, 
the polar angles of p. 

The desired expansion of the outgoing electron state 
is then 
u(p)e?*=4a > i'7,( pr) Vim* (Db) V m(F)[Lau,+Bu_], (7) 

lm 

where a(f), 8(p) are the expansion coefficients of Eq. 
(6). Since Vim(f)u, and Vim(*)u_ are J, eigenstates 
with M=m+4 and M=m-—4}, respectively, we can 
immediately read off the terms which will contribute 
to IN for each of the four cross sections. This in turn 
gives the dependence of SW on the direction of p 
through the factors Vim(p), a(P) and B(p). It is con- 
venient to define 

Vmn(P) = 4 2. i'j( pr) V im* (p) Feat Fr) — §"e —, 


l 


(8) 


the limiting expression giving its behavior as 0 — 0. 

When (7) is substituted into (5), the conservation 
of J, then gives the following nonzero contributions to 
MM, for the four polarization states: 


Angular dependence of S1(p) 


(General @) (@— 0) 


Yo sin(40)e** ; Y_, cos(40) bei? 


Yo cos($0) ; Y_1 sin(Z0)e~** 1;€ 
(9) 
¥1 cos(36) ; We sin(}0)e** be-*¥ 


Wi sin(}0)e~** ; W. cos(46) Pee, 


4 Incidentally, we might note that (po— p)-e=q-e=g.+i6g,. Consequently | q-e|?=g.?+-,? and is independent of 4, the photon’s 
helicity, so the bremsstrahlung from nonrelativistic electrons has mo circular polarization, now matter hat its angle of emission. 
12 My thanks to Dr. J. Weneser, who suggested this form of the argument. 
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1. Momentum relations for the special case 
under consideration. 
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In the small-angle limit, (RRL) would appear to 
remain finite and thus be the largest of the cross sec- 
tions, as the ‘naive’ argument suggested. However, 
we know by explicit calculation that a/l matrix elements 
so the contribution to the (RRL) 
0 term of Eq. (7) must in 


are zero when 6=0, 
matrix element from the m 
fact be identically zero in Born approximation. This is 
another way of describing the unexpected cancellation 


of Feynman diagrams discussed above, and does not 
seem to have a physical interpretation. Once we recog- 
nize the cancellation, though, and discard the ‘‘1”’ 
term, we see that (RRL)~6@, and the angular momen- 
tum argument does reproduce the results (3) obtained 
in Born approximation. For the range of validity of 
Eq. (9) see Appendix I. 

In summary, if we keep only terms through é in the 
small-angle limit, the expansions of the bremsstrahlung 
cross sections are® 
nonrelativistic case : 

(dorrr,dorri,dorirdo rrr \~{1,0,1,0 JedQedQ ; 

(10) 
extreme relativistic case: 


(dorrrdoreri,dorirdorit|~ [ E?,0, 7,0 JedQdQ. 


Although this limiting angular dependence is a conse- 
quence of angular momentum conservation, the sign 
and magnitude of the bremsstrahlung’s circular polar- 
ization arise from the fact that orrr>orzir, which is 
not obtainable from an angular momentum argument. 


APPENDIX I. RANGE OF VALIDITY OF 
THE SMALL-ANGLE EXPANSIONS 


It should be noted that the range of applicability of 
the small-angle expressions (3) and (9) is actually 
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quite small, for the neglected terms in these expansions 
become significant even at very small angles. This is of 
most interest for very relativistic electrons, in which 
case the expansions are valid, as we shall see, only in 
the angular range given approximately by 
m*/ FE). (A-1) 

At these energies the determining factor is g~*, and the 
Taylor expansion of g* begins with 

q? = (m*k/2EE)*+ pr0e+ pl —2pph0 cosy. (A-2) 
If we consider ky, E and & to be of the same order of 
magnitude, the & terms clearly are negligible only if 
(m?/E*), and since the é terms were neglected in (3), 
this expansion cannot be used at larger angles. This is 
made somewhat clearer if we recognize that the maxi- 
mum of the cross section comes at e~m?/E,?, for it is 
apparent that the simple behavior of (3) cannot hold 
beyond this maximum. Since the cross section remains 
significant out to e~m/Eo, we see that the expansion 
(3) holds over only a very small fraction of the sig- 
nificant angular range. 

From another point of view, the angular momentum 
argument, which was employed to derive the small- 


e< 


angle approximation of Eqs. (9), itself implies a severe 
restriction on the range of validity of this approxima 
tion. The limiting behavior was obtained from a small- 
angle expansion of Y;,(0,¢). For m<J1/2, which is true 
in the cases under consideration, the required expansion 


has the general form 
Py" (cosd)~6"(1+FP+ H+ -- +), 


so that the range of validity of the approximation 
Py"~6", which we used in deriving (9), is @<1/I. Since 


(A-3) 


in fact we employed this approximation in the sum (8), 
this implies the strong restriction 6<1/Z, if the major 
contributions to (8) came from /<L. 
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The distribution in charge of the product atoms of the radioactive decay Xe™-Cs has been examined 
under magnetic analysis. The relative intensities are found to be as follows, expressed in percent of the 
decay events, and going respectively from charge 1 through charge 23: 34.1, 3.74, 2.27, 2.15, 2.99, 4.27, 
6.14, 9.5, 12.3, 9.0, 6.06, 3.32, 1.76, 1.06, 0.66, 0.32, 0.13, 0.050, 0.014, 0.0075, 0.0027, 0.0013, 0.0005. In 
interpreting this charge spectrum, the initial part (charges 1 through 4) is attributed mainly to atoms that 
escape internal conversion, and the subsequent rise to a maximum at charge 9 and decrease to charge 23 is 
attributed to atoms that suffer internal conversion. The ratio of the intensities of the two parts of the distri- 
bution gives a total internal conversion coefficient for the K, L, and M shells of 1.4, in rough agreement 
with work of others. Comparison is made with the charge spectrum arising from internal conversion in 
Xe!3'™_Xe"4!, which had previously been measured in the same apparatus. From the low-charge end of the 
spectrum, the probabilities of electron loss as a result of the beta decay alone are derived as follows: no- 
electron loss, 0.8; 1-electron loss, 0.08; 2-electren loss, 0.04; 3-electron loss, 0.03. The high-charge side of 
the spectrum shows a shallow dip in the region of charges 12, 13 and 14, and beyond that point there is 
relatively more intensity in Xe™-Cs'® than there is in Xe"*!™-Xe", The difference in shape probably results 
both from the higher K/(L+M) conversion ratio of Xe™-Cs' as compared with Xe™!™-Xe"!, and from 
the fact that the beta emission in Xe™-Cs'* introduces electron loss by shake-off. The dip at charges 12, 13, 
and 14 suggests an underlying structure in the total distribution, comprising subspectra associated with the 
individual electron shells in which the vacancy cascades originate. 


BSERVATIONS of the charge spectra produced 
in atoms following radioactive decay have been 
limited, so far, to simple, unmixed modes of disinte- 
gration: the work! on Kr®-Rb®, for example, showed 
the kind of spectrum that follows a case of pure beta 
decay, the surveys”* of A*’-Cl*? were concerned with a 
case of pure electron capture, and the investigation‘ 
of Xe"*!™-Xe! dealt with pure internal conversion. 
In a case such as that of Kr*-Rb®, the ionizing 
process is an electric excitation which results from the 
change in the nuclear charge and has the primary effect 
of “shaking-off” an electron, usually one from the 
outside of the atom. The resulting spectrum drops 
sharply from charge 1 toward higher charges. The 
spectra for A*’-Cl? and Xe™!-Xe"!, on the other hand, 
start at low intensity for charge 1, rise to a maximum, 
and then decrease again at high-charge values. This 
kind of spectrum is yielded by events that produce 
as a primary result a hole in one of the inner electron 
shells, with the consequence that a cascade of vacancies 
is usually initiated which propagates through the action 
of successive radiationless transitions. It is natural now 
to ask what happens when these processes occur in 
combination, for example, in a radioactive transforma- 
tion for which charged particle emission is followed by 
internal conversion. It is in this connection that 
Xe!*8-Cs! becomes of interest. 
The 5.3-day activity in Xe consists of beta emission 
followed in about 35% of the events by gamma emission, 
and in the remaining 65% by internal conversion. 


1A. H. Snell and F. Pleasonton, Phys. Rev. 107, 740 (1957). 

2 A. H. Snell and F. Pleasonton, Phys. Rev. 100, 1396 (1955). 

30. Kofoed-Hansen, Phys. Rev. 96, 1045 (1954); and Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 29, No. 15 (1955) 

4F, Pleasonton and A. H. Snell, Proc. Roy. Soc. (London) 


A241, 141 (1957). 


Gamma emission can be expected to have only a weak 
coupling with the atomic electron structure, and its 
ionizing effects will probably be negligible so far as 
present considerations are concerned. If such is the case, 
the atoms that escape internal conversion should 
exhibit a charge spectrum characteristic of pure beta 
emission, qualitatively like that of Kr*-Rb*. On the 
other hand, the atoms that undergo internal conversion 
can be subdivided into two groups; viz., those which 
escape electric excitation arising from the alteration 
in nuclear charge, and those in which electric excitation 
or ionization may be compounded with the vacancy 
cascade process. The former subgroup should show a 
charge spectrum characteristic of pure internal con- 
version, and therefore, somewhat similar to the spec- 
trum that we have already studied in Xe™™-Xe"!, 
except that there will be an extra unit of charge con- 
tributed by the departure of the negative beta particle. 
About the second subgroup little can be said a priori; 
but it seems reasonable to expect that the mean state 
of ionization would be somewhat higher in these atoms 
than in those for which the vacancy cascades are not 
abetted by the nuclear transformation. We shall see 
in this paper to what extent experiment supplies 
information relevant to these expectations. 


DISINTEGRATION SCHEME AND THE PURITY 
OF THE ACTIVITY 

The main features of the decay scheme of Xe™-Cs'#% 
have been known since its early discovery among the 
fission products; they consist of beta emission having 
a maximum energy of 0.347 Mev, leading to a level 
at 82 kev in Cs™, which, as mentioned above, decays 
in a rather even balance between gamma emission and 


1338 





CHARGE 


internal conversion.’ This intense branch is the decay 
mode that concerns us particularly here, and it is 
indicated heavily in Fig. 1, but other, weaker features 
of the scheme are also known. A gamma ray of 380 kev, 
for example, was reported in 1951 by Ketelle, Brosi, and 
Zeldes,® and in the present work an examination of 
our gas samples by means of a scintillation spectrometer 
has revealed the same gamma ray, together with 
another having an energy of 160 kev, which decays 
with the 5.3 day half-life, and a third at 302 kev which 
was too weak to permit a measurement of the rate of 
decay. These observations fit well with the studies of 
Coulomb excitation in Cs™ that have been performed 
by Temmer and Heydenburg’ and particularly by 
Fagg. The Cs™ level scheme shown in Fig. 1 has in 
fact been taken from Fagg’s paper. It should further 
be noted that Graham and Bell’ have found the 82-kev 
level in Cs to decay with a mean life of about 10~* sec. 

Figure 1 also shows a metastable level in Xe, which 
was found by Ketelle, Brosi, and Zeldes” to have a 
half-life of 2.3 days. In fission product xenon this level 
is weakly populated in comparison with the ground 
state of Xe, but inasmuch as its gamma ray is fairly 
highly internally converted, it represented a possible 
contaminant that had to be watched. Other potential 
contaminants were Xe" (9.4 hr) which is initially 
strong in fission-product xenon, and Xe!» (12 day) 
which is initially weak but which would cause concern 
in old samples. (The magnetic spectrometer would give 
only an imperfect discrimination against these activities 


433 


Fic. 1. The decay scheme of Xe!*-Cs! according to present 
knowledge. The branch that is heavily indicated dominates 
greatly in intensity. The levels in Cs are taken from the Coulomb 
excitation work of Fagg (reference 8), and the spin and parity 
assignments are taken from Bergstrém (reference 5). The beta 
transitions shown by dashed lines are apparently too weak to 
have been observed independently; their existence is inferred 
from the detection of the 160-, 302-, and 385-kev gamma rays 
in the Xe!* activity. 


6 A discussion of these features of the decay scheme has been 
given by I. Bergstrém, Arkiv. Fysik. 5, 191 (1952). 

6 Ketelle, Brosi, and Zeldes [private communication cited by 
Bergstrom (reference 5) J. 

7G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 

1954). 
; 8L. W. Fagg, Phys. Rev. 109, 100 (1958). 

9R. L. Graham and R. E. Bell, Can. J. Phys. 31, 377 (1953). 

 Ketelle, Brosi, and Zeldes, Phys. Rev. 80, 485 (1950). 
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on the basis of their separation by two units from mass 
133.) Our main reliance on purity from all three of the 
possible contaminating activities was based upon 
timing. The xenon was separated directly from uranium 
reactor slugs, usually abouc a week after the stop of 
irradiation ; it was purified of krypton and supplied to us 
by the Operations Division of the Laboratory in samples 
that were sometimes much too strong for us to use in 
their entirety.'' We allowed the xenon samples to decay 
for a further week or two, which reduced the 9.4-hour 
activity to utter negligibility, and permitted the 2.3-day 
activity to subside somewhat relative to the 5.3-day 
activity, and then we took measurements as desired 
until the samples were about a month old. After that the 
measurements were stopped because of the increasing 
relative strength of the 12-day activity. A calculation 
based upon published fission yield data, branching 
ratios, internal conversion coefficients, and half-lives 
of not only the xenon activities but also their iodine 
precursors showed that with an 8-day wait before 
xenon extraction, followed by another wait of 10 days, 
the decay rates of the 2.3-day and the 12-day activities 
(both of which would contribute solely to the internal 
conversion part of the charge spectrum) would be, 
respectively, 0.4% and 0.9% of the internal conversion 
rate in the 5.3 day Xe'-Cs™. The mass discrimination 
of the spectrometer would in addition reduce the 
registered ion counting rates for Xe™! by a factor of 
two or three, so it seems clear that advantageous timing 
is sufficient to give us the essentially pure 5.3-day 
activity. 


CHARGE SPECTROMETER 


The apparatus employed for these measurements was 
fundamentally as has been described previously,‘ and 
its mode of use has been essentially unchanged. How- 
ever, some refinements have been introduced since our 
experiments on Kr®-Rb* and Xe™!"-Xe"™!. The source 
and image apertures have been narrowed from circles 
half an inch in diameter to slots about a quarter of an 
inch wide and half an inch long, the exit aperture being 
“tailored” to fit the size and shape of the image as 
observed upon photographic film. (Protons from an ion 
source were used to obtain the photographs.) These 
changes have improved the resolution of the instrument 
slightly, but they are beneficial also in that, by reducing 
the pump-through rate of the radioactive gas, they 
have enabled us to obtain more counts from a given 
sample. The magnet has been modified so as to obtain 
field strengths of 5000 gauss or more, instead of the 
previous maximum of 2000 gauss; this permits us to 
use higher ion-collecting voltages, with a consequent 
substantial improvement in intensity. Finally, the 
detector (an electron multiplier) has been arranged to 
operate at a controllable bias voltage relative to ground, 


4 We continue in our obligation to R. E. McHenry for the 
purification and preparation of the radioactive rare gas samples. 
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Fic. 2. An experimental trace over the charge 14 peak in 
Xe!-Cs!8 showing half-width in energy and resolution from the 
neighboring peak due to ions of charge 15. 


thus enabling us to use the same artifice as is used in the 
collecting volume to ensure that the focusing forces are 
uniform for ions of different charge; viz., to make the 
accelerating voltages always inversely proportional to 
the charge of the ion under investigation. It is not clear 
that this has made any difference at the output end of 
the spectrometer so long as the acceleration is applied 
across a gap bounded by plane parallel grids, but it 
seemed to be a worthwhile precaution that might 
guard against possible systematic errors. The whole 
source volume with its collecting electrodes has also 
been changed, the new one being free of neoprene 
gaskets and employing bakeable materials throughout 
its construction. The vacuum conditions have thereby 
been improved, but this has had little effect for gases 
like Xe for which a refrigerant can be used; its main 
purpose has been to make the apparatus capable of 
handling condensible vapors under acceptable condi- 
tions in future work. 

The Xe™™-Cs'™ measurements were made at varying 
times during the course of these changes, but the 
changes have not appreciably affected the shape of the 
charge spectrum as we have seen it. The performance 
of the spectrometer can be judged from Fig. 2, which 
illustrates a detailed sweep over the charge 14 peak of 
Xe"_Cs"8, and gives an indication of the resolution 
from the neighboring peak at charge 15. Usually, 
however, we do not go over the peaks point by point, 
but simply make a single spectrometer setting at the 
apex. 


EXPERIMENTAL RESULTS 


The results of the Xe“-Cs'™ survey are given in 
Table I, and they are indicated as the heavily-shaded 
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columns in the semilogarithmic histogram of Fig. 3. 
Our estimates of the fifty percent reliability limits of 
the intensities of the various charge states are also 
given in Table I. The figures for the errors are derived 
mostly from the statistics of counting, with some 
enlargement to allow for minor nonreproducibilities of 
the results as exhibited in various runs, taken at various 
times, from various gas samples, and during the course 
of the sundry modifications in the apparatus. A pre- 
ponderant weight has been given to the final run, taken 
after the resolution of the spectrometer had been 
increased and after the introduction of the variable 
detector bias voltage. Possible nonuniformity of the 
efficiency of the multiplier in counting the ions of 
various charges was looked for by taking integral bias 
curves using the cesium ions themselves. No such 
variability was found with this particular multiplier in 
the state of activation that it had at that time, and 
therefore no corrections have been considered necessary 
as arising from this cause. The data were taken at total 
pressures of 2X 10~* and 1X10~-* mm Hg as indicated 
by ionization gauges attached to the source volume 
and the deflection chamber, respectively, and they show 
little or no sensitivity to source volume pressure 
through an increase by a factor of at least 4. Checks on 
the shapes of some of the lines have also been applied 
at times, and the relative intensities have been com- 
pared at different ranges of operating voltage. 

It has been found necessary to apply a small correc- 
tion to the measured intensities of the ions of high 
charge to compensate for the overlapping of adjacent 
peaks. An examination of peak shapes indicates that 
this is significant only for ions of charge 19 and above; 
at most it amounts to 6% of the measured intensity, 
and the data given in Table I have been corrected in 
this respect. 


DISCUSSION 


The division of the charge spectrum of Xe'-Cs'™ 
into two parts is immediately apparent in Fig. 3, and 
it seems natural at once to ascribe most of the part 
comprising a decrease through charges 1, 2, and 3 to 
atoms that escape internal conversion, and most of the 


TABLE I. Distribution in charge of the ions produced in the 
radioactive decay Xe!-Cs'*, 


Charge Intensity 
of ion 


Intensity 
(percent of decays) 


Charge 
of ion 


oul 


0.13 +0.01 

0.050 +0.005 
0.014 +0.002 
0.0075+0.001 

0.0027 +0.0007 
0.0013=0.0006 
0.0005+0.0005 
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3,320.04 
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Fic. 3. The charge spec 
trum of Xe!-Cs!8 (5.3 
day) is herein shown in bold 
columns, and_ that of 
Xe!3!m_Xe!#! is lightly indi- 
cated for comparison. The 
Xe! spectrum has _ been 
shifted by plus one unit of 
charge in order to compen 
sate for the difference in the 
nuclear charges of the 
product atoms, and its 
shifted intensity has been 
normalized so as to match 
the total number of internal 
conversions in Xe!3!™.Xel#! 
to the total number of con 
versions in Xe!-Cgs!8, 
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remainder, comprising the rise to a maximum at charge 
9 and a subsequent falling off to charge 23, to atoms that 
undergo internal conversion. The second part strongly 
resembles the charge spectrum produced by pure 
internal conversion in Xe!™-Xe'; the latter reaches 
a maximum at charge 8, which matches the charge 9 
here observed when one remembers the extra unit of 
charge contributed by the departure of the beta 
particle. The intensity at charge 23 was measured for 
comparison with an anomalously high value that we 
had observed for charge 22 in Xe'*!™-Xe"'. The present 
measurements do not repeat the anomaly, suggesting 
that we were probably correct in attributing it to 
impurities, since in the new and cleaner version of the 
apparatus, and with a slight shift in the setting because 
of the 131-133 mass difference, it has disappeared. 
There is need, for the sake of further analysis, to 
attempt a resolution of the two parts of the spectrum 
in the region of overlap at charges 3 and 4. The only 
available information to which one can turn for guidance 
is again the Xe'™-Xe"*! data, and for present purposes 
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this spectrum is reproduced as the lightly-shaded 
columns in Fig. 3, with a shift of +1 in charge and an 
adjustment in total intensity to match the total 
intensity of the internally-converted part of the 
Xe'*-Cs' distribution. By taking differences between 
the column heights, one can then estimate that 3.4% 
of the decays produce charge 2 ions without internal 
conversion, 1.7% produce charge 3 and 1.1% produce 
charge 4, likewise without conversion. Beyond charge 
4 the differences become small, one encounters an 
irregularity in the Xe™!"-Xe™! distribution, and one 
can only guess that in charges 5 and 6, together, 
perhaps a further 1.2% of the decays take place 
without internal conversion. In sum, the analysis would 
seem to indicate that 41.5% of the decays take place 
without internal conversion. The ratio 58.5/41.5, or 
1.41 can be identified with the combined K, L, and M 
internal conversion coefficients on the grounds that a 
vacancy cascade initiated in any one of these shells 
is likely to lead to ions of charge 4 or higher, and that 
the number of conversions in the NV and O shells is 
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likely to be negligible.’* Independent measurements of 
the same quantity have been carried out by Bergstrém 
et al.* and by Graham and Bell,® using the methods of 
scintillation spectrometry whereby the intensity of the 
K x-rays of Cs is compared with the intensity of escaping 
82-kev gamma rays. The resulting figures for ax.14™ 
were 1.77+0.09 and 2.06+0.2, respectively, and they 
therefore lie somewhat higher than our 1.41, to which 
an error +0.1 can perhaps be attached. Despite the 
fact that the agreemen: is close enough to support our 
interpretation in a general way, one wonders as to the 
source of the discrepancy. Possibly some little-under- 
stood surface effects are degrading ions of higher 
charge in our experiment, making charge 1 appear more 
intense than it should be; further work would be 
required to elucidate this as a source of systematic 
error. It seems to be difficult to fix the blame on an 
incomplete knowledge of the decay scheme, because to 
resolve the discrepancy in this direction, 12% of the 
decays would have to follow channels that avoid the 
82-kev level and at the same time be free of internal 
conversion. In contradiction, our own observations 
with the scintillation spectrometer place an upper limit 
on the combined intensities of the unconverted 160-, 
302- and 385-kev gamma rays at about 1% of the 
intensity of the unconverted 82-kev gamma ray, or 
about 0.3% of the disintegrations. Bergstrém* would 
set an even lower limit. A ground-state to ground-state 
beta transition of 12% intensity would seem to be 
unlikely if the spin and parity assignments shown in 
Fig. 1 are correct, for such a transition would be doubly 
forbidden, in competition with the allowed transition 
through the 82-kev level. 

Returning now to the unconverted ions of charges 
1, 2, 3, and 4, one observes that after resolution of the 
two parts of the spectrum their relative intensities give 
the initial part of the shake-off charge spectrum for 
xenon. One derives directly that as a result of beta 
decay in xenon (without internal conversion), the 
following probabilities can be established : 


0.8; 

0.08 ; 
0.04; 
0.03; 
0.03. 


Probability of zero-electron loss 
Probability of one-electron loss 
Probability of two-electron loss 
Probability of three-electron loss 
Probability of more than three-electron loss 


More accurate figures will become available if the 
charge spectrum can in the future be measured for some 
xenon isotope that is more nearly a pure beta emitter, 
but it is interesting to note that these figures are 
sufficiently close to those of Kr*-Rb* ! to suggest that 
these probabilities are at best only slowly-varying 
functions of Z, at least for atoms having the rare-gas 
electron configuraiions. 


124. E. S. Green and A. H. Snell, Proc. Roy. Soc. (London) 
A242, 400 (1957). 

13 Bergstrém, Thulin, Wapstra, and Astrém, Arkiv. Fysik. 7, 
255 (1954). 
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When we examine the high-charge slope of the charge 
spectrum, an unexpected feature emerges. This takes 
the form of a mild inflection which actually is present 
also in Xe"!™-Xe'! but to such a slight extent that it 
could hardly be taken seriously, and which now emerges 
in Xe"-Cs'3 jn accentuated form. In Xe#!™Xel3l, 
charges 12 and 13 (plotted as 13 and 14 in Fig. 3) 
lie slightly below the smooth course of the intensities 
of neighboring charge states. In Xe'**-Cs"™, charges 12, 
13, and 14 contribute to a deeper dip. The contrast 
between the spectra emerges clearly when one observes 
that through charges 9, 10, 11, and 12, Xe"-Cs"* is the 
weaker of the two, while for charges 13, 14, 15, 16, 17, 18, 
and 19 the reverse is true. (Above charge 19 the errors 
become rather large, and the comparison becomes less 
certain.) There does actually appear to be a concen- 
tration of intensity in the high charge states of 
Xe'*_Cs!% which is not present in Xe'*!"-Xe!*". 

Two possible reasons come to mind for the difference 
in the shapes of the two distributions. They are: 


(1) In Xe™-Cs!'® the K/(L+-M) internal conversion 
ratio is larger than it is in Xe“!™-Xe"!, It has been 
reported as 4.90+0.15° and as 6.0+0.2° for the former 
and as 1.70+0.04° and 3.4" for the latter. If in 
(Cs')* a greater proportion of the vacancy cascades 
start in the K shell than they do in Xe", the availa- 
bility in the former of a larger number of multiplicative 
steps will lead on the average to a greater population 
in the high-charge states. 

(2) There may be a “compounding” of the vacancy 
cascades with the shake-off process associated with the 
alteration of nuclear charge in Xe'*-Cs'** which is 
absent in Xe¥!™-Xe™!, 


’ 


The first of these possibilities is difficult to analyze 
further with present information, in the face of the 
complexity of the atomic situation. The second might 
appear to be capable of further analysis, for one might 
attempt to extract the shake-off effect from the com- 
bination, by making use of the shake-off probabilities 
derived from the low-charge end of the spectrum. Such 
an attack would lead to the establishment of a set of 
simultaneous equations in which the intensity of 
charge i+1 (the +1 is again for the beta particle) is 
expressed as the sum of terms consisting of the products 
of the shake-off probability for zero electrons with the 
probability of loss of ¢ electrons in the vacancy cascade 
process, plus the product of loss by shake-off of 1 
electron times the probability of loss of i—1 electrons 
in vacancy cascades, and so on. Such a procedure would 
be predicated upon the assumption that the shake-off 
and the vacancy cascades take place independently, 
which is plausible in view of the delay associated with 
the 82-kev level, although the concurrent assumption 
that the ionizing power of vacancy cascades will be 


4 L, Cheng and J. D. Kurbatov, Phys. Rev. 78, 319 (1950). 





CHARGE 


unaffected by a previous loss of electrons is perhaps less 
well founded. Our attempts at an analysis of this kind 
failed because the shake-off probabilities cannot be 
sufficiently precisely determined in the present work; 
if an independent shake off spectrum can be accurately 
measured in the future, the analysis might be worth 
attempting anew. 

The best explanation for the dip at charges 12, 13, 
and 14 in both Xe-Cs' and Xe'!™-Xe" would seem 
to be that it is an indication of structure such as one 
would expect to be associated with the individual 
electron shells in which the vacancy cascades are 
initiated, and that the main strength of the spectrum 
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at the high-charge end derives from initial vacancies 
which have appeared in the K shell. This K-shell 
distribution then merges into a weaker mixture of 
different distributions, mostly at lower charge states, 
which derive from vacancy cascades which have 
started from other shells. This kind of structure would 
be illuminated by an experiment in which the charged 
ions are extracted from xenon gas under irradiation with 
x-rays, the energy of the x-rays being adjusted first 
at one side and then at the other side of an absorption 
edge. We understand that experiments of this kind are 
being contemplated in one or two other laboratories, 
and we shall await their outcome with interest. 
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The disintegrations of La™*, Ba"5™, and Nd"? have been studied with the help of magnetic spectrometers 
and scintillation counters. La™* decays almost entirely by electron capture. The half-life has been found 
to be 19.8+0.2 hr. Electron capture to the ground state takes place in 95-97% of all disintegrations. Gamma- 
rays of energies 104, 218, 265, 295, 367, 481, 588, 642, 862 kev have been found. There is a very weak positron 
spectrum. The internal-conversion coefficient of the line at 481 kev has been measured. The value ax = 0.0130 
indicates an M1 transition. The line at 862 kev has ax=2.5X10~. The disintegration scheme is discussed. 
The internal-conversion coefficient of the line at 265 kev from Ba™™ has been found to be ax =3.82+0.2. 
The spectrum of Nd"? has been reinvestigated, confirming the scheme of Hans, Saraf, and Mandeville. 
The internal-conversion coefficient for the line at 92 kev has been found to be 1.52+0.05. 


I. DISINTEGRATION OF LANTHANUM-135 


1. Introduction 


HE disintegration of La'® has been studied by 
various authors over the last fifteen years, but 
the information on the disintegration scheme has, so far, 
been quite incomplete. Weimer, Pool, and Kurbatov! 
irradiated barium with deuterons and found a sub- 
stance in the lanthanum fraction having a half-life of 
17.5 hr, decaying predominantly by electron capture 
and having a gamma ray, measured by absorption, 
whose energy was 880 kev. Chubbuck and Perlman? 
investigated the lanthanum fraction produced from the 
alpha-particle bombardment of cesium and found an 
activity decaying by electron capture with a half-life 
of 19.5 hr which they ascribed to La'*, Wapstra* 
prepared La" by deuteron bombardment of barium 
and measured two gamma rays, using scintillation 
counter techniques, having energies of 485 and 660 kev, 
whose intensity ratio was 6:1. In addition, barium 
x-rays were found, which were about fifty times as 
t Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
1 Weimer, Pool, and Kurbatov, Phys. Rev. 63, 67 (1943). 


2 J. B. Chubbuck and I. Perlman, Phys. Rev. 74, 982 (1948). 
3A. H. Wapstra, Physica 19, 671 (1953). 


strong as the gamma rays, indicating that approxi- 
mately 98% of the disintegrations occurred by electron 
capture to the ground state of Ba'®®. No indication of 
a gamma ray of energy 269 kev was found, indicating 
that the 29-hr metastable state’ of Ba!® is not excited 
in the decay of La'*. Wapstra interpreted this to mean 
that the ground state of La'*® probably has the con- 
figuration ds5,2 rather than g7,2. Finally, Fagg® has found 
a state at 218 kev arising as a result of the Coulomb 
excitation of separated Ba'** by alpha particles. 

The present work was undertaken to make a more 
detailed study of the radiations from La'* with the 
help of a magnetic spectrometer and scintillation 
counters. In addition, the radiations from the 29-hr 
Ba" were reinvestigated. 


2. Source Preparation 


Electromagnetically separated Ba™ (50.8%), in the 
form of BaCO;, was bombarded by deuterons in the 
Indiana University Cyclotron. Iron carrier was added 
as a gathering agent for lanthanum, and the trivalent 
hydroxides were precipitated with ammonia leaving the 


*R. D. Hill and F. R. Metzger, Phys. Rev. 83, 455 (1951). 
5 W. H. Cuffey and R. Canada, Phys. Rev. 83, 654 (1951). 
*L. W. Fagg, Phys. Rev. 109, 100 (1958). 
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Fic. 1. Gamma-ray spectrum of La’ observed with 
a scintillation spectrometer. 


barium in solution. The hydroxides were redissolved 
and precipitated a second time to remove any occluded 
barium salts. The lanthanum was separated carrier 
free from the iron by dissolving the hydroxides in 
hydrochloric acid and passing the solution through a 
Dowex-50 ion exchange column and washing with HC! 
at suitable acid concentrations. This process was, like- 
wise, repeated twice. 

The barium, on which certain experiments were 
performed, was precipitated as carbonate from the 
ammoniacal solution. 

The sources of either lanthanum or barium were laid 
down as chlorides on a thin Zapon backing and meas- 
ured either with a scintillation spectrometer or a mag- 
netic lens spectrometer. 


3. Measurements on La!® 


The half-life of La® was measured on several sources 
and was found to be 19.8+0.2 hr. 

The gamma-ray spectrum was measured with the 
help of a NaI (TI) scintillation spectrometer using either 
a 100-channel analyzer or a single-channel analyzer for 
measurement. It was apparent at once that barium 
x-rays, emitted by the source, were exceedingly strong 
compared to any gamma-ray emission. A_ typical 
spectrum is shown in Figs. 1 and 2. Lines will be seen 
at 862, 588, and 481 kev. There are also lower energy 
lines, resolved in coincidence and also seen as internal- 
conversion lines in a magnetic lens spectrometer (see 
below), but these are obscured in the Compton back- 
ground. 

The strongest line is that at 481 kev. The intensity 
of this line was compared to that of the x-rays. This 
was accomplished by measuring the area under the 
photopeak of the 481-kev line and that under the 
x-ray, using a set of “peak to total” curves for various 
gamma-ray energies taken with the same geometry and 
crystal, and using the efficiency curves of Wolicki, 
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Jastrow, and Brooks.’ Corrections were also made for 
absorption of the x-rays in the aluminum housing of 
the crystal. The intensity of the 481-kev gamma ray is 
approximately 2.6% of the intensity of the x-rays. It 
follows that the main mode of decay of the La™® is by 
electron capture to the ground state, in agreement with 
the earlier work.** The relative intensities of the lines 
at 481, 588, and 862 kev, measured in the same manner, 
stand in the ratio 1.00:0.11:0.17 within an estimated 
error of approximately 10%. Thus, electron capture to 
the ground state takes place in 95-97% of all dis- 
integrations. 

The particle spectrum of La!* was measured in a 
magnetic lens spectrometer using a carrier-free source 
and is shown in Fig. 3. The spectrometer contained no 
spiral baffle to separate positrons from electrons. It is 


immediately evident from Fig. 3 that positrons, if 
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Fic. 2. Scintillation spectrum of La’** showing 
detail of line at 587 kev. 


present, are of very low abundance. In order to make 
a further search for positrons, a source was investigated 
with the help of a 180°-type magnetic spectrometer. 
An extremely weak positron distribution was indeed 
found, but it was so weak that it was impossible to 
make a Fermi plot or determine the end point. 

The energies of the gamma rays associated with the 
several internal-conversion lines are given in Table I. 
The line marked 2a comes at the energy to be expected 
for the line at 265 kev from Ba”. This line is very 
weak and may arise in part from an imperfect separation 
of lanthanum from barium. Its relative intensity was 
much less when the chemical separation was carried 
through twice rather than only once. Nevertheless, the 


7 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished). 





DISINTEGRATION OF La!#* AND 
line is always present, and it is felt that it probably 
arises from a transition from the level at 481 kev to 
that at 218 kev. The line at 218 kev is, presumably, 
the same as that observed by Fagg at 218 kev arising 
from Coulomb excitation. Figure 4 shows an NV/J vs I 
plot of the line at 481 kev. The ratio of K/(L+M) for 
this line, determined from several experiments, was 
found to be 7.2. 

In order to obtain more information on the nature 
of the disintegration scheme, gamma-gamma coinci- 
dence measurements were made using two scintillation 
counters. One photomultiplier assembly was fed to a 
single-channel analyzer and could be set on any desired 
region of the spectrum. The other was fed to a 20- 
channel pulse-hejght analyzer. A fast-slow coincidence 
set was used to open a gate on the 20-channel pulse- 
height analyzer. Thus, if the single-channel pulse-height 
analyzer were set on some particular line, the 20-channel 
analyzer displayed pulses arising from all gamma rays 
in coincidence with the gamma ray in question. 
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Fic. 3. Internal-conversion lines of La’. 


In one experiment, the single-channel analyzer was 
set at the position of the 218-kev line, and the 20- 
channel analyzer was set to display all lines whose 
energies lay between 200 and 800 kev. In this case, 
strong coincidences were obtained at 642, 360, and 220 
kev. Thus, a new line was discovered at 642 kev, for 
which a place exists on the disintegration scheme. On 
the other hand, with the single-channel analyzer set on 
the line at 367 kev, strong coincidences are obtained 
with the line at 218 kev. From these experiments, it is 
seen that the line at 218 kev is in coincidence with a 
line at 642 kev and one at 360-370 kev. The line at 
218-220 kev, which appears when the single-channel 
analyzer is set at the 218-kev position, can be accounted 
for by assuming that it arises from coincidences between 
Co npton electrons from higher-energy lines, detected 
in the single-channel analyzer, and the 218-kev line. 

Using the measured energies of the gamma rays, the 
disintegration scheme shown in Fig. 5 was constructed. 
Coincidences between the stronger lines, viz. the 642- 
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TABLE I. Energies of gamma rays determined from 
internal-conversion lines. 


Energy of 
gamma ray 
Line No (kev 


104 
218 
265 
295 


218 kev and the 367-218 kev, have been verified by 
experiment. The weak line at 263 kev, shown dotted in 
the diagram, is assumed to arise from a transition be- 
tween the 481-kev and 218-kev states. The very weak 
line at 104 kev is likewise assumed to be a transition 
between the 588-kev and the 481-kev states. A very 
weak positron emission has been measured but its end- 
point energy has not been determined. It is assumed 
that it takes place to the ground state of Ba’*. The 
total disintegration energy of La’ is predicted to be 
1.3 Mev from the curves of Way and Wood® which 
would leave an energy of 300 kev available for positrons 
to the ground state, and this was roughly what was 
found. 

The internal-conversion coefficient of the line at 481 
kev was measured by a comparison method in the 
following manner. The internal-conversion electrons for 
the 481-kev line were measured either in the magnetic 
lens spectrometer or in the 180° spectrometer. The 
number of K internal-conversion electrons for the 481- 
kev line was thereby determined. A source of Cs*? was 
then placed in the same instrument and the number of 
K internal-conversion electrons for the 661-kev gamma 
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Fic. 4. The internal-conversion line of the 481-kev gamma ray. 


8K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 
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Fic. 5. Disintegration scheme of La™®. 


ray were determined from this source. The intensities 
of the 661-kev gamma ray from Cs"? and the 481-kev 
gamma ray from La™ were then measured in a standard 
position with a calibrated scintillation spectrometer. In 
the case of the 481-kev line of La™*, corrections were 
applied for the contributions from higher energy lines, 
for the overlap of the 588-kev line with the 481-kev 
line, and for the decay of the source. One therefore 
determines (ax**!/ax“) from the relation 


(ax***/ax) = (N1/N.) X (N,*/Ny"*). 


The result, using two different cesium sources, was 
ax**!/ax@=0.136+0.004. Using the theoretical value of 
Sliv and Band® for ax for cesium of 0.096, the value 
of ax**! is found to be 0.0130. This agrees with the Sliv 
and Band value for an M1 transition of 481 kev and 
barium (Z=56), the product nucleus. Their calculated 
value is 0.0130. From this measurement, it is to be 
inferred that the 481-kev transition is an M1 transition 
with very little mixing of E2. The K/(Z+M) ratio of 
7.2 is also in agreement with this conclusion. The total 
conversion coefficient of the line at 862 kev was de- 
termined by comparing the area under the (unresolved) 
conversion line with the area under the K-conversion 
line for the gamma ray at 481 kev. Using these values, 
the relative intensities of the 862-kev and 481-kev lines 
given above, and the value of ax for the 481-kev line 
determined by these experiments, a value of atot= 2.8 
X 10~ was obtained for the 862-kev line. In this region, 
the coefficients for M1 and £2 transitions lie close 
together. Correcting for the K/L ratio, using the tables 
of Rose” corrected for finite size of the nucleus, one 
obtains ax***=2.5X10-*. The theoretical values are 
a2=2.25X 10, 6:=3.0X10-*. It is not felt that these 
measurements are good enough to distinguish between 
the two, but there is a slight preference toward £2. 
From the information obtained in these experiments, 


§L. A. Sliv and I. M. Band, Leningrad Physics-Technical 
Institute Report, 1956 (translation: Report 57 ICCK 1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 

10M. E. Rose, “Internal-Conversion Coefficients,” No, 14 Oak 
Ridge National Laboratory (privately circulated), 
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it is possible to draw some conclusions concerning the 
spins and parities of some of the levels of Ba and the 
ground state of La'**, Table II summarizes the values 
of the decay energy, energy of the positrons (if any), 
branching ratio (relative probability of reaching a given 
state), logft, and fx/f, for the ground, 481-kev and 
862-kev states, respectively. In the one case (transition 
to the ground state) in which positron emission is 
possible, f= /x+/,; otherwise f= fx. 

The ground state of 5.Baz7'** is known to have a spin 
of $ and corresponds to the configuration (d3/2*)3;2. The 
magnetic moment is +0.832293 nm.'! The value of 
log/t for the transition from La*** to the ground state 
of Ba" is 5.7. The configuration of the ground state 
of La™®, therefore, cannot be g7/2, since such a con- 
figuration would require a log/t of ~13. Since the gz/2 
and ds,2 levels have approximately the same energy in 
this region but, according to Nilsson,'*? the ds,2 level 
lies lower, the configuration d5,2 is ascribed to the ground 
state of La™*. This is in agreement with the measured 
value of logft and also accounts for the absence of 
transitions to the /1/2 state, as has been found in these 
experiments. 

The level order in Ba’**, according to Nilsson, 
should be (ds; o*)3 25 (d3/2”) 051/2, (d3 9”) oft) 2. These would 
correspond to the ground state and first two excited 
states, respectively. The state at 218 kev has been 
found by Fagg in Coulomb excitation and he attributes 
to it the character $+. This corresponds, of course, to 
the configuration (d3/2”)os1/2. The state at 265 kev has 
the configuration (d3)2*) o/11/2. 

The configurations of the higher. states—481 kev, 
588 kev, and 862 kev—are more difficult to predict 
from theory owing to configuration mixing or collective 
effects. The shell model predicts” states of even parity 
and spins from 3 to 3 for states starting around 0.5 Mev. 
These experiments give values for log/t for transitions 
to, and internal-conversion coefficients for transitions 
from, the states at 481 kev and 862 kev. For the state 
at 481 kev, the log/t value is 7.1 which implies that the 
transition is /-forbidden or that it is slowed up owing to 
configuration mixing. The value of the internal-con- 
version coefficient shows that the 481i-kev transition 
to the ground state is of an M1 character. These con- 


TABLE II. Characteristics of the decay of La™®. 








Positron 
energy 
Mev 


Decay 
energy 


Branching 
Mev ratio Logft In/fs 





Ground state 1.3 ~/0.3 97% 9 
481-kev state 0.82 ee 3% 7: 
862-kev state 0.44 0.3% 7. 


7 -~1000 


1 
4 








1H. E. Walchli and T. J. Rowland, Phys. Rev. 102, 1334 
(1956). 

12S, G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

3 The authors are indebted to Professor K. W. Ford for these 
suggestions. 
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siderations would suggest that the character of the 
481-kev state is }+ or $+. For the state at 862 kev, the 
internal-conversion coefficient of the 862-kev gamma 
ray is consistent with an £2 transition. This would 
imply that the character of this state is 3+, which 
would also be consistent with the value of log ft if the 
transition is assumed to be /-forbidden. 


Il. EXPERIMENTS ON Ba!» 


Since these experiments also produced Ba!**" from 
the Ba™(d,p) Ba reaction, the barium fraction was 
used to investigate the internal-conversion coefficient 
of the 265-kev line from Ba". As in the case of 
the lanthanum, the internal-conversion electrons from 
Ba were measured in the magnetic lens spectrometer 
as were also the conversion electrons from a source of 
Cs7, Both sources were then measured with a cali- 
brated scintillation spectrometer. From those measure- 
ments, the value ax®*/a« = 39.8+ 2.0. As before, using 
ax@=0.096, one obtains ax®*=3.82+0.2 for the in- 
ternal-conversion coefficient of the 265-kev line of Ba!. 
This line is known to have an M4 character. The value 
of the internal-conversion coefficient for the line (84) 
given by Sliv and Band is 4.0 which agrees with the 
experiment within the errors. 


III. EXPERIMENTS ON Nd'*’ 


Experiments were commenced on Nd" since there 
existed a discrepancy between the results of Rutledge, 
Cork, and Burson" on the one hand and Hans, Saraf, 
and Mandeville!® on the other. The former authors 
published a very complicated scheme, based mostly on 
the energies of internal-conversion lines observed with 
the help of a permanent-field photographic spectro- 
graph, while the latter published a much simpler 
scheme based mostly on the measurement of gamma 
rays with the help of a scintillation spectrometer and 
coincidence counting. While this experiment was in 
progress, Lindqvist and Karlsson'® verified certain 


TABLE III. Low-energy conversion lines from Nd!7, 





Electron energy Energy sum 
(kev) Line designation (kev) 


31.63 
32.11 
46.05 


Auger — Ly 
Auger —M 
K} 91.25 

74.00 Kk? 119.2 
83.74 L? 91.17 
84.05 ht 91.07 
84.70 Lut 91.16 
85.29 Weak, not Nd!” 
89.53 M? 

90.84 / 
113.26 
114.22 
117.34 


91.18 
91.18 
120.64 
121.08 
118.99 








4 Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 
15 Hans, Saraf, and Mandeville, Phys. Rev. 97, 1267 (1955). 
16 T. Lindqvist and E. Karlsson, Arkiv Fysik 12, 519 (1957). 
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TABLE IV. Gamma-rays of Pm’ (from Nd!‘7). Energies in kev. 





Observed gamma rays 
This work 
Internal 
conversion Coincidence 


CBHW* HSM?> 


Crystal 
92 91.2 92 
119.2 


91.3 
120.6 120 
198.2 eee 
277.0 280 
321 320 
400 410 
441 440 
533 530 
597 600 

690 


Gamma-gamma coincidences 
This work 





320 (92, 120, 230) 320 (92, 120, 280 
92 (120, 280, 320, 440, 600 92 (120, 320. 420, 595) 
280 (410) 280 (320, 420) 





® See reference 17. 
b See reference 15. 


features of the scheme proposed by Hans, Saraf, and 
Mandeville and, in addition, Cork, Brice, Helmer, and 
Woods!’ repeated the experiments of Rutledge ef al., 
finding many fewer internal-conversion lines. The 
present experiments essentially confirm the findings of 
Hans ef al. and will be reported briefly, mostly in the 
form of tables. 

Sources of Nd!*? were obtained from the Oak Ridge 
National Laboratory. The sources, which were carrier 
free and appeared to be free from impurities except for 
the Pm’ daughter, were passed through an ion ex- 
change column as a further precaution. The beta-ray 
spectrum and the internal-conversion line at 91 kev 
were measured with the help of a magnetic lens spec- 
trometer. The low-energy internal-conversion lines were 
measured in a permanent-field photographic recording 
magnetic spectrometer. Gamma rays were also meas- 
ured with the help of a scintillation spectrometer. In 
addition, gamma-gamma coincidences were measured 
by setting on a given line with a single-channel analyzer 
and displaying those lines in coincidence with the 
gamma ray on a 20-channel pulse-height analyzer. 

The low-energy internal-conversion lines seen with 
the permanent-field spectrograph are given in Table III. 
Lines corresponding to a gamma ray of 198.2 kev were 
not found. The instrument used in this investigation 
could not measure the internal-conversion lines of 
higher energy. The higher energy gamma rays observed 
by all three groups of investigators are essentially in 
agreement, as shown in Table IV. The gamma-gamma 
coincidence experiments, reported by Hans et al., were 
repeated by the present writers. No curves are given 
since the results, also shown in Table IV, are in agree- 
ment with Hans ef al. 

The beta-ray spectrum was measured in a magnetic 


17 Cork, Brice, Helmer, and Woods, Bull. Am. Phys. Soc. Ser. IT, 
3, 64 (1958). 
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lens spectrometer. The Fermi plot shows groups with 
end-point energies of 0.801, 0.472, 0.347 Mev, together 
with the beta-rays from the Pm™’ daughter with an 
end point at 0.225 Mev. Lower-energy groups may be 
hidden under the Pm’ beta rays. The energies agree 
with those originally determined by Kondaiah!® and 
fit well into the scheme proposed by Hans et al. 

The internal-conversion coefficient of the 92-kev 
gamma ray was measured in two ways. The first method 
consisted in measuring the intensities of the 92-kev 
gamma ray and the x-ray with the help of the calibrated 
scintillation counter described above. In these measure- 
ments, corrections were made for the absorption of the 
gamma ray and x-ray in the housing of the crystal and 
for the escape peak. The fluorescent yield was also 
properly taken into account in converting from x-ray 
intensity to the number of K-conversion electrons. The 
result of four measurements gave a«x%4=1.53+0.08. 
This is to be compared with the value obtained by 
Hans e/ al. of 1.60.2. 

In the second method, the internal-conversion coefh- 
cient was determined by a comparison method using 
Hg”, The internal-conversion line of Nd'7 and that of 


18 FE. Kondaiah, Phys. Rev. 71, 1056 (1951 
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Hg** at 279 kev were both measured in a magnetic 
lens spectrometer. The gamma-ray intensities of the 
92-kev line of Nd‘? and the 279-kev line of Hg” were 
determined for the two sources, from which the internal- 
conversion electrons had been measured, with the help 
of the calibrated scintillation spectrometer. Using the 
value of ax#*=0.159, as determined by Nordling, 
Siegbahn, and Sokolowski,” the results of the determi- 
nation gave axX¢=1.50+0.07. This result together 
with the one determined from comparison of the x-ray 
and gamma ray gives axX*=1.52+0.05. This value is 
somewhat lower than the theoretical value, ax = 1.68, 
which one would calculate using 94% M1 and 6% E2 
(from the result of Lindqvist and Karlsson’*) and the 
tables of conversion coefficients of Sliv and Band.° 
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The gamma rays produced in the bombardment of Be® (thick target) with 2.8-Mev deuterons were 
measured with a three-crystal pair spectrometer. The gamma rays are assigned in a consistent manner to 
decay from known levels of Be and B®. Using information from stripping reactions it can then be inferred 
that the spins of the 5.96- and 6.26-Mev levels of Be” are 1~ and 2-, respectively. Furthermore it is shown 
that the gamma-ray and stripping information is consistent with spins 2~ and 2* for the 5.11- and 5.16-Mev 
levels of B", respectively, and that the 5.16-Mev level of B® must have a very small alpha-particle reduced 
width, in accordance with a proposal of Wilkinson and Jones. Reduced widths of many levels of Be’ and B® 
are summarized and analog levels in the two nuclei are searched for and compared. 


I. INTRODUCTION 
S part of a survey of gamma rays produced in 
deuteron-induced reactions! the gamma rays 
from the Be’+d reaction at 2.8 Mev were studied. 
Since recently certain discrepancies have been noted? 


t Assisted in part by the Alfred P. Sloan Foundation, Inc., and 
by the joint program of the Office of Naval Research and the 
U. S. Atomic Energy Commission at Stanford University. 

* Alfred P. Sloan Foundation Fellow, 1957-1958. On leave from 
Stanford University, 1957-1958. 

1L. F. Chase, Jr., Ph.D. thesis, Stanford University, 1958 
(unpublished) ; L. F. Chase, Jr. (to be published). 

2 L. Meyer-Schiitzmeister and S. S. Hanna, Phys. Rev. 108, 1506 
(1957). We are very grateful to Dr. Hanna for sending us unpub- 


in the spin assignments of the 5.11- and 5.16-Mev levels 
of B” and in the energy dependence of the gamma-ray 
excitation in the Be’+d reaction,* we wish to present 
our results ahead of a more detailed publication! in the 
hope that a certain amount of clarification will result. 
We also believe that our work, in conjunction with that 
of others (references given below) will give some clue 


lished revisions for some of the level widths in the Li®(a,y) 
reaction. These revised widths have been incorporated in our 
paper (see footnote 27 and Table III). 

3 McCrary, Bonner, and Ranken, Phys. Rev. 108, 392 (1957). 
We are very grateful to Professor Bonner for sending us some 
original data of this work. 
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about the very large isotopic spin mixing which seems 
to occur in the 6.89-Mev level of B". 


II. EXPERIMENTAL METHOD AND RESULTS 


The 2.8-Mev deuterons from the Stanford cyclotron 
were directed onto a ;,-in.-thick piece of Be. Gamma 
rays produced at 45° with respect to the deuteron beam 
were collimated by means of a 3-in.-diamX6-in. long 
hole in a lead shield onto the center crystal of a three- 
crystal pair spectrometer.’ The resulting pulse-height 
spectrum is shown in Fig. 1. (Various parts of the 
energy spectrum were measured separately with a 
20-channel pulse-height analyzer. These were normal- 
ized with respect to each other and the curves were 
compounded to give the curve shown in Fig. 1. In order 
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Fic. 1. Scintillation pair spectrometer spectrum of the gamma 
rays from the Be’+d reaction (thick target, 2.8-Mev deuteron 
energy). Note that along the abscissa the pair energy (E,—1.02 
Mev) is plotted. The broken line represents the background 
measured as described in the text (Sec. II). The experimental 
points were analyzed by means of semiempirical line shapes and 
the result is given in Table I. The full line is the sum of the back- 
ground and the semiempirical line shapes as fitted to the experi 
mental points. The line shape for the 3.1-Mev gamma ray is 
shown in dotted line; the other gamma rays are apparent from 
the full curve. 

4D. H. Wilkinson and A. B. Clegg, Phil. Mag. 1, 291 (1956); 
A. B. Clegg, Phil. Mag. 1, 1116 (1956). 

5 The pair spectrometer has been described by H. I. West, Jr. 
and L. G. Mann, Rev. Sci. Instr. 25, 129 (1954) ; the center crystal 
was replaced by a }-in.-diamX3-in. Jong crystal and the photo- 
graphic pulse-height detection method was replaced by a 20- 
channel pulse-height analyzer. 
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TABLE I. Gamma rays from the Be’+d reaction. All gamma-ray 
yields are given for thick targets. The gamma-ray energies have 
not been corrected for Doppler shifts. z= deuteron energy. 


Ea=2.8 Mev 

Rel. Rel 

Int. Int. 
(Chase)* (McCrary)' 


Ea =2.5 Mev 

Rel. Rel. Assignment 

Int Int. (energie 
(Mackin)* (Bent)4 


Gamma- 
ray energy 
(Mev 
(Chase )* 


6.01 +0.06 
5.2 +0.2 
4.46 +0.10 
3.91 +0.08 
3.64 +0.06 
3.36 +0.03 
3.11+0.10 
2.84 +0.04 


12+3 19 7 
<4 7 

11+3 
16+4 
16+4 
92+6 
15+5 
70 +6* 


10 5 
14! 
19! 
92 


62 


2.54 +0.04 43 +6 


® See reference 1. 

bSee reference 3. The results given there have t olated at 
2.8-Mev deuteron energy. 

© See reference 7. 

4 See reference 6. 

¢ A relative intensity of 26+4 is assigned to Be 
text and Fig. 2. 

aken from the original data of reference 3 


°, the rest to B®, See 


to show that the compounded curve was consistent 
with the separate curves, these were analyzed separately 
also.) The background indicated in Fig. 1 by a dashed 
line was determined by plugging the gamma-ray 
collimating hole with lead. Although this eliminates 
the detection of a possible background due to neutrons 
passing through the collimating channel, we believe 
that this introduces a negligible error because of the 
very small solid angle involved. 

By the use of semiempirical line shapes! for mono- 
energetic gamma rays, the curve shown in Fig. 1 was 
analyzed. The resulting relative gamma-ray intensities 
are shown in Table I, where they are compared to the 
work of McCrary et al.* (interpolated at 2.8-Mev 
deuteron energy) and to the work of Bent et al.® as 
well as of Mackin’:* at 2.5-Mev deuteron energy. Fair 
agreement of the relative gamma-ray intensities be- 
tween the various groups of workers may be noted. 


III. INTERPRETATION OF EXPERIMENTAL RESULTS 


Table I and Fig. 2 show the assignments of the gamma 
rays to various transitions between known levels® of 
Be’ and B. These assignments follow those of Bent 
et al.6 and McCrary et al., except that for reasons given 
below part of the intensity of the 2.84-Mev gamma ray 
is definitely assigned’ to the 6.26—3.37-Mev transition 
in Be” and a (2.54+0.04)-Mev gamma ray, not pre- 
viously detected, is assigned to the 5.96—3.37-Mev 
transition in. Be’. It should also be noted that the 
assignments in Table I are consistent with earlier work§ 

® Bent, Bonner, McCrary, Ranken, and Sippel, Phys. Rev. 99, 
710 (1955). 

7 R. J. Mackin, Ph.D. thesis, California Institute of Technology, 
1953 (unpublished). 

*F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955); T. Lauritsen and F. Ajzenberg-Selove, American Institute 
of Physics Handbook, edited by D. E. Gray (McGraw-Hill Book 
Company, Inc., New York, 1957), Sec. 8e. We are very grateful to 
these authors for making available to us unpublished notes for a 
forthcoming compilation of Energy Levels of Light Nuclei, VI, 
Revs. Modern Phys. (to be published). 

® Compare footnote a to Table III in reference 3. 
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Fic. 2. The gamma rays determined in the present experiment 
fitted into the known levels of Be and B™. Relative thick-target 
yields (at 2.8-Mev deuteron energy and at 45° to the deuteron 
beam) of the gamma rays are indicated (see also Table I). 
Intensities of gamma rays shown in dotted lines were calculated 
from other data (see text and references 2 and 8). On the right 
side of each level the thin-target feeding cross sections in the 
Be®+d reaction at about 3.5-Mev deuteron energy is given. See 
text for the significance of a comparison of these feeding cross 
sections with the relative thick-target gamma-ray yields. Only 
those levels of Be” and B™ are indicated which could be reached 
with 2.8-Mev deuteron energy. Spin values which are underlined 
are believed to be certain, those not so marked are likely, and 
those in brackets are proposed, as described in the text. 








on the Be’+d reaction, as well as with the gamma 
decay of B" levels reached in the Li®(a,y) reaction.? 
An argument, perhaps not previously advanced, for 
assigning the 6.01-Mev gamma ray (energy not cor- 
rected for Doppler shift) to ground state decay from 
the 5.96-Mev level of Be" rather than from the 5.93- 
Mev level” of B” can be made on the basis of the 
excitation functions of the 3.37- and 5.96-Mev gamma 
rays, shown in Fig. 4 of reference 3. One notices first 
that the 5.96-Mev gamma-ray excitation rises only very 
slowly from threshold, contrary to what one would 
expect on the basis of the Be’(d,x) excitation" of the 
5.93-Mev level of B®. Second, one notes that the 
5.96- and 3.37-Mev excitation curves are rather parallel 
above 2-Mev deuteron energy, indicating that as the 
5.96-Mev level of Be" is populated, so is the 3.37-Mev 
level populated (by the 2.54-Mev gamma ray, men- 
tioned above). As will be discussed immediately, though, 
some of the 3.37-Mev level feeding occurs via a 2.89- 
Mev gamma-ray transition from the 6.26-Mev level.’ 
In order to find out whether our gamma-ray assign- 
ments are consistent with the neutron and proton 
branching ratios to the B" and Be” levels in the Be’+-d 
reaction at 2.8 Mev, it would have been best to com- 
10 See remark in reference 8 on this point. 


1 T. W. Bonner and J. W. Butler, Phys. Rev. 83, 1091 (1951). 
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pute the gamma-ray yields from total Be*(d,n) and 
Be*(d,p) cross sections integrated over the appropriate 
range after taking into account the angular distribution 
of the gamma rays. Unfortunately not enough absolute 
cross sections (or even relative cross sections) have 
been measured to make this possible.’ Hence we have 
tried a rather crude approach, which is to compare the 
thick-target gamma-ray yields at one angle (45°) and 
at 2.8-Mev deuteron energy with total (d,x) and (d,p) 
cross sections near 3.5 Mev. These can be calculated 
from previously published work.!?—® 

(d,n) and (d,p) cross sections for light nuclei seem to 
have the property that they rise fairly rapidly with 
energy from threshold and then remain rather constant 
(to an accuracy sufficient for our purpose). In the case 
of levels of Be'® and B” reached by exothermic reactions 
(see Fig. 2), the “plateau” of the cross sections seems to 
be reached at a deuteron energy below 1 Mev.!*!? In 
the case of the other levels of interest to us (see Fig. 2), 
the cross sections seem to be rising within an energy 
interval of less than 1 Mev and reach a “plateau” at a 
deuteron energy close to 3 Mev.’ This means that at 
2.8-Mev deuteron energy the thick-target gamma-ray 
yield from Be’ and B" levels reached by endothermic 
reactions (see Fig. 2) will arise mainly from deuterons 
of energy above 2 Mev and will be roughly proportional 
to the (d,p) and (d,n) cross sections near 3.5 Mev,!:% 
at least to within a factor of less than five or so, which is 
perfectly sufficient for our later arguments. On the 
other hand, we may expect that the thick-target yield 
of gamma rays from a level reached by an exothermic 
reaction arises from a wide range of deuteron energies 
and hence a simple comparison with the cross section 
at 3.5-Mev deuteron energy may underestimate the 
gamma-ray yield by a large factor. 

To make the afore-mentioned comparison, we have 
first integrated the relative Be®(d,x) differential cross 
sections at 3.4-Mev deuteron energy” from 0° to 90° 
(c.m.). The cross sections were not measured beyond 
90° (c.m.); neglect of the backward angles should not 
introduce an error in the relative Be*’(d,n) total cross 
sections by more than a factor of 2. Second, we have 
integrated the (absolute) Be*(d,p) differential cross 
section at 3.6-Mev deuteron energy” to the ground and 
3.37-Mev states of Be’ from 0° to 90° (c.m.). Third, 
we have calculated the (0° to 90° c.m.) total cross 
sections to the other excited states of Be" at 3.6-Mev 
deuteron energy by making use of the relative neutron 


2 F, Ajzenberg, Phys. Rev. 82, 43 (1951) ; 88, 298 (1952). 

3 Fulbright, Brunner, Bromley, and Goldman, Phys. Rev. 88, 
700 (1952). 

4 T. S. Green and R. Middleton, Proc. Phys. Soc. (London) 
A69, 28 (1956). 

4 Calvert, Jaffee, and Maslin, Phys. Rev. 101, 501 (1957). 

16 A. I. Shpetnyi, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 423 
(1957) [translation : Soviet Phys. JETP 5, 357 (1957) ]. 

17N. Jarmie and J. D. Seagrave, Los Alamos Scientific Labora- 
tory, University of California, Report LA-2014, February 1, 
1957 (unpublished), available from the Office of Technical 
Services, U. S. Department of Commerce, Washington 25, D. C. 
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reduced widths!® given in reference 14. We have assumed 
that the relative reduced widths do not change with 
deuteron energy to any appreciable extent'® and also 
that the relative compound-nucleus contribution to the 
total cross section does not vary appreciably between 
3- and 9-Mev deuteron energy. We believe that these 
assumptions are valid to within a factor of 2. 

In order to match the relative total Be*(d,) cross 
sections (at 3.4 Mev) to the relative total Be’(d,p) 
cross section (at 3.6 Mev), we have used the fact!® that 
the neutron reduced width of the ground state of Be" 
is about twice as large as the proton reduced width of 
the 1.74-Mev state of B', in agreement with theory.” 
Making use of the procedure of reference 18, the match 
is easily effected. The final results for the ‘feeding 
cross sections” of the Be'® and B" levels in the Be’+d 
reaction at about 3.5 Mev are indicated on Fig. 2. Since 
the measurements of Fulbright ef al.!® were made on an 
absolute basis, the cross sections (0° to 90° c.m. only) 
on Fig. 2 happen to be expressed in millibarns, but this 
is immaterial for our purposes. 

Remembering the reservations previously expressed 
we now proceed to compare our relative gamma-ray 
yields (see Table I) with the estimated feeding cross 
sections (see Fig. 2). On the Be” side of Fig. 2 we note 
that the 6.26- and 5.96-Mev levels are fed in a ratio”! 
close to 1:2, but no 6.26-Mev gamma ray has been 
detected by us or by others.*® From the sum of the 
measured relative intensities of our 2.54- and 6.01-Mev 
gamma-rays we calculate the expected relative intensity 
of the 6.26-43.37-Mev gamma ray in accordance with 
the feeding cross sections, as shown in Fig. 2. In this 
way we note that most of the 3.36-Mev gamma-ray 
intensity is accounted for by gamma-ray transitions 
from the 6.26- and 5.96-Mev levels. This is in agreement 
with the small feeding cross section of the 3.37-Mev 
level. (As mentioned above, though, this feeding cross 
section underestimates the thick-target proton branch- 
ing ratio—here apparently by about a factor of 2.) 

These gamma-ray assignments agree very roughly 
with results which can be inferred” from the work of 


18 To relate relative neutron reduced widths to (d,p) stripping 
cross sections we have used the ‘‘Numerical Table of Butler-Born 
Approximation Stripping Cross Sections” by C. R. Lubitz, H. M. 
Randall Laboratory of Physics, University of Michigan, 1957 
(unpublished). The relative neutron reduced width y,? for a 
particular level of spin J was related to the experimental 
maximum differential cross section og max**” as follows: og max®*” 
=const (2J+1)k po max"*?y nw’, Where kp is the wave number 
(c.m.) of the proton leading to the level and og max” is the 
maximum differential cross section tabulated by Lubitz. This 
procedure is consistent with that used by other workers (see, for 
example, reference 19). For the sake of definiteness we have used 
a stripping radius for Be*(d,p), as well as for Be®(d,n), equal to 
4.53 10-" cm, as in reference 12. 

9 J. B. French and A. Fujii, Phys. Rev. 105, 652 (1957). 

” R. K. Adair, Phys. Rev. 87, 1041 (1952). 

21Tn reference 6 a private communication from G. C. Phillips 
and P. M. Windham is cited, to the effect that at 3.85-Mev 

. deuteron energy the feeding cross sections of the 6,26-Mev and 
5.96-Mev levels of Be" are comparable. 

We refer to Fig. 4 in reference 3. Noting that the peak 
differential Be®(d,p) cross section to the 3.37-Mev state increases 
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McCrary et al.’ Also they explain why the excitation of 
the 3.37-Mev gamma ray compared to the sum of the 
2.84- and 3.11-Mev gamma rays of B" rises more 
rapidly*® with increasing deuteron energy than one 
would expect on the basis of a reasonable energy de- 
pendence of the Be®(d,p) and (d,n) cross sections.’ 

Our Be” assignments are useful for two purposes. 
First they enable us to normalize our relative gamma- 
ray yields to the feeding cross sections of the Be” levels ; 
this has indeed been done on Fig. 2 and in Table I. 
Second, in view of the fact that the 5.96- and 6.26-Mev 
levels must have spins 1~ or 2~ as shown by the stripping 
cross section measurements of Green and Middleton," 
we can make a spin assignment of 1~ to the 5.96-Mev 
level and 2~ to the 6.26-Mev level of Be", noting the 
absence of the 6.26-Mev gamma ray (2-—0*) and 
the roughly comparable intensities of the decays from the 
5.96-Mev level to the ground state (1-—0+) and to 
the 3.37-Mev state (1-—>2*). These spin assignments 
will be used for further discussions below. 

Turning now to the B” side of Fig. 2, we wish to 
emphasize that since the gamma-ray intensities have 
been normalized to the feeding cross sections of Be", 
and since the feeding cross sections of B” have been 
matched to those of Be", no further adjustments are 
possible. We note first that the feeding cross section to 
the 3.58-Mev level underestimates the gamma-ray 
yield from this level by about a factor of 5. This is in 
agreement with our previous considerations and with 
the fact that the Be®(d,) cross section to the 3.58-Mev 
level has reached a “plateau” already at 0.5 Mev.'* 
It is encouraging that after subtraction of the (esti- 
mated) Be’ contribution from the 2.84-Mev gamma-ray 
intensity, the ratio of the intensities of the 2.84- to 
3.64-Mev gamma rays is 2.8+0.9 in agreement with 
the value 3 found elsewhere.® 

The gamma-ray intensities from the 4.77- and 5.16- 
Mev levels are reasonable in comparison with the feed- 
ing cross sections (even if the latter are multiplied by 
factors of up to 5 or 10, since these levels have the 
possibility of decaying by alpha emission? to the ground 
state of Li®). Within experimental error, no decay from 
the 5.11-, 5.93-, and 6.06-Mev levels was noted, in 
agreement with the large alpha-widths? of those levels. 
(The intensity of our 5.2-Mev gamma ray can be 
assigned to decay from the 5.16-Mev level®:* and is 


from 4.5 mb/sterad at 3.6 Mev (see reference 13) to only ~5.7 
mb/sterad at 14 Mev (see reference 8), we extrapolate the low- 
energy part of the 3.37-Mev gamma-ray excitation curve parallel 
to the abscissa to account for the direct feeding of the 3.37-Mev 
level. After correcting for the detection efficiency of gamma rays 
(given in reference 3), we calculate for the intensity ratio of the 
Be® 2.59- and 2.89-Mev gamma rays to the 5.96-Mev gamma ray 
a value of ~2 from Fig. 4 of reference 3 (interpolated at 2.8-Mev 
deuteron energy) and a value of 5.6+1.5 from the assignments 
made in our Fig. 2. Furthermore, under the same kind of assump- 
tion as above, we calculate for the ratio of proton feeding to 
gamma-ray feeding of the Be” 3.37-Mev level a value of ~0.3 
from Table II of reference 3 (interpolated at 2.8-Mev deuteron 
energy) and a value of 0.35+0.16 from the gamma-ray assign- 
ments in our Fig. 2. 
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much smaller than the feeding cross section of the 5.11- 
Mev level, calculated as described below.) The neutron 
feeding of the 5.58-Mev level is much smaller (by at 
least a factor of 5 at 3.4-Mev deuteron energy”) than 
that of neighboring levels, so that no appreciable 
gamma-ray yield is expected in any case. The same 
expectation holds also for the 6.16-, 6.40-, and 6.57-Mev 
levels because of insufficient deuteron energy. 

In view of the recent work of Meyer-Schiitzmeister 
and Hanna’ on the Li®(a,y) reaction, the decay of the 
5.11- and 5.16-Mev levels must be discussed further, 
but first’ we wish to indicate how the feeding cross 
sections to these levels were estimated. Because of the 
closeness of these levels, Ajzenberg™ could not separate 
the Be*(d,v) neutron groups from these levels but 
showed that one of them at least was formed by s-wave 
proton capture and hence must have negative parity 
(and spin 1 or 2). Ajzenberg” also noted that the width 
of the neutron distribution to these two levels was 
appreciably smaller at 90° than at 0°. We took this as 
a possible indication that the distribution at 90° was 
predominantly due to a p-wave proton capture to the 
5.16-Mev level and that at 0° mostly due to s-wave 
proton capture to the 5.11-Mev level, as well as some 
p-wave capture to the 5.16-Mev level.” This is in 
agreement with a slight energy shift of the center of the 
two neutron distributions, after correction for center-of- 
mass effects.“ Next we assumed that the proton reduced 
width of the 5.16-Mev level is one-half of that of the 
3.37-Mev level of Be'®, as would be expected” if these 
levels are analogous.” This yields the feeding cross 
section of the 5.16-Mev level of B® shown in Fig. 2 and 
very nicely accounts for the relative magnitude of the 
90° Be*(d,n) differential cross section” (mostly to the 
5.16-Mev state) as compared to the 0° differential cross 
section” (mostly to the 5.11-Mev state), mentioned 
above.” 


23 For the conditions under which the Be*(d,n) differential dis- 
tributions were measured (reference 12), the p-wave differential 
cross section to a 5.1-Mev level is practically independent of angle, 
whereas the s-wave differential cross section is strongly peaked 
forward. Hence even though the s-wave assignment to one of 
the 5.1-Mev levels depends only on a measurement at one angle 
(0°) in reference 12, this seems to us sufficient to make the s-wave 
assignment certain, unless by chance the compound-nucleus 
formation of the 5.11-Mev level gives a strong forward maximum 
at 3.4-Mev deuteron energy. Note added in proof —The work of 
Neiler, Gibbons, and Good [Bull. Am. Phys. Soc. Ser. II, 2, 286 
(1957) ] indicates that the 5.11-Mev level is indeed formed by 
s-wave proton capture (J. H. Neiler, private communication). 
Furthermore Sample, Dawson, and Neilson [ Bull. Am. Phys. Soc. 
Ser. II, 3, 323 (1958) ] find that the 5.16-Mev level is formed by 
p-wave proton capture. Both these experiments were performed at 
approximately 2-Mev deuteron energy. 

24 An exact measurement on the curves in reference 12 (1951) 
shows that the center of the 90° neutron distribution corresponds 
to about 5.15-Mev and that of the 0° distribution to about 5.10- 
Mev excitation energy in B”. 

26 D). H. Wilkinson and G. A. Jones, Phys. Rev. 91, 1575 (1953) ; 
G. A. Jones and D. H. Wilkinson, Phil. Mag. 45, 703 (1954). 

26 The contribution of p-wave proton capture to the 5.16-Mev 
level is approximately equal to 10% of the 0° distribution under 
the assumptions stated in the text and the experimental conditions 
of reference 12. Note added in proof.—At approximately 2-Mev 
deuteron energy and at 0° the proton distribution to the 5.11-Mev 
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These considerations, although in accord with earlier 
work,” contradict recent work? on the Li®(a,y) reaction 
in two respects. First, the total level width of the 5.16- 
Mev level is given’ as 0.45 kev (c.m.) and the quantity*® 
wl’ as close to 0.5 ev. Under these conditions gamma 
rays from the 5.16-Mev level could hardly have been 
detected in our Be*(d,2) experiment! or that of McCrary 
et al.,* if the neutron branching ratio to the 5.16-Mev 
level is within a factor of ten or so of that to the other 
levels, as indeed it should be considering the estimated 
feeding cross sections shown in Fig. 2. Hence we believe 
that the width of the 5.16-Mev level must be appreci- 
ably smaller than’ 0.45 kev (c.m.), in fact in order of 
magnitude not much larger than the gamma width.”® 
Barring the existence of another level very close to 
5.16 Mev, one is tempted to assign any possible differ- 
ence between the experimental width*’ of 1.0 kev (lab) 
of this level and the Doppler broadening of 0.68 kev 
(lab) to experimental uncertainties. 

The second contradiction of the recent? Li®(a,y) 
work with other experiments was already discussed by 
Meyer-Schiitzmeister and Hanna*® and concerns the 
fact that under an assumption of spin 2~ for the 5.11- 
Mev level, and under the further assumption of « pure 
F1 5.11-Mev transition to the 3+ ground state of B", 
the Li'(a,y) angular distribution? from that level cannot 
be fitted. We refer to reference 2 for a discussion of the 
consequent difficulties, but we wish to draw attention 
to the fact that if the spin of the 5.11-Mev state is 
indeed 2-, the isotopic-spin selection rule for F1 transi- 
tions may suppress the £1 component of the 5.11-Mev 
transition sufficiently® so that the M2 contribution 
may be significant enough to affect the (a,y) angular 


level has indeed been found to be about 10 times more intense 
than to the 5.16-Mev level (J. H. Neiler, private communication). 

27 For the 1.085-, 1.175-, and 2.605-Mev alpha resonances in the 
Li®(a,y) reaction (see reference 2), Dr. Hanna has very kindly 
furnished us with the following total widths (lab) (measured 
between } and } height of the thick-target step): 2, 1, and <1.5 
kev. The Doppler widths (lab) of these levels are 0.65, 0.68 
(furnished by Dr. Hanna), and 1.01 kev, respectively. Assuming 
accurate determinations of the lab widths and no broadening due 
to experimental effects, one calculates the c.m. widths given in 
the text and in Tables II and ITI. In support of the absence of 
experimental effects Dr. Hanna has kindly informed us of his 
measurement of a width of 0.4 kev for a resonance in the Li’(a,y) 
reaction at 0.82 Mev, which can be mostly explained by Doppler 
broadening. (For a discussion of the relation between true widths 
and Doppler widths see, for example, J. Rainwater, Encyclopedia 
of Physics (Springer-Verlag, Berlin, 1957), Vol. 40, pp. 377-8. 
The Doppler widths given above are equal to twice the quantity 4 
in this reference and correspond to an effective target temperature 
of 430°K.) Note added in proof.—Dr. Hanna has informed us re- 
cently of new measurements which indicate that the experimental 
width of the 1.175-Mev alpha resonance in the Li®(a,y) reaction 
can be accounted for completely by the Doppler effect. The 
intrinsic c.m. width of the 5.16-Mev level of B® can be shown only 
to be less than 0.5 kev, in agreement with our assumption. 

28 For a capture reaction with scattering as only competition, 
one has 

oD = (27-+1) (27¢+1) 7425.41) TT y(C.4Ty)4, 

where J, j:, j, are the spins of the capturing state, the target 
nucleus (j7;=1 for Li®), and the captured particle (j,=0 for an 
alpha particle), respectively, and T, and I’, are the particle and 
gamma widths of the capturing state. 
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distribution.” Indeed, it can be shown that a reasonable 
amount of M2 admixture gives the experimental a-y 
distribution® and hence the argument against a spin 
assignment of 2~ for the 5.11-Mev given in refer- 
ence 2 should perhaps not be considered as absolutely 
definitive. 


IV. DISCUSSION OF THE LEVELS OF 
Be” AND B” 


Since our work and our arguments have perhaps 
contributed to the clarification of some spin assignments 
and level widths in Be" and B", we are tempted to use 
this information for a further discussion of their level 
structure, especially from the point of view of isotopic 
spin. 

We refer to Fig. 3 which shows the presently known 
levels of Be’ and B", as well as C'’ added for the sake 
of completeness. Spins which are believed to be certain 
are underlined ; spins which are likely are given without 
special marking; spins which are proposed by us are 
placed in brackets. The latter assignments will be dis- 
cussed further below. Figure 3 also shows one of the 
intermediate-coupling predictions of the normal-parity 
energy levels by Kurath.*' The agreement between 
experiment and theory, already previously noted,*!® is 
remarkable. We wish to draw particular attention to 
the prediction of a T=1, 2+ level near 7.5 Mev in B” 
and near 5.8 Mev in Be". Indications for a 2* level in 
B" at 7.47 Mev were found by Mozer* but the analog 
level in Be" has not been established. We shall return 
to this below. 

In order to proceed with the discussion of the levels 
of Be’ and B", we refer to Table II which gives the 
neutron and proton widths* and/or dimensionless 


From the information given in reference 2, one calculates 
I’, ~0.06 ev for the 5.11-Mev gamma ray, assuming 'y=Ig and 
J =2- for the 5.11-Mev state. This gamma width is roughly 10-3 
of the Weisskopf estimate for a 5.11-Mev E1 gamma ray. On the 
other hand, from the Weisskopf estimate one can calculate that 
if the £1 component is reduced by a factor 10™, the M2 contribu- 
tion to the gamma-ray intensity is approximately equal to 2%, 
assuming it is not reduced. 

® Using the notation of reference 2 it is not difficult to show 
that for the a-y angular distribution (1+A,2 cos’%+ A, cos‘) 
discussed in the text, A2=—0.27 if a,=0.1, cos§y=—1, and 
a,=0. Also A2=—0.27 to —0.30 and Ay=+0.004 to —0.004 if 
ay=0.1, cos§y = —1, dg=0.1, and cos§g=+1 to —1. The experi- 
mental values given in reference 2 are A2=—0.35+0.07 and 
A,=0. The value a,=0.1 represents a 1% M2 admixture, which 
is reasonable in view of reference 29. The value ag=0.1 represents 
a 1% barrier penetrability for f-wave alpha particles compared to 
p-wave, which is in agreement with calculated penetrabilities 
(see reference 43). Obviously other reasonable combinations of 
ay, Costy, dg, and coséq will also give agreement with the experi- 
mental results. The above numbers are given only for the purpose 
of illustration. [The angular distribution calculations were made 
using the tabulations of L. C. Biedenharn and M. E. Rose, Revs. 
Modern Phys. 25, 729 (1953) and of Sharp, Kennedy, Sears, and 
Hoyle, Atomic Energy of Canada, Ltd., Report No. CTR-536, 
AECL-97, 1954 (unpublished). ] 

31DP. Kurath, Phys. Rev. 101, 216 (1956). 

TD. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

%F. S. Mozer, Phys. Rev. 104, 1386 (1956); Ph.D. thesis, 
California Institute of Technology, 1956 (unpublished). 

*% We relate the observed particle width I’, (c.m.) to the reduced 
particle width y,? in the following manner: ,=2k,aPy,, where k, 
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6.26 27 
6.18 — (2°) 
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Fic. 3. The energy levels of C”, Be, and B® compared among 
each other and with an intermediate-coupling calculation of 
Kurath~- (reference 31; the spectrum shown is for ¢/K=4.0, 
L/K=5.8, K=—1.13 Mev). Dashed lines connect those levels 
believed to belong to isotopic-spin triplets (see Sec. IV and 
references 8 and 3/). Dotted lines connect levels of B™ with the 
possibly corresponding ones obtained in the intermediate-coupling 
calculation. Spins which are underlined are believed to be certain, 
those not so marked are likely, and those in brackets are proposed 
as described in the text. The energy scale on the right corresponds 
to the levels of B®. 


reduced widths for these nuclei. In the case of the levels 
of Be", we have normalized the relative reduced widths 
given by Green and Middleton with those calculated 
on an absolute basis from deuteron stripping theory by 
Fujimoto ef al.** We have made the normalization at 
the 3.37-Mev level since it gives the most consistent 
reduced width at two different deuteron energies."® The 
dimensionless reduced width for the 7.37-Mev level of 
Be" calculated in this way agrees well with the neutron 
width of that level.".***’ The neutron widths for the 
higher levels of Be'® were taken from reference 37 and 
are tabulated for comparison. 
is the c.m. wave number of the particle, a=1.45(A,!+A #) X 107 
cm (A,, A; are mass numbers of the particle and target, respec- 
tively), and P is the penetration factor for the particle corre- 
sponding to the correct parity change of the reaction and the 
minimum orbital angular momentum change of the particle. We 
relate the reduced particle width to the dimensionless reduced 
width 6,2 in the following manner: 0,2=y2(2Ma?/3h*), where 
M=A,A; / (A,+A),). 

35 Fujimoto, Kikuchi, and Yoshida, Progr. Theoret. Phys. 
Japan 11, 264 (1954). 

3° Adair, Barschall, Bockelman, and Sala, Phys. Rev. 75, 1124 
(1949) ; Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 
69 (1951); Willard, Bair, and Kington, Phys. Rev. 98, 669 (1955). 

37 J. B. Marion, Phys. Rev. 103, 713 (1956). 
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TABLE IT. Neutron and proton widths in Be” and B"”. J* repre- 
sents the spin J and parity = of the level. (If the spins are bold- 
faced they are believed to be certain, if not so marked they are 
probable, and if given in brackets they are proposed.) T, T’,, 'p 
are the total, neutron, and proton widths (in the c.m. system), 
respectively. (The widths are believed to be accurate to about 
+25% if not marked, to about a factor 2 if marked ~, and are 
estimated if given in brackets.) /, and /, are the orbital angular 
momenta of the captured neutron and proton, respectively, which 
have been used for the calculation of the dimensionless reduced 
widths @,? and 6,” (see references 18 and 34). The same markings 
apply to @ as to I. The references given, together with reference 8, 
give most of the information about the levels. 





I's (c.m.) 


Jr sev) (kev 62? (%) Reference 





0+ 5-9 a, b 
2+ 1 a 
1- - a,b 
(2*) 0. b 
3 a, b 
1.25-1.4 c 
0.: 4 c 


NM NIAR NWS 


UwWN © Ww 
BeAIHAOAs 





a9 
wa 
+3 


Je (kev) rev) 65? (% 


Reference 


a ; d 
a* aus d 
0+ a d 
2+ 7 d 
(1.2 10~) b, d 
1.15 : b, d 
(1.2 10-*) is b, d 
12 5 
130 40 
(100) < (5) 
~90 (2) 
~80 ~70 
79 50 
re 2.7 
~200 ~130 


* See reference 14. 
> See text. 

¢ See reference 37. 
4 See references 2, 
© See reference 4. 
f See reference 33. 


12, and 2 


For the bound levels of B® we have used the work of 
Ajzenberg” to calculate relative proton reduced widths'® 
and have normalized these by relating the reduced 
width of the 1.74-Mev state to the ground-state neutron 
reduced width of Be” using the work of Calvert ef al." 

We wish to emphasize that all our dimensionless 
reduced widths calculated from stripping theory depend 
on the value @,’=0.05 for the dimensionless reduced 
neutron width of the Be” ground state as calculated® 
from the cross sections of Fulbright ef al."* We preferred 
this to the value 6,2=0.09 calculated” from the cross 
sections of McGruer,** because the former appear to 
have been measured somewhat more accurately. If we 
are mistaken in this, or if reduced widths calculated 
from stripping theory are energy-dependent,” the 
dimensionless reduced widths for the bound states of 


38 Quoted in reference 8. See also K. B. Rhodes and J. N. 
McGruer, Phys. Rev. 92, 1328 (1953). 
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Be” and B” given in Table IT may have to be multiplied 
by a factor as large as 2. 

For the unbound levels of B’ we used recent informa- 
tion®-*.27.38.37,39.40 in 4 manner described below to estimate 
or summarize the dimensionless reduced widths given 
in Table II. In this we were aided materially by recent 
compilations": of particle widths and dimensionless 
reduced widths and by convenient tabulations.!’“ 


a. Levels of Be’® 


Referring to Table II, we note that the work of 
Green and Middleton" in connection with our work! 
gives the spins and parities for the 5.96- and 6.26-Mev 
levels as 1~ and 2-, respectively, and rather large dimen- 
sionless reduced widths. This is just what one would 
expect*-? for a configuration which is predominantly 
(1s‘1p°)2s and for which the ground state of Be® forms 
the main parent. If the 6.18-Mev state is the 2* state 
predicted* near that energy, then its dimensionless 
neutron reduced width can only be of the order of 
$% according to stripping theory.'® 

As was already done by Wilkinson,* it is of interest 
to compute the slow-neutron scattering cross section of 
Be’ on the assumption that it is affected very strongly 
by the presence of the bound 5.96- and 6.26-Mev states 
of Be". Although a detailed comparison with the 
experimental cross section depends sensitively on the 
magnitude of the nuclear radius which one uses, the 
dimensionless neutron reduced widths for the 5.96- and 
6.26-Mev states of Be" given in Table IT lead to a very 
favorable comparison. On this basis it does not seem 
possible that these dimensionless reduced widths could 
be increased by a factor as large as 2 without destroying 
this agreement. 

One can also compute the slow-neutron capture cross 
section on the assumption“ that the neutron is captured 
into the 5.96- or 6.26-Mev levels. Using our spin assign- 
ments for these levels, the 6.80-Mev neutron-capture 
gamma ray“ to the ground state of Be" would result 
from capture into the (1~) 5.96-Mev level alone, whereas 
both the 5.96-Mev and (2-) 6.26-Mev levels would 
contribute to the 3.43-Mev neutron-capture gamma 
ray“ to the 3.37-Mev state of Be"®. In this way one finds 
for the 6.80- and 3.43-Mev neutron-capture gamma rays 
widths of 4.2 and 1.4 ev, respectively. Both these 
widths are reasonable for unhindered F1 transitions.**:»! 
On the other hand, the gamma-ray branching ratio! 
from the 5.96-Mev state of Be’ to the ground and 
3.37-Mev states is in severe disagreement with the 


%® Weber, Davis, and Marion, Phys. Rev. 104, 1307 (1956). 

 H. Warhanek, Phil. Mag. 2, 1085 (1957). 

“1 E. Vogt, Nuclear Development adwedhenen Report, NDA-14, 
April, 1955 (unpublished). 

# A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 
(1958) and unpublished notes; A. M. Lane, Atomic Energy Estab- 
lishment, Harwell, Report No. T/R 1289, 1954 (unpublished). 

* Sharp, Gove, and Paul, Atomic Energy of Canada, Ltd. 
Report No. TPI-70, AECL- 268, 1955 (unpublished). 
m J. Jung and C. K. Bockelman, Phys. Rev. 96, 1353 (1954). 
D. H. Wilkinson, Phil. Mag. 44, 1019 (1953). 
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branching ratio** of the two afore-mentioned neutron- 
capture gamma rays, especially if one includes the 
decay from the 6.26-Mev state (see Fig. 2). Such a 
disagreement could be explained‘? if the extranuclear 
contribution** to the slow-neutron capture gamma-ray 
transition probability were comparable to the nuclear 
contribution. The slow-neutron scattering and capture 
cross sections seem to indicate that the interaction of 
a slow neutron with Be’ is quite similar to that with C”. 
Thomas** showed that for the latter the extranuclear 
contribution to the £1 capture gamma-ray transition 
probability is important—at least on the independent- 
particle model. Hence it is possible, although by no 
means proven, that a similar effect in Be’ might explain 
the large difference between the slow-neutron capture 
gamma-ray branching ratio‘® and the level branching 
ratio’ in Be, both of which seem to be well deter- 
mined experimentally. 

About the higher states of Be’® we could not make 
any comments beyond those made elsewhere.*:!9*7-” 


b. Levels of B*° 


Below 4.45 Mev, the levels of B' are bound. The 
dimensionless proton reduced widths, estimated from 
deuteron stripping cross sections” as described above, 
are of reasonable order of magnitude (see Table II). 

Above 4.45 Mev,* the levels of B"” are unstable 
against alpha-particle emission and, conversely, can be 
excited by means of the Li®+a reaction.* As far as the 
dimensionless proton reduced widths are concerned, we 
wish to point out only that for the 5.11-Mev level the 


Taste III. Deuteron and alpha widths in B®. The symbols 
and markings used are similar to those described in the caption to 
Table II. The references given, together with reference 8, give 
most of the information about the levels. 


Level Ta 
in Be r (c.m.) (¢.m.) 
(Mev) (kev) (kev) 


Refer- 


lg (c.m.) 
le 9q°(%) ence 


(kev) 


(1.2 X10-4)= 


(6 X107-5)= 
1 


(1.2 X107-3)s (6 X1074)s 
12 12 
<0,43 <0.43 

130 50 
(100) (§ (90) 
~90 ~45 
~80 : <10 

79 : ~15 
~200 < <7 
32 


NR RN ee Nh 





* Assumes [', =T'q. 

> See references 2 and 27, 

© See text. 

4 See reference 33. 

© See reference 37. 

t To T =1 level of Li®. See reference 50. 


46 G. A. Bartholomew and B. B. Kinsey, Can. J. Phys. 31, 49 
(1953); Groshev, Adyasevich, and Demidov, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy 
(United Nations, New York, 1956), Vol. 2, p. 39. The two groups 
give for the intensity of the 6.80-Mev neutron capture gamma ray 
0.75 and 0.73 photon/capture, respectively, and for the 3.43-Mev 
gamma ray 0.25 and 0.23 photon/capture. 

47 We are very indebted to Professor R. F. Christy for drawing 
our attention to this possibility. 

48 R. G. Thomas, Phys. Rev. 88, 1109 (1952). 
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TaBie IV. Gamma widths in B”. £; and Ey are the initial and 
final energies of the gamma-ray transition and J; and Jy the 
initial and final spins. I’, is the total gamma width of the initial 
level and T',>"t the partial gamma width to the final level. 

M |g? and | M|¥y;" are the ratios of the partial gamma widths 
compared to the Weisskopf estimates for E1 and M2 transitions, 
respectively. See caption to Table IT for meaning of markings. The 
references given, together with reference 51, give most of the 
information about the levels. 
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M\uv 


(2 X1074) 
(4 x107? 


0.005 
0.055 
0.06 
0.003 
0.012 
0.04 
(0.18 
0.39 
0.61-0.76 
1,5-1.9 
0.31-0.85 
0.39 


0.06 )s.* 
0.063¢ 9x10 
7 x10-5 
9X10 
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0.61 


+ 


2.9-3.54 (5-6) K 1073 
(2-3) K 1072 


(5-15) x10°% 
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O1 (3) 
A7 , <7e 
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(7-10) X10-2 
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++ 


7.56 6 
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+++ 


C0 Ree 
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8.89 8 


* See references 2 and 40, 

b See text. 

¢ See references 2 and 27. 

4 The first figure refers to reference 4, the second to reference 54, but 
wt See refere 

t Note added i Recent unpublished work by W. E. Meyerhof and 
N. Tanner shows that the transition indicated takes place, at least predomi- 
nantly to the 5.16-Mev state and not the 5.11-Mev state, in agreement with 
reference 55, and in disagreement with reference 4. 
width is not large enough to warrant the assumption‘ 
that this level has the predominant configuration 
(1s‘1p°)2s with the Be® ground state as main parent. 
Although the stripping angular distribution” to this 
level has /,=0 character,™™ the dimensionless proton 
reduced width is no larger than that of the lower (/,=1) 
states. We have no suggestions for a possible configura- 
tion® of this level. 

In calculating the dimensionless alpha reduced widths 
(given in Table III) for the 4.77- and 5.16-Mev 
levels,”’:*° we have assumed I',=I', for sake of definite- 
ness. Hence the dimensionless alpha reduced widths 
cannot be smaller than by a factor of 2 from those given, 
but could be larger by factors of perhaps up to 10 in 
accordance with our gamma-ray work discussed in 
Sec. III. The dimensionless alpha reduced width of the 
4.77-Mev level is small, but not unreasonably so, and 
that of the 5.16-Mev level indicates the T=1 character 
of that level, with a reasonable T=0 impurity. These 
arguments are essentially those already given by 
Wilkinson and Jones.”° The dimensionless alpha reduced 
widths of the other B” levels in this energy region were 
calculated from reference 2, with some corrections.” 
The Thomas correction® was not applied to the reduced 
widths given in Tables II and III, with the exception 
of the 6.89- and® 8.89-Mev levels. 

The gamma widths, in absolute value as well as 
compared to the Weisskopf estimates, are given in 


 R. G. Thomas, Phys. Rev. 81, 148 (1951). 
® R. J. Mackin, Jr., Phys. Rev. 94, 648 (1954). 
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Table IV. This table is essentially taken from the work 
of Wilkinson,®* except for minor modifications and 
additions due to recent work.”:??.*4° For the 4.77- and 
5.16-Mev levels we have again assumed ,=I,, and 
the actual gamma widths could be smaller by factors of 


up to 2 or larger by factors of up to about 10. The 


smallness of some of the M1 comparative widths (| M |*) 
from these levels is noteworthy”; in fact some of the 
widths are so small that (collective) E2 contributions 
to the widths may be appreciable.*° The smallness of F1 
comparative widths from the 5.11-Mev level are in 
accord with the isotopic-spin forbiddenness of these 


transitions.”*. 

The level structure of B' above 6.58 Mev is compli- 
cated but also very interesting because some of these 
levels must be related to the (1—) 5.96-, (2+?) 6.18- and 
(2-) 6.26-Mev levels of Be’. The B" levels are unstable 
against proton, as well as deuteron and alpha, emission 
and have been extensively studied by means of Be’+ p 
reactions.*:3.* °° We refer to Tables I, III, and 
IV. As discussed by Wilkinson and Clegg,‘ the (17) 
6.89-Mev level is predominantly T=0 with a large 
T=1 admixture. Our tables contain essentially their 
data and those of reference 54, except that we chose the 
peak total cross sections'’:** of the Be®(p,d) and (p,q) 
reactions to calculate T,/f~0.30 (or 0.70, which can 
be rejected‘), in accord with Mozer’s result®* (accurate 
to within a factor of 2). This changes all the partial 
widths somewhat, but does not modify any conclusions‘ 
about the 6.89-Mev level, nor does this alleviate the 
difficulty caused‘ by the rather large M1 matrix element 
to the 5.11-Mev level (see Table IV).f 

Since on the one hand we have shown that the 5.96- 
Mev level of Be" is 1~ and since, on the other hand, the 
(2-) 7.49-Mev level of B'° seems to be® the 7=1 analog 
of the (2-) 6.26-Mev level of Be", it is reasonable to 
assume that there is another 1~ and predominantly 
T =1 level in B" near 7.2 Mev. Indeed if the Be" levels 
were predominantly (1s*1p*)2s, one would expect in B” 
four close-lying levels—1~(T=0), 1-(T=1), 2-(T=0) 
and 2- (T= 1)—due to the same (15‘1p*)2s configuration 
(see references 32 and 42). We would like to propose 
that these four levels in B'® are the (1-) 6.89-, (1-?) 
7.0-, (2-) 7.49-, and (2-) 7.79-Mev states.*:*:*8 

We prefer not to identify the 7.20-Mev level® in B” 
with one of the analogs of the (1—) 5.96-Mev level of 
Be” for two reasons, both of which are not absolutely 
convincing, though. First, Mozer* stated that in order 
to fit the low-energy Be®(p,p) data it appeared necessary 
to assume a p-wave (positive parity) state near 7.2 

51D. H. Wilkinson, Phil. Mag. 1, 127 (1956). 

52 G. Morpurgo, Phys. Rev. 110, 721 (1958). 

88 G. Dearnaly, Phil. Mag. 1, 821 (1956). 

5 R. R. Carlson and E. B. Nelson, Phys. Rev. 98, 1310 (1955). 

55 G. R. Bishop and J. C. Bizot, J. phys. radium 18, 434 (1957). 

56 Neuendorffer, Inglis, and Hanna, Phys. Rev. 82, 75 (1951). 

t Note added in proof.—The transition referred to takes place 
at least predominantly to the 5.16-Mev level (see footnote f to 


Table IV) and furthermore may well be nonresonant in the 
Be®(p,y) reaction between 0.2- and 1.2-Mev proton energies. 


37,39, 53 
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Mev. This is consistent with an analysis®* of the 
Be*(p,d) and (,a) angular distributions in this energy 
region. Second, the total cross section of the Be*(p,d) 
reaction shows a peak!’:*6 near 0.46-Mev proton energy 
(7.0-Mev excitation energy in B'°) and the (p,d) angular 
distribution seems to be isotropic’’-** at that energy. 
This indicates a possible s-wave (negative parity) state®” 
near 7.0 Mev in B”. 

Our proposal therefore is that quite possibly the 
6.89- and 7.0-Mev levels* are the two 1~ components of 
the (1s‘1p*)2s configuration, predicted by Inglis® and 
Lane,” but due to their proximity very much mixed in 
their isotopic-spin composition so that the isotopic-spin 
selection rules break down to a very large extent,‘ 
explaining the large dimensionless deuteron and alpha 
reduced widths as well as the anomalously large F1 
widths to T=0 states.‘ It is of interest to note that the 
sum of the dimensionless proton reduced widths of the 
two levels (~30%) is large, as is the value for the 
5.96-Mev level of Be! (15%). If all these levels resulted 
from a pure (1s‘1p*)2s configuration, whose parent is 
the Be® ground state, one would expect the sum of the 
dimensionless proton reduced widths of the two By 
levels to be equal to the dimensionless neutron reduced 
width of the Be" level. Also if the 6.89- and 7.0-Mev 
levels were isotopically pure, each one should have 
one-half” of the dimensionless reduced width of the Be'® 
level and the fact that this is not so is consistent with a 
large amount of isotopic-spin mixing of the 6.89- and 
7.0-Mev levels of B". Another argument perhaps in 
favor of our considerations is that at least in certain 
cases large isotopic-spin mixing seems to require®*® close 
proximity of T=0 and T=1 levels of the same spin 
and parity. 

As indicated already above, we would like to identify 
the 7.49- and 7.79-Mev levels of B' as the two 2- 
components of the (1s‘1p°)2s configuration, again with 
a fairly high degree of isotopic-spin mixing. Although 
the predominant ground-state £1 decay® of the 7.49- 
Mev level would violate the isotopic spin selection rule 


57 The Be®(p,a) total cross section (see references 17 and 56) has 
an anomalously wide peak extending from about 0.3- to 0.5-Mev 
proton energy. Also the Be®(p,a) angular distribution is ani- 
sotropic down to 0.5-Mev proton energy. We have tried unsuccess- 
fully to fit the Be®(p,d) and (p,a) total cross sections with a two- 
level Breit-Wigner formula [E. P. Wigner, Phys. Rev. 70, 606 
(1946) ] assuming s-wave resonances at 0.31-Mev, and near 0.45- 
Mev proton energy, taking into account barrier penetration 
effects and level interference. The (p,d) anomaly near 0.45 Mev 
seems to be much narrower than the (/,a) anomaly and no choice 
of level parameters allows a fit to both experimental cross sections. 
On the other hand, the Be®(p,d) and (p,y) cross sections [see 
reference 4 and Lonsjé, Os, and Tangen, Phys. Rev. 98, 727 
(1955) ] can be fitted approximately by assuming resonances at 
0.31- and near 0.45-Mev proton energy. Estimates for the partial 
widths of the 0.45-Mev resonance which appear to be reasonable 
on the basis of our fitting attempts are given in Tables IT to IV. 
Note added in proof.—In connection with a search for another 
possible resonance close to 0.33-Mev proton energy in the Be®(p,y) 
reaction, see R. D. Edge and D. S. Gemmell, Proc. Phys. Soc. 
(London) 71, 925 (1958). 

581. A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953), 
and A67, 39 (1954); F. C. Barker, Phil. Mag. 2, 286 (1957). 
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for F1 transitions unless the 7.49-Mev level were pre- 
dominantly T= 1, the dimensionless deuteron and alpha 
reduced widths of this level indicate an appreciable 
amount, perhaps as high as 10%, of 7=0 admixture. 
The sum of the dimensionless proton reduced widths® 
of the 7.49- and 7.79-Mev levels of B® (~6%) is again 
comparable to the dimensionless neutron reduced width 
of the 6.26-Mev state of Be'® (8%), giving an indication 
favorable to our interpretations. The individual iso- 
topic-spin purity of these B" levels appears to be some- 
what greater than that of the 6.89- and 7.0-Mev levels. 

The only other levels of B' on which we would like 
to comment are the 7.2- and® (2+) 7.47-Mev levels. 
In Sec. IV(a) we mentioned the prediction of Kurath®! 
(see Fig. 3) of a 2+, T=1 level we were tempted to 
identify with the 6.18-Mev level of Be’®, whose dimen- 
sionless neutron reduced width then turned out to be 
about 3% from deuteron stripping theory. Hence the 
7.47-Mev level found by Mozer*® could not be’ the B” 
analog level, since it has a dimensionless reduced width 
of ~10%. We have mentioned above the suspicions®:*® 
that a p-wave level in B" near 7.2 Mev should occur and 
would like to propose that the 7.2-Mev level is the 2* 
analog of the 6.18-Mev level of Be'’. We can calculate 
for the 7.2-Mev level I',/f=0.02 or 0.98 assuming 
reasonable values'’** (~40 mb) for the Be*(,d) and 
Be®(p,a) resonance cross sections. The larger value of 
r',/T can be excluded because of the Be*(p,p) work*®; 
the smaller value gives ~0.8% for the dimensionless 
proton reduced widths of the 7.20-Mev level, roughly 
in line with what is expected.” Here again, though, the 
accidental close proximity of the (2+) 7.47-Mev level 
gives rise to appreciable isotopic-spin mixing as shown 
by the large dimensionless deuteron and alpha reduced 
widths. We may also note that since the configurations 
of the 7.20- and 7.47-Mev levels are presumably not 


59 In view of the work of Marion (see reference 37, footnote 20) 
we have reduced the total width of the 7.79-Mev level to one-half 
of that given by Mozer (reference 33). 
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related, the sum of their dimensionless proton reduced 
widths does not need to be equal to that of the dimen- 
sionless neutron reduced width of the 6.18-Mev level 
of Be”. 

We wish to state that we realize that this last section 
of our article is somewhat speculative, but we hope 
that it will provide an incentive for further intensive 
study of the B" levels near 7 Mev. 


Vv. CONCLUSIONS 


We have indicated on Fig. 3 by means of dotted lines 
the levels which we believe to be analogous in Be" and 
B” and we have related, as far as possible, the level 
predictions of Kurath* to the actual levels. We have 
tried to make clear in the previous sections to which 
parts of these relationships our work has contributed. 
We may note that the analog levels in B" corresponding 
to the three levels in Be’ near 6 Mev lie somewhat 
lower than a comparison with the lower® and higher*’ 
energy analog levels might lead one to expect. But the 
close proximity of the B" levels to the proton threshold 
may well be responsible for this.‘ Also in C' the 
probably analogous levels seem to lie rather low.‘ 
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A similar situation in C® is well known. [R. G. Thomas, 
reference 48; J. B. Ehrman, Phys. Rev. 81, 412 (1951).] 
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A radiochemical study of fission and spallation products pro- 
duced by bombardment of U™*, U5, and U™8 with 18-46 Mev 
helium ions has been made. As in the case of similar studies using 
isotopes of plutonium as targets, most of the reaction cross section 
is taken up by fission. Also, the pronounced increase of the total 
cross section for (a,x) reactions with increasing mass number of 
the target that was observed for plutonium targets is observed for 
uranium targets. 

Excitation functions for (a,2n), (a,3n), and (a,4n) reactions are 
interpreted in terms of compound-nucleus formation and fission 
competition at the various stages of the neutron evaporation chain. 
The importance of neutron binding energies for the competition 
between fission and neutron emission is stressed. An existing model 
for neutron evaporation following compound-nucleus formation 
has been extended to include the effect of fission competition. 


I. INTRODUCTION 


HIS paper extends the investigations of the 

present series'* on fission and spallation re- 
actions in the heaviest element region. Spallation 
reactions in the heaviest elements are particularly 
interesting because the fission process provides a 
prominent competing reaction (not found in lighter 
elements except at high excitation energies) which can 
have effects on the cross sections of the other reactions. 
In addition, the fission process is interesting in its own 
right. 

The investigations which are being pursued in the 
present program are primarily of target nuclides of 
atomic number greater than or equal to 88, where 
fission threshold energies are roughly comparable to 
nucleon binding energies. We have been concerned 
principally with nuclear reactions induced by particles 
of less than about 50-Mev energy, with the hope that 
at these relatively low energies the compound nucleus 
theory can be used as a starting point in describing the 
characteristics of the nuclear reactions. 

Previously reported work!“ has indicated, first, that 
fission competes successfully with spallation reactions 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. It is based in part on the Ph.D. 
theses of R. Vandenbosch, University of California, September, 
1957, and T. D. Thomas, University of California, September, 
1957, and on the M.S. thesis of S. E. Vandenbosch (nee Ritsema), 
University of California, January, 1956. 

+ Present address: Argonne National Laboratory, Lemont, 
Illinois. 

t Present address: Stanford Research Institute, Menlo Park, 
California. 

1 Glass, Carr, Cobble, and Seaborg, Phys. Rev. 104, 434 (1956). 

2 Harvey, Chetham-Strode, Ghiorso, Choppin, and Thompson, 
Phys. Rev. 104, 1315 (1956). 

3 Wade, Gonzalez-Vidal, Glass, and Seaborg, Phys. Rev. 107, 
1311 (1957). 

4 Gibson, Glass, and Seaborg (to be published). 


Results of calculations based on this model show good agreement 
with those features of the (a,xn) excitation functions believed to 
result from compound-nucleus formation. These calculations also 
show that fission usually precedes neutron evaporation for helium- 
ion-induced reactions of U* and U™*, The excitation functions for 
the (an), (a,p), (a,pn+a,d), (a,p2n+a,t), and (a,p3n+a,tin) 
reactions are discussed in terms of direct interaction mechanisms 
involving little competition from fission. 

Fission shows an increase in symmetry with energy and becomes 
symmetric at about 40-Mev energy of the helium ions. There is no 
significant difference in the symmetry of fission for the three 
uranium isotopes. Total reaction cross sections, including those 
for both fission and spallation reactions, indicate a nuclear radius 
parameter ro slightly larger than 1.5 10~" cm. 


that proceed by the formation of a compound nucleus, 
and, second, that reactions involving the emission of 
charged particles proceed by direct interaction mech- 
anisms. In particular, fission competes with neutron 
emission at every stage of the neutron evaporation 
chain. There has been noted,! however, a striking 
effect of the mass number of the target on the relative 
probabilities of fission and neutron emission: neutron 
emission competes more successfully as the mass num- 
ber of the target is increased. The surprisingly large 
cross sections for the production of the nuclide corre- 
sponding to the (a,p2n) reaction have been shown to 
be due to the reaction (a,H*), in which a triton, rather 
than three separate particles, is emitted.’ Furthermore, 
it has been suggested that an appreciable fraction of the 
(a,xn) reactions are produced by direct interaction 
mechanisms. 

In the first paper of this series,’ the variation in the 
fission mass yield distribution with bombarding energy 
of helium ions was reported for plutonium isotopes. It 
was found that the transition from predominantly 
asymmetric to symmetric fission occurred at helium-ion 
bombarding energies between 30 and 40 Mev. 

This paper will report cross sections for helium-ion- 
induced reactions of U**, U*, and U™*. The study of 
these isotopes was undertaken to determine the effect 
of changing the atomic number and mass of the target 
nucleus, to compare with the work on the plutonium 
isotopes, and also to see if the striking mass effect on 
the spallation reactions in the plutonium isotopes is 
apparent for uranium isotopes. It was also hoped that a 
comparative study of the fission mass-yield distribution 
in U**, U**, and U™¥* would shed some light on fission 


asymmetry. 
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He ION-INDUCED REACTIONS IN URANIUM ISOTOPES 





Taste I. Nuclear properties and counting efficiencies used in this work. 
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*® Estimated from the alpha systematics. I. Perlman and J. O. Rasmussen, Handbuch der Physik (Springer-Verlag, Berlin, 1957), Vol. 42. 

+ Thomas, Vandenbosch, Glass, and Seaborg, Phys. Rev. 106, 1228 (1957). 

eR. W. Hoff and F. Asaro, 1957 (private communication). 

4 Estimated by authors. 

¢ By “milking” daughter U™ and determining its alpha disintegration rate, see W. M. Gibson, Ph.D. thesis, University of California, June, 
available as University of California Radiation Laboratory Report UCRL-3493, November, 1956 (unpublished). 

{ This work, mass spectrometry. 

® This work, by ‘‘milking’’ daughter Pu™* and determining its alpha disintegration rate. Percent negative beta decay (57%): T. O. Passell, Ph.D. thesis, 
University of California, June, 1954 (unpublished); also University of California Radiation Laboratory Report UCRL-2528, March, 1954 (unpublished). 

b This work, by ‘‘milking’’ daughter Pu%* and determining its alpha disintegration rate. 

i This work, by 4x-counting to determine absolute disintegration rate. 

i This work, by 4x-counting and by counting K x-rays. The number of K x-rays per disintegration was taken as 0.55, from Rasmussen, Canavan, and 


1957, 


also 


Hollander, Phys. Rev. 107, 141 (1957). 


Il. EXPERIMENTAL PROCEDURE 
Preparation of Targets 


The U™* used in these bombardments had an isotopic 
purity of approximately 969%; there was about 3% 
U** and less than 1% U™ present in the material. The 
U** generally had an isotopic purity of greater than 
99.9%. The U™* also had an isotopic purity of greater 
than 99.9%. The techniques used in these experiments 
were generally those described by Glass ef al.' Most of 
the targets were prepared by electrodeposition of 0.1 
to 2 mg of hydrated uranium oxide over an area of 
about 1 cm? on a dish-shaped aluminum disk. The 
amount of material deposited, which was of uniform 
thickness, was determined by direct alpha counting, 
weighing, or both. These targets were then mounted 
in a water-cooled microtarget holder® which also served 
as a Faraday cup for beam intensity measurements. 


Bombardments 


Aluminum or platinum foils of measured thickness 
were used to degrade the helium-ion beam to the 
desired energy.® The irradiations were for a period of 
two to three hours for each target, with beam currents 
of 5 to 10 microamperes. Because of the fact that only 
moderate amounts of activity were produced, the 
chemical separations of the various fission and spal- 
lation products were generally performed on the whole 


5 For further details see: S. E. Ritsema, M.S. thesis, University 
of California, 1956 (unpublished); also available as Radiation 
Laboratory Report UCRL-3266, January, 1956 (unpublished). 

6 The range energy curves of Aron, Hoffman, and Williams were 
used. U. S. Atomic Energy Commission Document AECU-6631, 
May, 1951 (unpublished). 


target. However, three experiments were performed in 
which 1-mil metallic U* foils (~93% isotopic purity) 
were bombarded and one experiment was performed in 
which a 1-mil metallic U8 foil (> 99°) was bombarded. 
This procedure resulted in the production of sufficient 
activity to permit aliquots to be taken for the various 
fission product elements, making possible a study of a 
wider selection of fission-product elements and a more 
complete determination of the mass-yield curve. The 
principal disadvantage of the use of uranium foils was 
that the uranium foil reduced the helium-ion beam 
energy by 3 to 5 Mev, resulting in a range in energy of 
the helium ions which caused the reactions. 


Chemical Procedures 


The usual chemical procedure’ involved dissolving 
the target, backing plate, and aluminum cover foil in 
acidic solution containing known amounts of fission- 
product carriers and radioactive tracers (Np*’ and 
Pu**) for the spallation products. First the neptunium, 
and then the plutonium, was removed from the target 
solution by coprecipitation in the IV oxidation state 
with zirconium phosphate under the proper oxidizing 
or reducing conditions. The neptunium fraction was 
further purified by coprecipitation with lanthanum 
fluoride and conversion of the fluorides to hydroxides, 
followed by dissolution in acid and the extraction into 
benzene of a neptunium (IV) thenoyltrifluoroacetone 
chelate complex. 

The plutonium was purified by similar fluoride and 
hydroxide precipitations followed by an ion-exchange 
column step, in which the plutonium IV was first 
adsorbed on Dowex A-1 anion exchange resin from 
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TABLE IT. Spallation cross sections (mb) for helium-ion-induced reactions of U™*. 


a,3n 
Pu™ 


a,2n 


Energy\_ Reaction 
Pu 


(Mev) \ product 


VANDENBOSCH, 


GLASS, AND SEABORG 


a,p a,pn 
Np Nps 


Pu™ 





1.30 
3.68 
6.54 


0.003 
0.083 
0.058 
3.40 0.91 
0.39 
1.19 0.97 
0.67 
0.48 
0.54 
0.44 


0.94 


0.33 
0.19 


0.26 
0.51 
0.45 
0.20 
0.15 


concentrated hydrochloric acid and then reduced to the 
III oxidation state and eluted from the resin. The 
neptunium and plutonium were either electrodeposited’ 
or vaporized onto platinum counting plates. The fission 
products were purified by techniques adapted from 
those described in the compilations by Meinke*® and 
Lindner.’ 


Detection of Radiations 


The fission products were mounted on previously 
weighed aluminum plates for weighing and counting. 
The disintegration rates were determined using end- 


TABLE ITI. Spallation cross sections (mb) for helium-ion- 
induced reactions of U5. 


(a,p2n 
Np 


(a,3n) (a,4n 
Pu%6 = Py%s 


(a,5n) (a,p 
Pu Nps 


(a,2n) 
Pu%? 


\Reaction (a,n 
Energy\product Pu 
Mev) “\ 

18.7 
21.9 
23.6 
25.2 
27.3 
29.7 
30.0 
30.6 


aw a 
0.36 
1.32 


0.02 
6.035 0.042 
1.01 0.087 
0.61 0.55 0.52 
1.86 
2.22 
2.38 
4.38 
4.20 
Loy -59 
1.87 8.5 
1.94 10.7 
ta. roo 


1.74 


4.43 
4.15 
8.63 
7.23 
3.67 
2.26 3.12 
2.52 2.23 


\ , 0.002 
Si SA 1.86 1.55 


0.034 


7 A. Chetham-Strode, Jr., Ph.D. thesis, University of California, 
February, 1957 (unpublished); also available as University of 
California Radiation Laboratory Report UCRL-3322, June, 1956 
(unpublished). 

8 W. W. Meinke, University of California Radiation Laboratory 
Report, UCRL-432, August, 1949 (unpublished). 

9M. Lindner, University of California Radiation Laboratory 
Report, UCRL-4377, August, 1954 (unpublished). 


10.4 
11.8 
0.002 ; 9.4 
17.8 
19.9 
15.9 
19.6 


window “‘Amperex” Geiger counter tubes. Appropriate 
correction factors" were applied to obtain disintegration 
rates from the measured counting rates. The intensities 
and energies of alpha-emitting spallation products were 
measured by use of multichannel alpha-pulse analyzers. 
The counting rates of spallation products which decay 
by negatron emission or electron capture were deter- 
mined with a methane-flow windowless proportional 
counter. Counting efficiencies for this counter have 
been measured or estimated for each particular isotope 
involved. Table I lists the nuclides produced by 
spallation reactions, together with their nuclear 
properties and counting efficiencies used in this work. 


Ill. RESULTS 
Spallation Reactions 


The cross sections obtained at each energy for the 
spallation reactions of the various uranium isotopes are 
shown in Tables II to IV. The spallation cross sections 


TABLE IV. Spallation cross sections (mb) for helium-ion- 
induced reactions of U™*, 


a,p3n 
Nps 


a,pln 
Np” 


0.024 0.22 
1.1 1.06 
: 13 9.1 
32.5 1.7 9.0 
33.8 3.6 9.3 
37.9 6.0 
38.6 6.1 
38.6 
40.0 
41.4 6.3 


43.9 
45.4 5.3 33.4 


a,pn 
Np™o 


Energy\. Reaction 
(Mev) \ product 


21.2 


© For further details, see reference 1. 





He ION-INDUCED 
have been plotted as a function of helium-ion energy 
in Figs. 1 to 5. Because of the scatter in the points, 
no curve has been given for the reactions U™*(a,p) Np** 
and U™*(a,pn)Np**. In the case of the curve for the 
cross sections for the U™*(a,n) reaction, the line drawn 
serves only to point out that the cross section for that 
reaction is small at all energies and that it does not 
drop off at high energies. The product which was 
observed is indicated in the tables. In the cases where 
Np** was the product, only the 22-hour isomer was 
observed. Similarly, when Np*° was the product only 
the yield for the 60-minute isomer was measured. The 
deviation due to random errors is believed to be about 
+10% for most of the spallation cross sections. Esti- 
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Fic. 1. Spallation excitation functions for (a,x) reactions of 
U3, Indicated limits of error on the (a,4m) cross sections are 
relative errors only. 


mated systematic errors raise the total estimated 
deviation to between +15°% and +25%. In the case 
of the U"8(a,pn) and (a,4n) reactions, the yields of 
the products Np** and Pu were difficult to measure, 
and the limits of error may be as much as +50%. 


Fission Yields 


The measured cross sections for the formation of 
various fission-product isotopes are shown in the left- 
hand columns of Tables V to VII. Since absolute cross 
sections were not measured in the bombardments of 
U™* and U** metallic foils, it was necessary to normalize 
these results in some way to the absolute cross sections 
obtained from other bombardments. This was done by 
taking the average of normalization factors obtained 
by interpolation of smooth excitation function curves 
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Fic. 2. Spallation excitation functions for (a,pxn) reactions of U**. 


for the absolute fission yields of several isotopes.’ The 
median energy of the helium ions inducing the fission 
in the foil bombardments was also calculated from 
these curves. 

Gibson, Glass, and Seaborg have made a preliminary 
study of the charge distribution in medium-energy 
fission. Their conclusion is that the charge distribution 
in fission at these energies is not completely described 
either by the equal charge displacement noted at low 
energies” or by the constant charge to mass ratio 
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Fic. 3. Spallation excitation functions for (a,1m) reactions of U*®. 


1 Points in addition to those reported here have been deter- 
mined. See reference 5, and R. Vandenbosch, Ph.D. thesis, 
University of California, September, 1957 (unpublished); also 
available as University of California Radiation Laboratory Report 
UCRL-3858, July, 1957 (unpublished). 

12 Glendenin, Coryell, and Edwards, Radiochemical Studies: 
The Fission Products (McGraw-Hill Book Company, Inc., New 
York, 1951), paper 52. National Nuclear Energy Series, Plu- 
tonium Project Record, Vol. 9. 

3A. C. Pappas, Proceedings of the International Conference on 
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TABLE V. Fission cross sections (mb) for helium-ion-induced reactions of U*. The left-hand columns list the observed yield 
for each isotope. The right-hand columns list the corrected cross section for the mass chain. 
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which has been suggested to be occurring in very high 
energy fission. However, the latter postulate appears 
to give a better correlation. A few primary yields 
measured in this work plus the primary yields measured 
by Gibson have been used to construct a charge 
distribution curve which is slightly different from that 
of Gibson et al., but like theirs, is based on the postulate 
of equal charge to mass ratio."® This curve was used 
to correct the observed fission-product cross sections 
for the loss of yields of members of the same mass 
chain with higher atomic number, and the corrected 
cross sections are shown in the right-hand columns of 
Tables V to VII. The mass number of the apparent 
fissioning nucleus used in application of the curve was 
estimated from the best values for the center of sym- 
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Fic. 4. Spallation excitation functions for (a,pxn) reactions of U™*, 


the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 7. 

“R, H. Goeckermann and I. Perlman, Phys. Rev. 76, 628 
(1949). 

18 W. M. Gibson, Ph.D. thesis, University of California, June, 
1957 (unpublished); also available as University of California 
Radiation Laboratory Report UCRL-3493, November, 1956 
(unpublished). 


metry of the fission yield curves. Additional discussion 
of the problem of nuclear charge distribution in medium- 
energy fission will be given by Gibson, Glass, and 
Seaborg,‘ and the problem will not be discussed further 
here. 

Mass-yield curves for representative energies are 
shown in Figs. 6 to 8. The limits of error are estimated 
to be about +15% for most of the mass chains reported. 
However, at higher energies, particularly for U™, the 
chain yield corrections become quite sizeable, and the 
errors may be somewhat greater. 

The number of neutrons emitted as estimated from 
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Fic. 5, Excitation functions for spallation reactions of U™*, 





He ION-INDUCED 


REACTIONS IN 


URANIUM ISOTOPES 1363 


TABLE VI. Fission cross sections (mb) for helium-ion-induced reactions of U**. Each left-hand column lists the observed yield 





for each isotope. Each right-hand column lists the corrected cross section for the mass chain. 





Energy (Mev) t 21.9 26.8 
Isotope 


37.1 42.8 45 


¢ Coorr 





Zn” 


Number of 


neutrons 


Total fission 
cross section 1.8 


the center of symmetry of the fission mass-yield curve 
is indicated in Figs. 6 to 8 and in the next to last row 
of Tables V to VII. In view of the fairly large errors in 
these measurements, the values of the number of 
neutrons emitted in fission obtained in this manner are 
only approximations. It should be emphasized that the 
reflection of mass-yield curves does not give any in- 
formation as to whether the neutrons are emitted 
before or after the fission process takes place, but 
includes contributions from both sources. However, 
some information on this subject implied by other 
types of data will be discussed later. 

The total fission cross sections obtained by inte- 
gration of the fission mass-yield curves are shown in 
the last row of Tables V to VII. The total fission cross 
sections are compared with the summed spallation 
cross sections in Figs. 9 and 10. No figure is shown for 
U™®, as it was impossible to measure yields for most of 
the (a,xm) reactions because of the long half-lives of 
the products. The importance of the fission process is 
readily apparent from these figures. 


Total Cross Sections. 


The total reaction cross sections as obtained from 
the sum of the experimental fission and spallation cross 
sections are shown in Figs. 11 to 13. Theoretical cross 
sections for compound-nucleus formation as given by 
Blatt and Weisskopf"* are shown for two values of the 
nuclear radius parameter, ro=1.3X10-" cm and 
ro=1.5X10-" cm. These experimental results indicate 
a value of the nuclear radius parameter slightly greater 
than ro=1.5X10-" cm. There is clearly a difference 


16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


0.48 0.52 
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between the value of ro=1.5X10-" cm determined in 
these experiments and that of 1.2 10-" cm determined 
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Fic. 6. Fission yield curves for helium-ion-induced fission of 
U**, The circles represent experimental! points (corrected for the 
mass chain yield) and the triangles represent reflected points. The 
number of neutrons assumed emitted in reflecting the curves are 
indicated for each energy. 
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TABLE VII. Fission cross sections (mb) for helium-ion-induced reactions of U%*. Each left-hand column lists the observed yield 





22.6 


Coorr 


Energy (Mev) 
Isotope 





for each isotope. Each right-hand column lists the corrected cross section for the mass chain. 


43.9 
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sr 
sr® 
Zr 
Zr” 
Mo* 
Ru'® 
Rus 


Number of 
neutrons 


Total fission 


cross section 129 





* Cross section is for one isomer only. 
> Cross section is approximate owing to complexities in the decay scheme. 


by electron scattering experiments.'? The value of 
1.5X10-" cm is, however, consistent with values of 
the same parameter determined by other experiments 
on interactions of helium ions with nuclei and from 
study of the alpha decay process.'* The difference is 
probably due to the fact that the result of electron 
scattering experiments depend on the extent of nuclear 
charge, whereas the results of the experiments described 
here depend on the extent of nuclear forces. 


IV. DISCUSSION 


The general features of the excitation functions for 
spallation reactions in the uranium isotopes are in 
many ways quite similar to those that have been 
determined for other very heavy elements.'? The cross 
sections for the (a,m) and (a,p) reactions do not vary 
much with energy and are seldom more than a few 
millibarns in magnitude. The excitation functions for 
the (a,xn) reactions (for x greater than 1) have peaks 
which decrease in magnitude as x increases. The cross 
sections for the (a,2m), (a,3m), and (a,4n) reactions of 
U* are considerably smaller than those for U™*. A 
similar mass effect occurs in the plutonium isotopes. 
The cross sections for reactions in which charged 
particles are emitted are quite large compared to the 
(a,xn) reaction cross sections. 

In order to explain the relatively low cross sections 
for the spallation reactions of the plutonium isotopes, 
Glass and co-workers have proposed that both fission 
and the major part of the (a,xm) reactions involve 
compound-nucleus formation and that in the break-up 


17R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
18 J. O. Rasmussen, Revs. Modern Phys. 30, 424 (1958). 





of the compound nucleus fission competes more suc- 
cessfully than does spallation to claim the larger share 
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Fic. 7. Fission yield curves for helium-ion-induced fission of 
U5, The circles represent experimental points (corrected for mass 
chain yield) and the triangles represent reflected points. The 
number of neutrons assumed emitted in reflecting the curves are 
indicated for each energy. 
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of the total cross section.! The decrease in the peak 
heights for the successive (a,xm) reactions has been 
interpreted to mean that fission is competing success- 
fully at each stage of the evaporation chain in a com- 
pound-nucleus reaction. Thus the peak cross section 
of the (a,3m) reaction is lower than the peak cross 
section of the (a,2”) reaction because in the former case 
fission has had three chances to compete with neutron 
emission compared with two chances in the latter case. 
The long “tail” on the (a,xn) excitation functions and 
the relatively high cross sections for the reactions 
involving the emission of charged particles suggest 
direct interactions of the projectile with a few nucleons 
on the nuclear surface. When a direct interaction occurs, 
the highly excited compound nucleus is by-passed, with 
the result that fission has fewer chances to compete with 
particle emission than when the highly excited com- 
pound nucleus is formed. Thus the products of the 
direct-interaction-type reactions often survive fission, 
whereas the products which are formed by evaporation 
of neutrons from a compound nucleus tend to be 
eliminated by fission. This means that excitation 
functions for reactions in the very heavy elements often 
strikingly demonstrate the importance of direct-inter- 
action mechanisms even at relatively low bombarding 
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Fic. 8. Fission yield curves for helium-ion-induced fission of 
U*, The circles represent experimental points (corrected for mass 
chain yield) and the triangles represent reflected points. The 
number of neutrons assumed emitted in reflecting the curves are 
indicated for each energy. 
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Fic. 9. Excitation functions for fission and summed spallation 
reactions in U*, Also shown is the percent of the total-reaction 
cross section going into spallation for U®* and also for Pu, for 
comparison. 


energies. Most of the results reported here can be 
explained in the framework of the ideas mentioned 
above. 


Compound-Nucleus Spallation Reactions 


The cross sections reported for the (a,xm) reactions 
indicate that fission is competing more effectively in 
the bombardments of U** than in those of Pu**. Two 
factors affect the competition: the relative fissionability 
of corresponding compound nuclei and the ease with 
which neutrons are evaporated from corresponding 
compound nuclei. Fissionability increases as Z?/A 
increases; the curium isotopes produced by the bom- 
bardment of Pu®® have higher values of Z?/A than do 
the corresponding plutonium isotopes produced by the 
bombardment of U**. The ease of neutron evaporation 
increases with decreasing neutron binding energy; the 
neutron binding energies of the curium isotopes pro- 
duced by bombardment of Pu*® are lower than the’ 
neutron binding energies of the corresponding plu- 
tonium isotopes produced by bombardment of U**,!9 
Hence, the higher fissionability of the curium isotopes 
is apparently more than offset by the greater ease of 
neutron evaporation from these isotopes. 

The strong effect of the mass number on the relative 
probability of neutron emission and fission observed 
in the reactions of both the uranium isotopes and the 


#E. K. Hyde and G. T. Seaborg, Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 42. 
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Fic. 10. Excitation functions for fission and summed spallation 
reaction in U™%*, The dashed lines show the percent of the total- 
reaction cross section going into spallation. 


plutonium isotopes can be explained along similar lines. 
Since Z*?/A decreases as A increases, the ease of neutron 
evaporation increases. Furthermore, fission thresholds 
are lower than neutron binding energies in the nuclides 
considered, with the result that a nucleus that has 
survived fission long enough to evaporate all of the 
neutrons that the original excitation energy would 
allow may still have sufficient residual excitation to 
undergo fission. Thus fission has an additional chance 
to occur when neutron emission can no longer compete. 
The higher the neutron binding energy and the lower 
the fission threshold, the larger will be the excitation 
energy range in which such fission can occur. Since 
neutron binding energies decrease and fission thresholds 
increase as A increases, such fission will compete less 
effectively as A increases. Thus, the three factors 
mentioned all contribute to decreasing competition 
from fission as A increases. 

Jackson” has devised a schematic model for (p,xn) 
reactions in heavy elements. In his treatment he 
combines the results of Monte Carlo calculations for 
the probability of the various prompt processes with 
the results of a simplified evaporation model.§ His 
calculated cross sections show reasonable agreement 
with the experimental results of Bell and Skarsgard”! 

*” J. D. Jackson, Can. J. Phys. 34, 767 (1956). 

§ Note added in proof.—If one makes the assumption of constant 
nuclear temperature during the evaporation process, the model 
used by Meinke, Wick, and Seaborg [J. Inorg. and Nuclear Chem. 
3, 69 (1956) ] is substantially the same as the evaporation model 


described by Jackson. 
21 R. E. Bell and H. M. Skarsgard, Can. J. Phys. 34, 745 (1956). 
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and Kelly” for (p,am) reactions of lead and bismuth in 
the energy range up to 100 Mev. 

The evaporation model devised by Jackson has 
incorporated into it the following assumptions: (1) the 
neutron energy spectrum is given by ¢ exp(—e/7) 
where ¢ is the kinetic energy of the neutron and T is 
the nuclear temperature, (2) neutron emission occurs 
whenever it is energetically possible, (3) proton 
evaporation is neglected, and (4) the nuclear tem- 
perature T is independent of excitation energy. This 
last assumption is contrary to what one would predict 
from most nuclear models. However, it is doubtful that 
any large errors are introduced by this approximation.”° 
According to Jackson, the probability that a nucleus 
with initial excitation energy E will evaporate exactly 
x neutrons is then given by 


P(E,x)=I(4:, 2x—3)—I(Azy1, 2x—-1), (1) 


where J(z,n) is Pearson’s incomplete gamma function, 
I(z,n)= (1/n!) fory"e-“dy and A.=(E—> B,)/T. B; 
is the binding energy for the ith neutron and T is the 
nuclear temperature. 

If we wish to extend the model given by Jackson to 
helium-ion-induced reactions of fissionable elements, 
two difficulties arise. The first is that no Monte Carlo 
calculations have been made for the case where the 
projectile is a helium ion. Thus the contribution of 
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Fic. 11. Total fission yields plus the observed spallation yields 
for helium-ion bombardments of U**, The circles represent experi- 
mental data. The dashed lines represent theoretical compound 
nucleus formation cross sections and were taken from reference 16. 


2 FE. L. Kelly, Ph.D. thesis, University of California, 1950; also 
available as University of California Radiation Laboratory Report 
UCRL-1044, 1950 (unpublished). 
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direct interactions or similar prompt processes will for 
the present have to be ignored in the calculation. On 
the other hand, comparison of the calculated probabili- 
ties for evaporation with the experimental results can 
be used to estimate the contribution of direct inter- 
actions. Secondly, we must make a modification to 
include the effect of fission competition. 

The fission competition will be considered in the 
framework of compound-nucleus formation followed by 
competition between neutron emission and fission at 
each stage of the evaporation chain. There are two 
effects to consider: first, fission occurs while neutron 
emission is energetically possible, thus destroying nuclei 
during the early stages of the evaporation chain, and, 
second, some fission occurs after all of the possible 
neutrons have been evaporated, thus destroying nuclei 
whose excitation energy is less than the binding energy 
of the last neutron, but greater than the activation 
energy for fission, and which would otherwise have 
de-excited by gamma emission. 

The probability that an excited nucleus will emit a 
neutron is given by its branching ratio™* (level width 
ratio) for neutron emission I’,/>-;I; (henceforth 
designated as G,). Similarly the branching ratio for 
fission is given by I'y/}°; Ty, or Gy, and the branching 
ratio for gamma ray de-excitation by I',/>>; I’; or Gy. 
The denominator, >>;,I';, contains terms for all the 
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Fic. 12. Total fission yields plus the observed spallation yields 
for helium-ion bombardments of U™*. The circles represent experi- 
mental data. The dashed lines represent theoretical compound- 
nucleus formation cross sections and were taken from reference 16. 


% This treatment of branching ratios is similar to that described 
in Appendix IT of reference 1, 
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Fic. 13. Total fission yields for helium-ion bombardments of 
U8, The circles represent experimental] data. The dashed lines 
represent theoretical compound-nucleus formation cross sections 
and were taken from reference 16. 


possible modes of decay of the compound nucleus. 
However, the assumptions will be made that the widths 
for proton evaporation and for gamma-ray de-excitation 
are negligible wherever neutron emission or fission is 
energetically possible. However, the gamma-ray 
branching ratio is taken as unity wherever neither 
fission nor neutron evaporation is energetically possible. 
When the excitation energy is greater than the acti- 
vation energy for fission and less than the binding 
energy of the last neutron, Gy is taken to be unity. 
Hence to take into account the fission competition 
along the evaporation chain, we multiply the proba- 
bility, P(£,x), defined above, by terms, G,,;, to give a 
new probability that the original compound nucleus 
will not only evaporate « neutrons but will also survive 
fission during the evaporation process. 

After. all of the neutrons have been evaporated, the 
residual nucleus may either undergo fission or may 
de-excite by gamma emission. We make the somewhat 
arbitrary assumption that if the residual nucleus has 
an excitation energy greater than the activation energy 
for fission it will undergo fission, and that if the nucleus 
has an excitation energy less than the activation energy 
for fission it will de-excite by gamma emission. In 
Jackson’s model, the first incomplete gamma function 
gives the probability that the original compound 
nucleus will emit at least « neutrons; the second the 
probability that the residual nucleus will have an 
excitation greater than the binding energy of the last 
neutron. Therefore, to account for fission competition 
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at the final stage, we replace the last incomplete gamma 
function of Jackson by one giving the probability that 
the residual nucleus will have an excitation greater 
than the activation energy for fission. The result is a 
narrowing of the peak of the theoretical excitation 
functions, in better agreement with experiment. 

Using these considerations, one can express the cross 
section for a reaction following compound-nucleus 
formation as 


a(a,xn)=0-GniGno .* ‘Grif l (A;, 2x—3) 
~1(A,/,2x—-1)], (2) 


sia (e-£n-za) /7 


Ew is the activation energy for fission for the residual 
nucleus. The subscripts 1, 2---x on the G, factor refer 
to the branching ratio for emission of the 1st, 2nd, -- -, 
xth neutron from the compound nucleus. ¢, is the cross 
section for the formation of the compound nucleus at 
the particular energy considered. The neutron binding 
energies were taken from Hyde and Seaborg,"® and the 
fission activation energies were calculated from a semi- 
empirical equation relating fission thresholds to spon- 
taneous fission rates.* (A more detailed discussion of 
the derivation of Jackson’s model and of the modifi- 
cations proposed here is presented in the appendix.) 

It is necessary to evaluate the G, quantities and to 
choose a value of the nuclear temperature. Not a great 
deal is known about the variation of I,/I'y with 
excitation energy and nuclear type (Z, A, even-odd 
character, etc.). The following assumptions about 
I',,/I'y will be made: 


where 


(1) T',./I'y is independent of excitation energy for 
excitation energies well above the neutron emission 
threshold. 

(2) T,./I'y for even-even nuclei is twice as great as 
I’,/I', for even-odd nuclei. (It will not be necessary to 
consider odd-odd products in the present calculations. ) 

(3) Aside from even-even and even-odd effects, there 
is a general trend for I’,,/I’y to increase with increasing 
mass number for a given Z. 


The first assumption as a first approximation obtains 
support from the shape of excitation functions for fast- 
neutron-induced fission and also from an analysis by 
Batzel** of high-energy spallation excitation functions. 
The same conclusion was reached by Glass and co- 
workers from analysis of spallation excitation functions." 
There is, however, some evidence that I’,/I’y increases 
with increasing excitation.22 The second assumption 


*R. Vandenbosch and G. T. Seaborg, Phys. Rev. 110, 507 
(1958). 

2 R, F. Batzel, University of California Radiation Laboratory 
Report UCRL-4303, February, 1954 (unpublished). 

°C. T. Coffin and I. Halpern, University of Washington 
Cyclotron Research Report, 1957 (unpublished). 
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arises from the expectation that the even-odd product 
of the evaporation of a neutron from an even-even 
nucleus has a higher level density than the even-even 
product from an even-odd nucleus; the factor of two 
used was taken from an estimate by Weisskopf.2” 

Using the foregoing assumptions together with 
information given by Vandenbosch and Seaborg™ on 
the variations of I',/I'y with mass number, we can 
derive a formula for the value of I’,/I’y for a particular 
plutonium isotope: 


Pi 1.93a G, 
(<) =—— (3) 
Ty7-. (1.3)71-G, 
where a=v2 for even-even nuclides and a=1/V2 for 
even-odd nuclides. The subscript « has the same sig- 
nificance as in Eq. (2). G, is a mean value of I’,,/I’; and 
is defined as 
G.= (GnyGniGayGry)!. (4) 


This quantity can be evaluated from Eq. (2) if a value 
of the cross section for the (a,4n) cross section near its 
peak is known. A similar set of formulas may be 
derived in which G, is based on the cross section for 
the (a,2m) reaction. Because of the poorly defined 
excitation function for the reaction U™*(a,4n)Pu**, it 
was necessary to base the value of G, for the reactions 
of U** on the excitation function for the U*(a,2n) Pu®® 
reaction. 

Using the above considerations, one needs to choose 
only two parameters to calculate excitation functions 
for all of the possible (a,xn) reactions. These parameters 
are a value of G, and a nuclear temperature 7. Ex- 
citation functions have been calculated for the (a,xn) 
reaction cross sections of U* and U™*. Values of G, 
were determined in the manner described above to be 
0.11 for U™ and 0.21 for U**. Nuclear temperatures 
were chosen so that the position of the maximum of the 
curve calculated for the (a,2m) reaction for U** co- 
incided with the position of the maximum of the 
experimental curve, and so that the position of the 
maximum of the curve calculated for the (a,4n) 
reaction for U** coincided with the position of the 
maximum of the experimental curve. The values 
chosen were 1.41 Mev for U** and 1.35 Mev for U™*. 


TABLE VIII. Neutron branching ratios used in calculating U* 
and U* (a,xn) cross sections. The numerical subscripts refer to 
the emission of the 1st, 2nd, --- ith neutron. 

Ratio Us 
(C/T) 0.12 
(T,/T 2 0.17 
(T/T :)3 0.07 
(T/T :)s 0.10 
(T/T ss 0.04 





27V. F. Weisskopf, Lecture Series in Nuclear Physics, MDDC- 
1175 (U. S. Government Printing Office, Washington, D. C., 1947), 
p. 106ff. 
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The neutron branching ratios derived from the mean 
values of I’,/I'y are given in Table VIII. In Figs. 14 
and 15 the calculated curves are compared with the 
experimental points. Considering the simplicity of the 
model, the agreement with those features of the 
excitation functions believed to result from compound- 
nucleus formation is good. The agreement with the 
peak cross-section values for the (a,2n), (a,3n), and 
(a,4n) reactions supports the assumed variation of 
I’,,/I'y with mass number and nuclear type.** 

In view of the success in reproducing certain features 
of the spallation excitation functions using the 
branching ratios shown in Table VIII, it seems justi- 
fiable to use these branching ratios to calculate the 
fraction of the fission that occurs before the emission 
of various numbers of neutrons. Given an_ initial 
excitation energy of the compound nucleus, we can also 
calculate the average excitation energy at which fission 
occurs. It is assumed that the average excitation energy 
of the residual nucleus after the emission of a neutron 
is given by the initial excitation energy minus the 
binding energy of the neutron and minus 27, where 
the nuclear temperature 7 has been taken as 1.41 Mev 
for the spallation products of U** and 1.35 Mev for the 
spallation products of U**. 

In Table IX the percentage of total fissions occurring 
after the evaporation of various numbers of neutrons 
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Fic. 14. Comparison of calculated and experimental excitation 
functions for (a,x) reactions of U**, The smooth curve represents 
the calculated cross sections and the actual experimental points 
are shown as circles. 


28 A similar analysis of reactions induced in Cf*® with helium 
ions has been made by Sikkeland, Amiel, and Thompson (to be 
published). 
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Fic. 15. Comparison of calculated and experimental excitation 
functions for (a,xn) reactions of U%*, The smooth curve represents 
the calculated cross sections and the actual experimental points 
are shown as circles 


are listed for three helium-ion bombardment energies. 
The second row gives the initial excitation energy 
corresponding to the helium-ion energy. The last row 
gives the average excitation energy at which fission is 
occurring for each of the three initial excitation energies 
in the case of each isotope. Calculations by Coffin and 
Halpern give results which are in substantial agreement 
with those reported here.?® 

It can be seen from Table IX that most of the fission 
precedes neutron evaporation for helium-ion-induced 
fission of U* and U**. This conclusion is in apparent 
disagreement with the observations of Harding and 
Farley, who measured the angular distribution of 
neutrons from the bombardment of natural uranium 


TABLE IX. The percentage of total fissions occurring after the 
evaporation of various numbers of neutrons in the helium-ion- 
induced fission of U8 and U5. Calculations for three different 
initial excitation energies are listed in each case. 


Us 
Helium-ion energy (Mev) 
Excitation energy (Mev) 
Neutrons emitted 
before fission 
0 88% 88% 990% 
1 9.6% 10% 10% 
2 1.8% 2% 
3 0.1% 
Average excitation 


energy of fission (Mev) 38.3 


2 G. N. Harding and F. J. M. Farley, Proc. Phys. Soc. (London) 
A69, 853 (1956). 
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with 147-Mev protons. They concluded that the greater 
part of the neutron emission occurs before fission, with 
only 2.5+1 neutrons being emitted from the moving 
fragments. However Marquez has pointed out that had 
Harding and Farley assumed what appears to be a more 
reasonable value for the average energy of the emitted 
neutrons, they would have found their results consistent 
with the neutrons’ being emitted after fission.” 

The results reported here, and by Glass and co- 
workers,! indicate that increasing the excitation energy 
of a compound nucleus increases the probability of the 
destruction of that nucleus by fission (either before 
or after neutron emission). If we accept the assumption 
that T’,,/I'y does not vary rapidly with energy, then the 
increased probability is due not so much to an increasing 
relative probability of fission with increasing excitation 
energy, but rather to the increased number of chances 
for fission to occur as the length of the evaporation 
chain increases with increasing excitation energy. 


Direct Interactions 


Examination of Figs. 14 and 15 shows that almost 
all of the (a,n) excitation functions and the high-energy 
part of the (a,2m) excitation function cannot be ac- 
counted for by a compound-nucleus model. It has been 
mentioned earlier that direct-interaction mechanisms 
must be important in these reactions. In general, 


however, it has been expected that the effect of direct 
interaction would be seen only at projectile energies 
above 50 Mev. In the reactions of nonfissionable nuclei, 
the prominent compound-nucleus-spallation reactions 
usually mask out any small effects due to direct inter- 
action. The region of fissionable nuclides is, therefore, 
a particularly good place to study the direct-interaction- 
spallation reactions with fairly low-energy particles 
because the reactions which involve compound-nucleus 
formation are largely eliminated by fission competition. 

Glass and co-workers! concluded that products of 
the direct interactions survive because these reactions 
do not involve a highly excited intermediate nucleus. 
We must extend this conclusion to say that the products 
of the direct interactions survive because fission has a 
chance to compete only after a high-energy particle 
(nucleon or complex particle) has carried off most of 
the energy of the incident particle. The residual nucleus 
is often left with too little energy to undergo fission or 
to evaporate another neutron. In those cases where 
subsequent neutron emission is possible, fission com- 
petes, in general, only once, rather than several times 
as in the case where a highly excited compound nucleus 
is formed. 

One reasonable mechanism for the (a,n) and (a,p) 
reactions is a “knock-on” reaction in which the helium 
ion strikes a nucleon, which is then emitted. The 
product of the (a,2m) reaction can be formed in the 
following three ways: (1) by evaporation of two 


*”L. Marquez, Proc. Phys. Soc. (London) A70, 546 (1957). 
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neutrons from the compound nucleus and (2) by 
ejection of the first neutron by a direct-interaction 
mechanism followed by evaporation of the second 
neutron, and (3) by ejection of both neuirons by a 
direct-interaction mechanism. The “tail” of the ex- 
citation function for the (a,2m) reaction is very likely 
due to an initial knock-on followed by the evaporation 
of the second neutron. Many of the direct interactions 
in which one neutron is knocked out will leave the 
nucleus with enough energy to evaporate a second 
neutron. Fission tends to cut down the products, but 
not so severely as it cuts down the products from the 
reaction involving the evaporation of two neutrons, 
since in the latter case fission has two chances to com- 
pete with neutron emission whereas in the former it 
has only one. The fact that the “tail” on the (a,2n) 
excitation function for U™* is lower than those for U* 
and Pu” is consistent with increased fission competition 
at the evaporation stages of the reactions of U**, A 
comparison of the (a,2m) excitation functions of U™, 
U™>, and Pu with those of lead shows that the peaks 
have been cut down by fission more than have the 
“tails,” an observation that lends further support to 
the idea that the peaks, being due to initial compound- 
nucleus formation, suffer from fission competition 
twice, whereas the tails, being due partly to direct 
interaction, suffer from fission competition at most 
only once. The contribution of direct interactions to 
the excitation functions for the (a,3”) reaction appears 
to be fairly small. Reactions proceeding by direct- 
interaction mechanisms probably contribute to the 
peak in the curve representing the (a,2) cross sections 
and possibly to that in the curve representing the (a,3m) 
cross sections. It is likely, however, that the observed 
products of the (a,4”) reaction are due almost entirely 
to reactions going by a compound-nucleus mechanism. 

There is little doubt that the products of the (a,p2n) 
reaction of the heavy elements are produced almost 
entirely by the direct emission of high-energy tritons, 
without the formation of a compound nucleus,? The 
yield of tritium from helium-ion bombardment of U** 
has been measured? and found to be slightly larger than 
the amount that would be expected if the entire cross 
section for the (a@,p2m) reaction—as measured radio- 
chemically through the yield of the product nuclide in 
this work—was due to the (a,f) reaction. The cross 
section for the production of the nuclide corresponding 
to the “‘(a,p3m) reaction” is probably due to the re- 
action (a,ém). Thus the yield of tritium would be 
expected to be higher than the radiochemical yield of 
the product due to the (a,t) reaction because of the 
contribution of (a,ém) and (a,f fission) reactions. The 
observation that the yield for the product of the 
U*8(a,p3n) reaction [which includes the contribution 
of the U"*(a,4m) reaction ] is much less than the yield 
for the product of the U™*(a,p3n) reaction indicates 
the increased fission competition in the neutron- 
deficient isotopes. 
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Very little can be said about the mechanism of the 
(a,pn) reaction. On the basis of the data for the reaction 
U3 (a,pn) Np we can conclude only that the reaction 
occurs to an appreciable extent. In the U™* case, only 
one isomer of Np*° was observed; hence, we have only 
a lower limit for the cross section for this reaction. (An 
excitation function for the reaction Pu**(a,pn)Cm*” 
was reported by Glass ef al.') It is tempting to suggest 
[by analogy to the (a,t) reaction] that this reaction 
occurs by the emission of a deuteron by a direct 
interaction; there is, however, at present no direct 
evidence that such is the case. 

The (a,am) reaction was the most prominent spal- 
lation reaction observed in the bombardment of U™* 
with helium ions. It is doubtful that compound-nucleus 
formation accounts for much of this cross section since 
the Coulomb barrier would make it very difficult to 
evaporate an alpha particle. This view is supported by 
the low yields of (dam) reactions observed in the 
bombardment of U%* and Pu®*.5 There are several 
possible alternate mechanisms. One mechanism for this 
reaction is a direct interaction of the bombarding 
particle with a neutron in the diffuse rim of the nucleus, 
resulting in the neutrons being knocked out without 
the capture of the bombarding projectile. With this 
type of mechanism the cross section for the (a,ap) 
reaction should also be fairly prominent. Another 
possibility is inelastic scattering of the incident alpha 
particle, with the excited target nucleus evaporating a 
neutron. With this type of mechanism, the cross section 
for the (a,ap) reaction should be much less than that 
for the (aan) reaction because of Coulomb barrier 
discrimination against charged particle evaporation. 
Unfortunately, no cross sections for (a,ap) reactions 
have been studied in the heavy elements so that it is 
not possible to choose between the two mechanisms on 
this basis. Still a third possibility is a Coulomb ex- 
citation process, but the probability for this does not 
seem to be large enough to account for the observed 
cross section. 

One interesting consequence of the large contribution 
of a direct-interaction mechanism in spallation reactions 
for highly fissionable nuclei is illustrated in Figs. 9 and 
10. The curves showing the percent of total-reaction 
cross section due to spallation reactions are seen to 
decrease with increasing energy for U** and Pu™, 
while for U™ the curve rises at the highest energies. 
This is attributed to the prominence of compound- 
nucleus-type spallation reactions at the lower ener- 
gies with increased chances for fission competition 
at the higher energies in the U** and Pu reac- 
tions. However, the major part of the spallation 
reactions in U** proceed through direct-interaction 
mechanisms and these become more probable at higher 
energies. This does not imply that there is a larger 
amount of direct interaction taking place for U* than 
for U™ and Pu*®, but that the fraction of the spallation 
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reactions that go by direct interaction is larger for U™ 
than for Pu®® and U**, 


Fission 


The mass-yield distributions of the fission products 
are shown for different helium-ion energies in Figs. 6 
to 8. It is seen that fission is predominantly asymmetric 
at low energies and appears to become more symmetric 
as the excitation energy is increased, in agreement with 
previous work.!-*! However, it should be noted that 
the increased symmetry is not due to the asymmetric 
peaks moving together, but rather to an apparent 
increase in a symmetric mode causing the valley to rise 
up faster than the wings. Comparison of the fission 
yield curves, and particularly the valley to peak ratios 
(ratio of the cross section at the minimum in the yield 
distribution to the cross section at the asymmetric 
maxima) indicates that there is no significant difference 
in the fission asymmetry in the three uranium isotopes 
studied. 

As seen in Figs. 9, 10, and 13, the total fission cross 
sections for the three isotopes are all approximately the 
same and account for most of the total cross section. 
Comparison of the fission cross sections determined in 
this work for helium-ion-induced fission of U** and 
U*8 with the results determined by Jungerman® using 
an ionization chamber show good agreement between 
the two methods. 
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APPENDIX 


It will perhaps be informative to present a justifi- 
cation for and to outline the derivation of the model 
proposed by Jackson and the modification suggested 
here. 


Jackson’s Model 


The assumptions of Jackson’s model are: (1) that, 
if it is energetically possible for a neutron to be evapo- 
rated, a neutron will be evaporated; (2) that com- 


*\H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952); 


H. A. Tewes, Phys. Rev. 98, 25 (1955). 
%2 J. Jungerman, Phys. Rev. 79, 632 (1950). 
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petition from other modes of de-excitation can be 
neglected; (3) that the neutron energy spectrum is 
given by Ce exp(—«/T), where C is a normalization 
constant, ¢« the kinetic energy of the neutron, and T 
the nuclear temperature; and (4) that the nuclear 
temperature is independent of the excitation energy. 
From the first three assumptions we conclude that 


€max € 
f Ce exp( ~— dem, 
0 T 
€max € 
c=1/ f cexp( =) de 
0 T 


where €max is the maximum possible kinetic energy of 
the neutron. For €max>> 7, we have 


C~1/T? 


and the kinetic-energy spectrum of neutrons is given by 


€ € 
dR=— exp(-)de 
z T 


Let us consider the probability for a nucleus with an 
initial excitation energy E to evaporate three neutrons. 
The probability that the first two neutrons will have 
kinetic energies €, and €2 is given by the expression 


€1 €1\ €2 €2 
dR=— exsp(-—) = exp( -= dete, 
7? yi"  g 


If the excitation energy after the evaporation of two 
neutrons is greater than the neutron binding energy, 
a third neutron will be emitted. Hence, the probability 
that at least three neutrons will be evaporated is 


E—B\—B2—B; E—B,—B2—-B3—41 €1 €) 
R= f f — ep(-~) 
0 0 T? i 
€2 €2 
x— exp(-= dete, 
T? ‘ig 


where B,, Bo, and B; are the binding energies of the 
first, second, and third neutrons, respectively. The 
integration is made over all possible kinetic energies 
such that the excitation energy remaining after the 
evaporation of two neutrons is greater than the neutron 
binding energy. 

Making the substitutions 


6:=€1 /T, 
69> e2/T, 
A;= (E- B,— B.— B;) fF 
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we find 


A3 A3-61 
R= f f 5, exp(—41)d2 exp(—d2)d5od5). 
0 0 


Performing the integration, we get 


3 (A3)” 
= 1—¢-4s 5 - 
n=) mn! 


= T(A3,3), 


where J is the incomplete gamma function defined in 
the body of the paper. 

Similarly, it is possible to show that the probability, 
R,, of evaporating at least four neutrons is given by 


6 (A,4)” 
R,y=1-e“ > —— 


n=) 9) 


_ T(A4,5). 


The probability for evaporating exactly three 
neutrons is the difference between the probability for 
evaporating at least three and the probability for 
evaporating at least four. Hence, 


P(E,3)=Rs—Ry 
=1(A3,3)—1(d4,5). 


The above is, of course, only a demonstration for a 
particular case. H. McManus® has shown us a rigorous 
proof of the last equation for the general case of 
evaporation of x neutrons. 


Fission Model 


To modify Jackson’s model for the case where fission 
is possible, we make two additional assumptions: 
(1) that T’,,/I’y is independent of energy and (2) that a 
nucleus with an excitation energy greater than the 
fission activation energy but less than the neutron 
binding energy always undergoes fission. 

The probability that a nucleus evaporates three 
neutrons and survives fission at each of the evaporation 
stages is given by 


A; As-41 
R= f f Gn6, exp (—61)Gnod_ 
; x exp( = 5)Gngdb2d5,, 


where Gni=I'n/(('nt+T'y) for the compound nucleus 
existing before the evaporation of the ith neutron. 
However, since G,, is independent of energy, 


As 43-41 
Rs=GnyGnoGn3 f f 6; exp(—51)de 
0 0 


Xexp(—d52)db2d5, 
= GnyGnoGngl (A3,3). 


‘ =H. McManus (private communication, 1957). 
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In the original model, R, is the probability that the where 
nucleus evaporates three neutrons but still has an 
excitation energy greater than the neutron binding 
energy. To take fission into account, we must use the 
probability that the nucleus evaporates three neutrons 
but still has an excitation energy greater than the 
fission activation energy. Hence, P(E,3)=R3—R, 


Rg=GnyGnoGn3l (A3/,5), = GnyGnoGnal I (A3,3) —1 (3,5) ]. 


A;/ = (E—B,— B,— B;— Ew)/T, 


and Fy, is the activation energy for fission.*4 The 
probability for evaporation of exactly three neutrons is 
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The angular distribution for the production of pairs of pions by photons or pions incident on nucleons is 
analyzed in terms of the various angular momentum states involved. A general expression is derived and 
then the effect of various assumptions about which states should be important is examined. It is found that 
an examination of the relative azimuth of the pions should give information about the nature of the process, 
and in particular about the existence of a resonant state of the nucleon, and its angular momentum. 


I, INTRODUCTION process, making use of the known single-meson informa- 
tion wherever possible, might give a qualitative insight 
into the nature of the process, and should at least 
enable one to pick out those aspects of the theoretical 
predictions which are sensitive to the model used. 

In the present paper’ an analysis of this sort is 
attempted. Most of the formulas apply equally well for 
production by pions and by photons; the differences 
coming in the number and values of the various arbi- 
trary constants which are produced. The main object is 
to make use of the known properties of angular mo- 
mentum to investigate the angular distributions to be 
expected. We shall not say very much about the energy 
dependence of the cross section, nor about the isotopic 
spin, but restrict ourselves to trying to interpret the 
angular distributions. 


ECENTLY there have been a number of experi- 

mental investigations of the multiple production 
of pions from nucleons, both by pions! and also by 
photons.? Apart from any purely experimental diffi- 
culties, the examination of a process involving a three- 
body final state has the difficulty that the number of 
different parameters which can be examined is very 
large. There have been some attempts to calculate the 
expected cross section for such processes** but it is 
not all clear just which of the features of these predic- 
tions are sensitive to the assumptions made or the 
model used, and therefore it is hard to tell how to com- 
pare the experimental results with the theories. 

Before very much was known about the single meson- 
nucleon interaction, it was found that many of the 
striking features of the experiments could be explained IL GENERAL EXPRESSION FOR THE 
on quite general phenomenological grounds,’ without CROSS SECTION 
assuming any detailed model. One might therefore 
hope that a similar analysis of the double production 


In order to discuss the angular distribution we pro- 
ceed to define the S matrix for the process in question.*® 
* Work supported in part by the joint program of the Office of W pel veaaeael that when the particles concerned are 
Naval Research and the U. S. Atomic Energy Commission. sufficiently far apart they behave like free particles, 
1M. Blau and M. Calton, Phys. Rev. 96, 150 (1954). ‘ at av nh ee , _ » 
2M. Bloch and M. Sands, Phys. Rev. 108, 1101 (1957); Sellen, and cy ” we tos may then an ee 
Cocconi, Cocconi, and Hart, Bull. Am. Phys. Soc. Ser. II, 3, 33 Suita sly norma ized ingoing or outgoing Spherical 
(1957). , m sisi ata waves. The production process may be considered as 
*R. D. Lawson, Phys. Rev. 92, 1: 1953). nits 7 : ; . 
«S, Barshay, Phys, Rev. 103, 1102 (1956); J. Franklin, Phys. the transition from one set of ingoing waves to another 
Rev. 105, 1101 (1957). set of outgoing ones. The various possible states of the 
*R. E. Cutkosky and F. Zachariasen, Phys. Rev. 103, 1108 separated particles may be divided into a series of 


(1956). pao = 
6 A. Bincer, Phys. Rev. 105, 1399 (1957). 8 See, for example, J. M. Blatt and L. C. Biedenharn, Revs. 


7 See, for example, M. Gell-Mann and K. M. Watson, Annual Modern Phys. 24, 258 (1952). The discussion of this section is 
Review of Nuclear Science (Annual Reviews, Inc., Stanford, 1954), just an extension of the first part of their paper to cover three- 
Vol. 4, p. 219. body final states. 





1374 


“channels” labeled by the indices a for the ingoing 
states and.8 for the outgoing ones. The indices a and 
8 specify the number and nature of the particles, the 
momenta necessary to specify their motion and the 
eigenvalues of a suitable set of angular momentum 
operators. Suppose that we have an incident wave of 
unit amplitude in one channel a, say; the resulting 
outgoing wave will in general be a mixture of all chan- 
nels 8 with amplitudes Sag. This set of quantities Sag 
is the S matrix for the process in question, and deter- 
mines the cross section. 

Suppose that we perform an experiment in which the 
incident beam is a mixture of channels a with ampli- 
tudes A,. Then clearly the outgoing wave function 
will be 

Vou= > A a aflp; { 1) 
ap 


where yg is the wave function in channel 8. Hence the 
cross section will be 


(2) 


do=dr|> AgSashs\?, 
ap 


where dr is the appropriate kinematical and phase 
space factor which will depend on the choice of 
normalization. 

In investigating the angular distribution, we shall 
only be concerned with the angular-momentum part 
of the channel labels a, 8, and we shall omit any explicit 
reference to other quantities such as energy, isotopic 
spin, etc. For convenience of notation the angular 
momenta I, I’, 1,, ---, etc. will be associated with the 
quantum numbers /, /’, 1;, ---, etc. for their magnitudes 
and u, wu’, uw, ---, etc. for their z components. Similarly 
i,j, m, ---;8,5,m., ---;J,J, M, -->, ete. 

The initial state involves the angular momentum of 
the incident beam, I, and the initial spin of the nucleon, 
s;. These combine to give total angular momentum 


J=I1+5,. (3) 


To label the incident channels we take the quantum 
numbers J, M (which are both conserved), /, and s;: 


a=(JMIs,). (4) 


The outgoing channels are states of two pions and a 
nucleon, and are therefore described by two orbital 
momenta |, and I, and the final spin of the nucleon, 


=" Ref + 
a8,a’p’ 


Ae*AaSas*Sapl > 


Li LoM, 
where 
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Fic. 1. Alternative choices of coordinate system for simultaneous 
production (a), and production via a “compound particle” (b). 


s;, which combine to give: 
J=1,4+l.+5,. 
For the moment we do not specify precisely what we 
mean by |, and 1|,; we shall return to this point later. 
Thus the outgoing channels are labeled in a similar 
way to the incident ones by J, M, 1), /2, and s;. However, 
when three angular momenta are coupled to form an 


eigenstate of the total angular momentum, we must 
also specify the eigenvalue of one of the three sums: 


1,+1,= L, 
l,+s/=ji, 
I1,+8/=jo. 


(5) 


(6) 


We choose to specify j;, for reasons which we shall 
discuss later. Thus, 
p= (J M|jlos ¢j1 ). 


Since s; and sy are always 3, we shall generally omit 
explicit reference to them. 

It now remains to determine yg. We know the angular 
dependence of an eigenstate of (J;lxu.u2); it is given by 
the product of spherical harmonics: 


V tyu1 (0161) V tone (Ooh), 


where (6;¢;), (@x62) are the directions associated with 
the angular momenta |, and I. An eigenstate of 8 can 
be expressed as a linear combination of such eigen- 
states, using the appropriate Clebsch-Gordan co- 
efficients. When this is done, and the results inserted 
in (2), we obtain 


(7) 


(8) 


j(trHe—ta’—la’) | (2Jp-+-1) (Qlo-+ 1) (2h +1) (le +1) (2jr+1)(2je’+1) 1! 





= 


4dr (21, +1)(2L2+1) 


XC (hl Ly ; 000)C (lele’ Le; 000)W (Lijaly’ jy’; $13) 
zt (- IHC (L.j,J } poem M)C (1s'j1'J’ ; o'my' M)C (Lole’ L2; — pote’ — My)C(jijr'Li; mym,'M;)}, 
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C(---) are the Clebsch-Gordan coefficients, W(---) is 
the Racah coefficient, P;™ are the associated Legendre 
functions, 6=¢;—¢», A is the de Broglie wavelength in 
the incident channel,’ and the summations are taken 
between the limits 
0</< a, 
0<h< ae ’ 


la—-3| SfSht+4, 


0<I/<@, 
|’ —3| <J’<I'+4, 
0<1l'<o, 
lh’ —3| < ji’ Sh'+4, 
\J-jil Sh<SI+A, |J’—jr' | Sh’ <J'+i7, 
hh’ |<Iishth’,  |h-h!|<1n<h+’, 
—J,—J'S<MS<J, J’, 
—I, —L25M,< Ly, Le, 
—hSurSh, 


the remaining quantum numbers being given by 
Ho’ =42— Mj, 
m,= M— 2, 
m= M—p’. 


This result is derived in the appendix. The general 
term results from interference between the states 
labeled by the unprimed quantum numbers and those 
labeled by the primed ones. Z;, 2, and M, are just 
indices describing the expansion of the angular dis- 
tribution as a sum of products of spherical harmonics. 


III. CHOICE OF REPRESENTATION 


So far, we have not properly defined the angular 
momenta I, and ly. If we work in some definite frame 
of reference, then momentum conservation leaves two 
arbitrary independent momenta to be specified in the 
final state. Let us denote these by k, and k». Then the 
statement that the final state is in an eigenstate of J, u 
and /2, 42 corresponding to k, and ky is merely the state- 
ment that the angular dependence of its wave function 
is given by 
: Virur (hi) Vieus(Re), 
where , and &» are the directions of k, and ky. If we 
were really to take all states of the system into account, 
i.e., if we knew all of the quantities Sag, then the choice 
of 8 would not matter. Similarly, we have seen that we 
must choose whether to label the outgoing states by the 
eigenvalues of ji, j2, or L; here again the choice would 
not matter if we knew all the Ss. 

However, since we are trying to make a phenomeno- 
logical analysis without assuming a detailed theory, we 
do not know any of the S.s, but try to find qualitative 
reasons for neglecting all but a few of them, so as to 
leave our result with as few arbitrary parameters as 
possible. Hence in choosing our definition of the 8, we 


® We have used the definition and normalization of reference 8 
for our wave functions; S is a unitary matrix. 
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try to select them so that they differ in ways which 
correspond to qualitative physical differences. First of 
all, let us discuss the choice of 1, and |. In terms of the 
angles 6;, 02, @ which we have used above: 

k’k, k- kp 


cosé;=—————-,_ coS#2.= 


k| | ki! [Kk| | Ke| 
(kX ky) - (kX kz) 
1X ky} |X ke! 





cos 


where k is the momentum of the incident beam, whose 
direction is taken as the quantization axis. 

The most convenient frame of reference is the center- 
of-mass frame defined by the incident beam and the 
struck nucleon. The simplest choices of k; and ky are 
then the momenta of the two outgoing pions in this 
frame of reference. This treats the two pions in a sym- 
metrical fashion and also has one particular advantage 
from the point of view of experiment. In this case the 
angle ¢, which is the angle between the production 
planes defined by the incident beam and each of the 
pions, is invariant under Lorentz transformation along 
the beam direction. This means that it is also the angle 
between the production planes in the laboratory system, 
which can be directly measured even in the case of 
photoproduction, when the center-of-mass frame varies. 

However, it might be that the two pions are not 
emitted symmetrically but instead are emitted suc- 
cessively, with an intermediate “compound particle” 
existing in between. In this case the most sensible 
choice of ky is the momentum of the second pion rela- 
tive to the center of mass of the outgoing nucleon and 
second pion. Note that the direction of k; in this case 
is the same as that in the previous case and is also the 
direction in which the “compound particle” moves in 
the total center-of-mass system. These two choices are 
illustrated in Fig. 1. They are not, of course, the only 
possible choices; which of the two is more reasona le 
should be made clear by the kinematics of the observed 
process. 

Next we must consider the choice of coupling scheme. 
Here the question is whether we expect the production 
process to be more sensitive to the total angular mo- 
mentum of the two pions, or to the total angular mo- 
mentum of a pion-nucleon pair. If the former is the 
case, then this means that the production should de- 
pend strongly on the direct interaction between the 
two mesons. If we make the assumption that the direct 
pion-pion interaction is small, or even the much less 
severe assumption that it is of much shorter range than 
the pion-nucleon interaction, then it is convenient to 
make the analysis in terms of eigenstates of j,. This is 
also convenient because of the known strong depend- 
ence of the single meson-nucleon interaction on the 
total angular momentum. 
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IV. EVALUATION OF THE ANGULAR 
DISTRIBUTION 


Before trying to work out the coefficients for par- 
ticular cases, let us examine some of the general features 
of the expression (8) for the cross section. This expres- 
sion is of the form 


ee 


1,L2M, 


do= 


A1jtom,P 1 “1(cos6;) 


X Pi" (cosbs) cosM ig, (10) 


where the Azjz2m, are some complicated functions of 
the energies and momenta involved. We shall assume, 
where necessary, that we are discussing the first choice 
of the definition of k; and ky discussed in the last sec- 
tion. As we should expect, the cross section depends 
only on the difference in azimuth of the two pions, and 
is therefore invariant under rotation of the coordinate 
system about the z-direction (direction of the incident 
beam). The fact that it depends only on the cosine of 
multiples of ¢ is related to parity conservation. 

Next we may examine which angular momentum 
states can contribute to each of the Axzjz0. First of 
all, the Clebsch-Gordan coefficients C (1,/,1,; 000) and 
C (lol' Lz; 000) vanish unless (/;+/,;'+Z,) or (le+/o’+ Le) 
are even, respectively. This greatly reduces the number 
of terms to be considered in any particular case. The 
physical interpretation of this rule is simply that inter- 
ference terms between orbital angular momenta of 
opposite parities give rise to angular distributions in- 
volving spherical harmonics of odd order, and vice 
versa. 

After this we observe that the coefficient of Px,% 
say, comes only from channels 8, 8’ such that 


h+l/> Li, (11) 


and a similar rule holds for Pz2-™”:. If the observed 
cross section in a given energy region is observed to 
involve only low values of L;, Ls, then we can assume 
that in this region high values of /;, J, 1;', 1.’ are not 
important, and ignore their contributions in all terms 
One way of examining this is by looking at the cross 
section as a function of the angle ¢, which, as pointed 
out above, should be particularly easy experimentally, 
since this angle can be measured directly in the labora- 
tory system. If this distribution is analyzed into its 
Fourier components, then the highest value of L; which 
is important (Zy,,) and the highest value of Ly (Lom) 
must both be greater than or _ to the anes 
Fourier component which occurs (M,,) 


Lin> Mm; Lom> Mm. 


In the absence of accidental cancellations, in fact, we 
should expect M,, to be equal to the smaller of Lim, Lom. 
If one looks for production of pairs of mesons having 
roughly the same energy, then clearly we expect 


Lin= Lon= Ma 


F 
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In other words, making use of (11), the highest value 
of M observed in the angular distribution as a function 
of @ should be twice the maximum pion orbital angular 
momentum which contributes appreciably to the pro- 
duction at the energies involved. 

At energies not too far above threshold, one would 
expect the most important part of the cross section to 
be due to s- and p-state pions. If no higher states are 
involved, then, by the above argument the highest 
value of M which should be observed is 2, and the values 
of L; and [2 which will occur are 0, 1, and 2. In Table ] 
the various possible values of 11, ls, Ly’, le’ which can 
contribute to each of the tabulated for 
this case. 

Up to this point, we have made no real approxima- 
tions except to neglect high values of 1), ls, di’, /2', which, 
as we have seen, is an assumption which can be checked 
experimentally. However, if we consider all the possible 
values of J and j; going with the above values of /,, / 
we find that the pati expression involves 10 com- 
plex amplitudes S ‘as, or 19 real parameters. Even if we 
were to examine only the coefficient of cos2¢, there are 
still 5 amplitudes, or 9 parameters. (These numbers 
apply for the case of production by pions; in the case 
of photoproduction, where both parities are present in 
the initial state, there are even more.) Hence it is clear 
that we must make some further approximation. 


AjLom, are 


The assumption that we shall make is that the mesons 
produced in p states interact with the nucleon only 


through the resonant state (j= 3). This also involves 
ignoring the direct pion-pion interaction in comparison 
with that between pion and nucleon (or taking it to be 
of much shorter range: see above). This is a fairly 
severe assumption which should be carefully considered. 
In the region of the resonance energy, i.e., when the 
energy of the pion “relative to the nucleon” (measured 
in the center-of-mass system of the pion and nucleon) 
is near the energy of the pion-nucleon scattering reson- 
ance, then the approximation should be quite good. 
However, we must remember that this is now a state- 
ment about the angular momentum measured in the 
center-of-mass system of the pion and nucleon, whereas 
the rest of our calculations and observations refer to 
the center-of-mass system of all three particles. This 


TABLE I. Values of (;,J2,/;',/2’) which can contribute to 
each of the coefficients A 1,121. 


(0001 ) 
(0100) 
(1011) 
(1111) (1110) 
(O111) 
(1101) 


(0110) 
(1001 ) 


(0111) 
(1101) 


(0010) 
(1000) 
(O111) 
(1101) 


(1010) 
(1111) 


(0011) 
(1100) 
(0110) 
(1001) 


(1011) 
(1110) 


(1011) 
(1110) 


(1111) 





PRODUCTION 


should not have very much effect in practice for the 
case of resonance pions. For in this case the maximum 
velocity of the Lorentz transformation between these 
two frames of reference is about c/10, whereas a pion 
at resonance is fairly strongly relativistic. In other 
words, the angular dependence of the pion wave func- 
tion will be amost the same in the two systems, and a 
pure j=} state in one system will be mainly j=} in 
the other system also. The approximation does break 
down at energies far from the resonance ; however these 
regions should give relatively small contributions. 

At this point we may compare some points of this 
discussion with the specific calculations of Cutkosky 
and Zachariasen.® They make a calculation using the 
Chew-Low theory for the specific case when one s- and 
one p-state meson are produced, and ignore all other 
cases. This seems a reasonable approximation if one 
pion is produced with very low energy and the other 
near resonance. However, to neglect the production 
with both mesons in pf states implies that the amplitude 
for production of the pion with the lower energy in a 
p state is small, and hence the amplitude for such pro- 
duction with the near-resonance pion in an § state 
should be at least as small as that for two p-state pions 
(and probably much smaller). Hence, in Eq. (17) of 
reference 5 only one of the three terms should be 
appreciable, if the approximations are valid; it will be 
either the first or the second according as the near- 
resonance pion is positive or negative. In our notation 
this corresponds to saying that we must only allow 


L,;=0; L.=0, Ze 


(2 denoting the higher energy pion) but that the inter- 
ference term with /;=1, /,=0, 1;/=0, l.’=1 should be 
as small as the other neglected terms. The angular dis- 
tribution as a function of @, can be calculated either by 
substitution into the general expression (8) or, more 
simply, by noting that the only effect of the emission of 
the s-state pion is to change the parity of the system 
with no effect on the angular distribution. In other 
words, the distribution will be the same as that for the 
production of a single p-state scalar pion. For photo- 
production this can be obtained from the usual expres- 
sion for single production by interchanging electric and 
magnetic amplitudes, giving 


| E1|2(24+3 sin.) + | M2|2(3+3 cose) 


+2v3 Re(£,*M_2)(3 cos’@2—1), (12) 


where /; and M, are the electric dipole and magnetic 
quadrupole amplitudes, respectively, (assuming only 
J=} occurs). For production by pions the angular 
distribution is of the form 


1+3 cos*@2. (12a) 

The predictions of reference 5, which are based on a 
static, cut-off model, only include the electric dipole 
term. In general one would expect the magnetic quad- 
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rupole term to be much smaller (it should be much less 
important than the electric quadrupole term for single 
production). Since in this case the interference term 
would be the important one, and if the phases of the two 
amplitudes are suitably related it has the same sort of 
angular dependence as the electric dipole term, it would 
be difficult to detect anything but a very large magnetic 
quadrupole contribution. 


V. EFFECT OF THE “SECOND RESONANCE” 


When we consider the production of two p-state 
pions, we are led to a very complicated distribution, for 


in general there are three possible values of J, all of 
which may interfere. However, it has been suggested" 
that nearly all the photoproduction phenomena in the 
region of 700-Mev photon energy, and also the pion- 
nucleon scattering at corresponding energies, can be 
fitted on the assumption that they all take place through 
a resonant state of the nucleon, lying above the known 
J = level and below the rather higher (probably J= 3) 
level observed in the scattering." Amongst the phe- 
nomena which can be observed in: this region is the 
production of two p-state pions, and it seems worth- 
while to examine the consequences. This introduces a 
great simplification into the calculation, for it means 
that we only allow one value of J, though this may be 
any of the three values. 

If the analysis is done for the coefficient of cos2¢ in 
the distribution (again assuming only j7;= 3 occurs), 
then we find the following result for the coefficient of 
sin’@, sin*@. cos2@ (for photoproduction) : 


P (3/8) M;/}?, 
— (1/5)(3|M,|*—4/3 Re(M,*E2)+9| E2}?), 
(9 20) ( EB, 2+ (4v2 3) Re(M;*F.)+2 M;/\7), 
(13) 


where M,, Eo, M; are the amplitudes for magnetic di- 
pole, electric quadrupole, and magnetic octupole 
transitions, respectively. For production by pions the 
form is similar but with only the ‘‘magnetic’’ terms. 
The significant feature of (13) is that for J=}, 3, this 
coefficient is positive, while for J= 4 it is negative, 
whatever the relative phases of F2, M,, M3. Further- 
more, for J=3,3, production of two s-state pions 
cannot occur, while for /= $ production of one s- and 
one p-state pion cannot occur. For the s- and p-pro- 
duction in the case when J = $, we now make no further 
assumption in assuming 7;= 3, and therefore the angular 
distributions should be strictly as given in (12). In 
other words, if there is a J/=# resonance then near the 
resonance, if both pions are produced with energies in 
the region of 150 Mev relative to the nucleon, the dis- 
tribution should have a term in cos2¢ whose coefficient 


should be negative. 


 R. R. Wilson (private communication). 
4 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956) 
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Hence, if we assume that the resonance exists, it 
should be quite possible to determine its angular 
momentum, provided its parity is even so that 2p pro- 
duction is possible. 


VI. SUMMARY 


We have seen that it is quite possible to derive a 
general expression (8) for the production cross section 
for pion pairs in terms of unknown complex amplitudes 
or matrix elements. By making various approximations 
and assumptions it was then possible to make some 
definite predictions without any detailed model of the 
production process. These conclusions may be sum- 
marized as follows: 

For the production of two mesons of similar energies, 
if / is the maximum orbital angular momentum (of 
either one) which contributes appreciably to the pro- 
duction under the given conditions, then the angular 
distribution, as a function of their relative azimuth @ 
should have no Fourier components higher than cos2/9. 
This is quite generally true, whatever the choice of 
coordinate system, though in any particular case the 
value of / thus obtained will depend on the choice of 
reference system. Hence, if we assume the pion-pion 
interaction to have negligible effect, a measurement of 
this sort can give information about the angular mo- 
mentum dependence of the single pion-nucleon system. 

If only s and p states are important, which, as seen 
above, is an assumption which can be checked, then: 

(a) If we assume that for a p-state pion, whose 
energy relative to the nucleon is near the resonance, 
only the j=# state is important, then for the production 
of one low-energy pion and one near resonance the 
angular distribution should be given by (12). 

(b) If we assume in addition that production takes 
place through a definite resonant state of the nucleon, 
then for the production of two pions with energies near 
resonance (both energies measured relative to the nu- 
cleon) the angular distribution should show an azi- 
muthal dependence in which the coefficient of cos2¢ is 
positive if J=4 or J/=$, and is negative if J/=4. If the 
latter is the case, then for the case mentioned in (a) the 
angular distributions given in (12) should be independ- 
ent of any separate assumption that 7,=#. 

Some estimate of the validity of assuming 7,=$ can 
be made by looking at the coefficient of cos@. If this is 
negligible except at energies where there is also an 
appreciable term in cos2¢, then the assumption is 
probably valid. 

In conclusion, it is interesting to note that although 
the three-body system is far more complicated than the 
two-body one, and in general much more difficult to 
analyze, with a few assumptions it is possible to use the 
extra complication of azimuthal dependence to sort out 
different angular momentum states, which is much more 
difficult to do in the simpler two-body case. 
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APPENDIX. DERIVATION OF THE GENERAL 
EXPRESSION 
In the notation of the rest of the paper, we must find 
the wave functions Wg to insert in (2). These are the 
asymptotic wave functions of a nucleon and two pions 


in eigenstates of 
is M, hy, ls, Sf, jie 


Following the normalization of reference 8, we have 
the asymptotic form of the eigenstates of /;los;uyuom,;: 


Vw 


r1,72 72 


V tyu1 (01,01) V t22(82,2)Xq rm 
X [rire (0102) Petit blir) pi(kare Hew) 
where 2; and vs are the velocities of the two outgoing 


particles, Y;, are spherical harmonics and x is the spin 
wave function of the nucleon. We may write this as 


Writ ®V yyy (01,01) V tone (02,62) F, (Al) 


where now F is independent of angle or orbital angular 
momentum. We now expand the states in which we 
are interested in terms of these states: 


WIT M)= SX Clhisseji; wam.pmi)C (lef 5 wom M) 


™miBiB? 
i428 V ty; (81,01) V teu2(O2,62)F, (A2) 


where C(jj’j’"; mm'm’’) is the Clebsch-Gordan coeffi- 
cient. In this way we find that, after substituting into 
(1), Eq. (2) becomes 


6 rym, = ET pa 3 Zz 


aBa’B’ my’ ui’ ue’ minine 


Ae*AaSap*Sap 


XC(hiss)i ; pum, m)C (lo j,J ; pom, M) 


XC (hi's ji’ > bi'm,smy )C (12 j1' J"; po’m,'M) 
Ki’ H let) V 141 * (01,01) V toua™ (00,62) 
X V tyu1’ (01,01) V to’u2’ (02,2). 


(A3) 


Note that although we have written this as a sum over 
channels we do not sum over values of M. Owing to the 
invariance of the problem under change of coordinate 
system, the S-matrix elements cannot depend on the 
magnetic quantum numbers. Since the spin orientation 
of the initial or final nucleon, or the polarization of the 
incident beam could, in principle, be measured without 
interfering with the experiment, there can be no inter- 
ference between states in which these differ. If these 
are not measured, then we must sum this expression 
over values of m,; and average over values of M. Note 
also that the fact that the normalization of the wave 
functions included 2; and v2 means that the term dr 
is simply A7dQ\dQ. 
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Now we use the relation 


V tyur* (41,01) V yur’ (01,01) 


Iy+ly’ Ly 


= (—1)" } 


Ly=|li-ly’ | My=—-L1 


(21, +1) (21;’+1) |! 
4n(2L,+1) 
XC (hly’L ; 000)¢ (Lb! Ly; —y1'M)) 


X V14911 (61,61), (A4) 


and hence obtain 


) 


DB Be 


aa’ BB’ Lile 


PAs A a Ag Sap Sap ‘ot ti is 
dQ dQ»2 


(21,+1) (2lo+1) (21;/+1) (2l2’+1) 3 
x (4x)! — 
(2L,+1)(2L2.+1) 

XC(hl’ Li ; OOO)C (Lole’ Lo; 000) 
a ™ 3 

mymy'ui'u2’ Mi Meuine 
XC (lepiJ ; pom M)C (li's pj’; by'm, my’) 
XC (le jr’ I’; po’my M)C(Lly'L, ; —py;'M)) 


{(—1)"*#C (1157715 wm.) 


XC (Lele! Le; — Wopte’M 2) V 1111 (0161) V r2at2(Boh2)}. (AS) 


9 


at fF 


d2)dQ2 aa’BB’ LiLeM, 


XC(hL' Li; OOO)C (Lele Lo; 000) W (Li jal’ 71’; 51) 
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This can be simplified as follows. First we use the sum 
rule for the product of three Clebsch-Gordan coeff- 
cients,” which for this particular case becomes: 


>  (—1)"C (hi spr! 5 wa’ ymy') 

Hini’m, ¢’ 
XC (his ¢j15 wimsem)C (hy L1; —paur’M) 
= (—])iHhi-h’-hi ™(2j,+1)*(2j;’+1)} 


x W (Lijily’ jy’; SpLy)C(jiji Li; =e mym1'M,), (A6) 
where W(---) is the Racah coefficient. Then we note 
that C(1,l;'L,;000) vanishes unless Z;—1,—J/;’ is. an 
even integer; also we write 27;—m,=2(j:—m)+m 
and note that 2(j;—m) must be an even integer. Next 
we use the fact that wo+m,= M=po'+my’, or 

(A7) 


po —po=m,— my’. 


Since the expression for da/dQ\dQ, contains the two 
terms C(jij1'L1; —mym,'M,) and C (lol2'L2; —uop2’M2), 
it follows from (A7) that 


Making use of all these results we obtain, finally: 


(21;+1)(20;’ +1) (2lo+1) (Qe + 1)(2714+1)(271'+1) \' 


A gt Aa Sap*S api! +42) (477) : 


(2L,+1)(2L2+1) 


Mi {(- 1) MC (loj,J ; wom M) (Ly 7)' J’ ; peo’my' M)C (Lol 2’ Lo; — pote’ — M,) 


42 


XC (jj; —mym,'M,)} P1,""(0,) Pre M2(Q,)e*Mi(¢1 92). 


(A8) 


Symmetry considerations show that only terms in cosM,@ can survive in the sum, and hence we obtain the 
expression reproduced in (8). The origin of the various limits on the summations are all straightforward. 


2 See, for example, M. Rose, Elementary Theory of Angular Momentum (John Wiley and Sons, Inc., New York, 1957), p. 110. 
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Using counter techniques, a higher-precision determination of the x 
resonance has been made. The energy width, statistical errors, and absolute 


3 


neighborhood of the T=J=3 


+p total cross section in the 


errors were considerably reduced in an extension of our previously reported work. The eight total cross 
sections which were determined in the pion kinetic-energy range of 143 to 205 Mev are compared to other 
earlier work and their theoretical interpretation is discussed. 


I. INTRODUCTION 


N previous publications!? we have reported a series 

of measurements of r++ total cross sections for 
150- to 750-Mev positive and negative pions, using the 
counter telescope transmission method. As one phase of 
this program, fourteen +*+ p total cross sections were 
determined in the energy interval of 146 to 335 Mev 
using a liquid hydrogen target. These prior results 
indicated a peak in the lab system cross-section curve 
at ~175 Mev. One should note here that all energies 
refer to pion kinetic energy in the lab system unless 
otherwise stated. 

The work of Ashkin ef al.’ at that time and the 
somewhat later work of Ignatenko et al.‘ indicated that 
the lab system peak may occur at 195 Mev. Further- 
more, when the a3; phase shifts deduced from our total 
cross-section results were plotted on a Chew-Low or 
Serber-Lee plot, an appreciable change in slope from 
the straight line at lower energies seemed probably to 
occur in the neighborhood of the resonance. This also 
implied the possibility of a somewhat lower energy 
resonance than the Bethe-de-Hoffman ef al.’ value 
at ~195 Mev. 

When one considered the sum of the relative and 


absolute errors involved in the various measurements, 


there was not necessarily a discrepancy in any one 
cross section ; however, the systematic differences noted 
above were sufficient to warrant further study. There- 
fore, we performed a new series of measurements of the 
++ total cross section in the region of 140-205 Mev 
in which momentum widths, statistical errors, and rela- 
tive errors were considerably reduced. This work will 
here be described, analyzed, and compared to previous 


work. 


* Work carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 92, 1578 
(1953) and 93, 917 (1954). 

2S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 
(1955). 

3 Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
1104 (1954). 

4Ignatenko, Mukhin, Ozerov, and Pontekorvo, Zhur. Eksptl. i 
Teoret. Fiz. U.S.S.R. 30, 7 (1956) [translation: Soviet Phys. 
JETP 3, 10 (1956)]. 

5 de-Hoffman, Metropolis, Alei, and Bethe, Phys. Rev. 95, 
1586 (1954); H. A. Bethe and F. de-Hoffman, Mesons and Fields 
(Row Peterson and Company, White Plains, 1956), Vol. 2. 


II. EXPERIMENTAL ARRANGEMENT, 
AND PROCEDURE 


The experimental arrangement and procedure were 
similar to those previously described.? A five-element 
fast (2-3 musec resolution) scintillation-counter tele- 
scope with a deflecting magnet between the second and 
third counters was employed to define the momentum 
interval of positive particles accepted. Time-of-flight 
rejection of protons was employed. The analysis of the 
a+ beam and the u* plus e* contamination was deter- 
mined by range-curve methods previously described. 
The values of the contamination and the energy de- 
pendence were similar to the previous results shown in 
Fig. 5 of reference 2. 

A Styrofoam target and an identical empty dummy 
were used alternately between the fourth and fifth 
counters to determine the transmission of r* in Hoe. 

The Cosmotron was operated in the same manner as 
previously described* such that 0.8-Bev protons struck 
a beryllium target located in the east straight section. 
A direct beam produced at 32° from the target was 
allowed to pass through collimators in the shield and 
then was incident on the first two counters. 

The experimental arrangement was changed from 
the previous one only in the following essential respects: 

a. The inner copper can of the hydrogen target which 
contains the liquid hydrogen was reduced in length 
from 12.5 in. to 6 in. in order to reduce the energy 


TaBLeE I. Absolute and relative errors of the systematic type 
in the total cross-section determination of hydrogen for positive 
pions of 143-205 Mev. 


Absolute rms Relative rms 
percentage percentage 
error error 


Source of error 


Muon and electron contamination 

correction (3-12%) 

Geometry correction (3-4%) 

Background correction (1-2%) 

Hydrogen content of target 

Double scattering, changes in 7-» 

decay due to energy loss in He, 

additional Coulomb scattering in Ha, 

and other small effects 1% 1%, 
(a) Total rms absolute error =[12+ 12+ (4)?+ (4)?+ (})?}}=1.6% 


(b) Total rms relative error 


=((5)®+ (4+ (te)? + (42+ (4? = 0.6% 
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losses in hydrogen and thereby reduce the energy widths 
associated with the cross section. 

b. The first and fourth counters, which define the 
momentum width of the incident beam, were replaced 
by 1}-in. diameter counters instead of the 23-in. di- 
ameter counters previously used. The half-width of the 
incident beam momentum range was determined by 
wire calibration to be <1%. 

c. The absolute error associated with the momentum 
determinations by wire measurement’ was reduced to 
~43%. The relative error in mean momentum deter- 
minations was measured to be ~0.1-0.2%. 


III. CORRECTIONS AND CALCULATIONS 
OF CROSS SECTION 


a. Background.—The background corrections were 
of the same order of magnitude (1—2%) as in the previ- 
ous runs? and the nature of this background and the 
method of correction are described in reference 2. 

b. Contamination.—The percentage of the sum of u* 
and e+ contamination in the pion beam as a function of 


TABLE II. The total nuclear interaction cross section of hy 
drogen for positive pions, obtained by measuring the transmission 
of liquid hydrogen. 


section of 
hydrogen in 
millibarns 


Positive pion kinetic 

energy in Mev in 
the lab system 

140.5+: 

170.5+3. 

198 +3. 

193.5+< 

198 

192 

174 

178 


162 
170 
173.: 
177 - 
183.5 
195 
205 


mun 


UWMmanannwnu 


incident energy was determined by range curves and 
the values are similar to the previous results shown in 
Fig. 5 of reference 2. The absolute error of the deter- 
minations is estimated to be ~1%. The relative errors 
are estimated to be ~}%. 

c. The geometry corrections—The mean angle of 
acceptance of the last counter was +6.8°. The geometry 
corrections were made in a manner similar to that 
previously described? except for the fact that the recent 
experimentally determined angular distributions® § were 
employed to obtain the variation of the differential 
cross section near 0°, instead of the function 1+3 cos’@ 
which was previously used. The changes thereby intro- 
duced are insignificant. The very small corrections to 
the cross sections due to the interference of Coulomb 


6 Mukhin, Ozerov, and Pontekorvo, Zhur. Eksptl. i Teoret. 
Fiz. U.S.S.R. 31, 371 (1956) [translation: Soviet Phys. JETP 4, 
237 (1957) ]. 

7 Ashkin, Blaser, Feiner, and Stein, Phys. Rev. 101, 1149 
(1956); 105, 724 (1957). 

8H. L. Anderson and M. Glicksman, Phys. Rev. 100, 268 
(1955); Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 
100, 279 (1955). 
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TIVE PION KINETIC ENERGY IN LAB SYSTEM 


Fic. 1. The total cross-section values of hydrogen for positive 
pions of 143-205 Mev determined in the present work, plotted as 
a function of pion kinetic energy in the laboratory system. Our 
earlier measurements in and near this energy interval are also 
plotted for comparison. The solid line represents the contribution 
alone, taken from Fig. 3 according to the procedure de- 
the text in Sec. V. 


ol a 


scribed in 


and nuclear scattering were also taken into account as 
was done previously. 

d. Momentum widths—The momentum widths of 
the pion beam, corresponding to the measurements, 
were computed from the estimates of the incident 
momentum spectrum obtained by wire measurement 
and also calculations which were then modified appro- 
priately to include the effects of the known energy loss 
in the hydrogen target. The corrections to the measured 
transmissions, the various sources of error, and the 
resultant cross sections were determined in the manner 
previously described.” 

The various absolute relative 
systematic type are listed in Table I. 


and errors of the 


IV. RESULTS AND COMPARISON WITH 
OTHER EXPERIMENTS 


The resultant cross sections are shown in Table II. 
The errors (rms) listed are predominantly statistical 
although they also include the relative errors of the 
systematic type. The energy errors represent the half- 
width of the energy distribution of the interacting pions. 

The new cross-section data are shown in Fig. 1 and 
compared to our previous results. It is clear that the 
general agreement between the new and old deter- 
minations is quite good considering the errors in both 
measurements. Although the new points near the peak 
(170,173,177) are slightly lower, the peak in the lab 
system probably occurs at ~ 180 Mev, which is reason- 
ably consistent within the errors with our previous 
observation? that the lab system peak occurs at ~175 
“fev. In particular, the values of the total r++ cross 
section in the region of 170-180 Mev seem to be sig- 
nificantly higher than the values at and near 195 Mev. 

In Fig. 2, our results are compared to the latest re- 
sults of other laboratories. The general agreement of all 
of the data is quite good. One should note that only 
relative errors are shown in most of the data and 
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Fic. 2. A comparison of the recent x*+/) total cross-section 
data in the energy region of 125 to 250 Mev, determined by 
various groups. The solid line represents the contribution of ag; 
alone, taken from Fig. 3 according to the procedure described in 
the text in Sec. V 


absolute scale factor errors, which are comparable in 
many cases to the errors shown, are not included. 

When one considers our new results taken together 
with our previous results, it appears that the peak of 
the x*+ p total cross-section curve in the lab system 
occurs at ~ 180 Mev in the lab system. This is consistent 
with the recent total cross sections at 176 and 200 Mev 
determined via integration obtained by Mukhin et al.® 
The cross-section value at 200 Mev is much less than 
that at 176 Mev. However, the earlier resultst obtained 
by this group by transmission indicated a relatively 
high value of total cross section at 195 Mev, but the 
errors were larger than in the latest determination. 

In the previous work of Ashkin e al.,’ a relatively 
high value of the cross section at 195 Mev was also 
indicated ; however, as they pointed out, the associated 
error on this point was relatively larger than on their 
other points. 


V. ANALYSIS OF RESULTS 


The 822? curve in Figs. 1 and 2 shows the contribu- 
tion to the #*+ total cross section at the resonance 
energy due to a p-wave resonance in the state of isotopic 
spin (J) and angular momentum (J) equal to 3. It is 
clear that within the errors the total r++ p cross-section 
curve appears to be either tangent to or larger than the 
82? line somewhere in or near the region of ~ 180-200 
Mev. Hence these data are consistent with a resonance 
in the 7=J=} state in this energy region. 

The Fermi set of phase shifts for S-P wave analysis 
with a resonance in a3; ° near 190 Mev seems fairly well 
established when the latest analyses of the differential 
x*+p scattering experiments* *° are considered in 


® Charge independence is assumed in the phase-shift analysis. 
The first index equals twice the isotopic spin and the second index 
equals twice the angular momentum of the state, except for the 
case of an S wave for which the second index is omitted. 

S.J. Lindenbaum, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7, p. 317. 
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conjunction with the requirement that the dispersion 
relations for the spin-flip scattering amplitudes are 
satisfied." Two groups" have recently shown that the 
Yang sets do not satisfy these dispersion relations. 
Furthermore, it has also recently been shown” that the 
two sets of phase shifts generated from the conventional 
Fermi and Yang sets via use of the Minami ambiguity” 
both violate the predictions of the dispersion relations 
for the spin-flip scattering amplitude.” Therefore, the 
Fermi set is the only one that satisfactorily describes 
the pion-nucleon scattering below 300 Mev. This set 
for the x*+ scattering contains three phase shifts 
for the assumed S and P analysis, namely ays, a31, and a3. 

For the Fermi set, it appears from recent analy- 
ses® $10.17 that only ag; is large and exhibits a reson- 
ance near 190 Mev. a; is consistent with the Orear 
prescription [a;=—0.11] below 200 Mev. This pre- 
scription would contribute an approximately constant 
value of 3 mb to the total cross section in the energy 
region under consideration. The a3, phase shift is less 
well determined but appears to be **!°.7-™ less than 
10° and probably negative below 200 Mev. This will 
also contribute <3 mb in the resonance region. Hence, 
= 97% of the total r++ p cross section in the resonance 
region is expected to come from the contribution of the 
a33 phase shift. That this is indeed so is clear from Fig. 1 
in which the solid curve represents the calculated con- 
tribution to the total ++ ) cross section from the 
a@33 phase shift. 

A Chew-Low plot using the best values of a33 ob- 
tained from the phase-shift analyses of the pion- 
nucleon scattering® *:'*-!7 is shown in Fig. 3. A Serber- 
Lee plot using the same data has been published.’ 
There is also in reference 10 a general discussion of the 
Chew-Low and Serber-Lee equations. 

For both the Chew-Low plot (Fig. 3) and the Serber- 
Lee plot it is apparent that the data can be reasonably 
fitted by one straight line below resonance and another 
straight line of considerably different slope above 
resonance. This change of slope in these plots had been 
previously suggested? by the analysis of our earlier 
m*+ total cross-section measurements in the resonance 
region. The change of slope in these effective range 
plots is not too surprising, since they are only expected 
to be straight lines for energies low compared with the 

i W. C. Davidon and M. L. Goldberger, Phys. Rev. 104, 1119 
(1956); W. Gilbert and G. R. Screaton, Phys. Rev. 104, 1758 
(1956). 

2S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 110, 
1174 (1958). 

13S. Minami, Progr. Theoret. Phys. Japan 11, 213 (1954). 

4 Ferrari, Ferretti, Gessaroli, and Manaresi, Proceedings of the 
CERN Symposium on High-Energy Accelerators and Pion Physics, 
Geneva, 1956 (European Organization of Nuclear Research, 
Geneva, 1956), Vol. 2, p. 230. 

15 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1954). 

16H, Taft, Phys. Rev. 101, 1116 (1956). 
me Sachs, and Steinberger, Phys. Rev. 93, 1367 
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effective cutoff energy which would correspond to 
w*~6. 

One might note that the resonance energy is slightly 
above the threshold (~170 “fev) for producing an 
additional pion, and hence two meson states may begin 
to contribute appreciably. Furthermore, even a small 
inelastic cross section may slightly affect the values of 
a33 deduced from a real phase-shift analysis which is the 
only method that has been used by the various authors. 

Due to the change in slope of the Chew-Low and 
Serber-Lee plots near the resonance, the determination 
of a resonance energy is uncertain. The resonance 
energy for the Chew-Low plot is determined by the 
point where the ordinate [n’ cota33;/w;* | is zero, which 
is the intercept on the w;* axis. The best guess for which 
the rate of change of slope of the plot would not be too 
rapid is that the intersection of the broken line (solution 
above resonance) with the w,* axis is the resonant point. 
A resonable estimate from Fig. 2 is that the resonant 
energy is ~190_,0*®° where the estimation of errors is 
somewhat uncertain. One should note here that if the 
low-energy straight line had been used to determine 
the resonance without taking into account the subse- 
quent change of slope in the region just below the 
resonance, the resonant energy would be at 215 Mev. 
The same values for the resonance energy [ ~ 190_10 
and the associated errors were previously" deduced 
from the Serber-Lee plot. 

A reasonable functional variation of a3; with energy 
as deduced from the Chew-Low plot would appear to 
be obtained by following the solid line to 150-170 Mev 
and making a smooth transition to the broken line in 
this region and following the broken line thereafter. 
The same procedure was previously used for the Serber- 
Lee plot. The contribution to the ++ total cross 


+ 207] 
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section by the ass; phase shift was computed as a func- 


tion of energy by following the above procedure and is 
shown as the solid line in Figs. 1 and 2. 

The agreement of the data with the solid line is 
excellent when one considers that, as previously dis- 
cussed, ~3 mb independent of energy should be added 


SECTION OF 4H 


Fic. 3. A Chew-Low plot. The initials of authors’ last names 
are used for identification of points (see references 6, 7, 8, 14, 
15, 16, and 17). 


for the contribution of a; to the total cross section and 
~3 mb should be added for the contribution of a1. 

The renormalized and unrationalized coupling con- 
stant'® f? can be determined by the usual extrapolation 
from the Chew-Low and Serber-Lee plots. The values 
obtained are {?~0.094+0.01 from the Chew-Low plot, 
and f?=0.107+0.01 from the Serber-Lee plot. The 
experimental errors are at present larger than the 
difference between the two methods. If one considered 
primarily the a3; data in the resonance region, a con- 
siderably smaller f? would be obtained. This is the 
reason for earlier? lower determinations of f?. 

18 A summary of the various recent coupling-constant deter- 
minations and an interpretation of the results is given in reference 
10 on p. 326. 
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Production Spectrum of Mesons in High-Energy Nucleon-Nucleon Collisions* 
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In order to obtain a production spectrum of mesons in the center-of-mass system, three high-energy 
nuclear collisions were selected which satisfy very stringent criteria for nucleon-nucleon collisions and for 
which the momenta of all charged particles could be measured in the laboratory system. The results show 
that more than one-half of the mesons have energies less than 1 Bev in the center-of-mass system. Only a 
few particles emitted under very small angles in the forward and backward direction have higher energies, 
extending up to 10 Bev. The low-energy end of the spectrum is compared with results obtained in experi 


ments with the Berkeley Bevatron. 


HE existence of multiple meson production is now 
a well established experimental fact. The problem 
has also been approached theoretically by several 
authors.!-® 
At present, one of the most important physical 
quantities to be compared with the theoretical predic- 
tions is the energy spectrum of the particles in the 
center-of-mass system. During the last few years, 
several attempts have been made in this direction 
without leading to very satisfactory results.7~"° 
In order to obtain a production spectrum of mesons, 
three events found in our laboratory were used which 
satisfy several very stringent criteria and have energies 
of more than 10'* ev. Commonly, high-energy collisions 
observed in nuclear emulsions flown by balloons at very 
high altitudes are explained in terms of nucleon- 
nucleon collisions. Unfortunately, however, most of the 
events observed by this method are not nucleon- 
nucleon collisions but nucleon-nucleus collisions, 
because nuclear emulsions consist mostly of heavy 
elements. This means that the particles produced in a 
primary nucleon-nucleon collision will undergo further 
interaction within the same nucleus which will disturb 
the energy and angular distribution of the primary 
collision. It is, therefore, a generally accepted practice 
in such investigations to select jets which have no 
heavy prongs at all or to accept only events which have 
one or two heavy prongs. This is the best approxi- 
mation to a collision between a nucleon and a free 
proton or between a nucleon and only one bound 
nucleon at the periphery of a nucleus. But it is evident 


* Supported in part by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, and by the 
National Science Foundation. 

1 Lewis, Oppenheimer, and Wouthuysen, Phys. Rev. 73, 127 
(1948). 

2G. Wataghin, Phys. Rev. 74, 975 (1948). 

3 W. Heisenberg, Z. Physik 126, 569 (1949); 133, 65 (1952). 

4E. Fermi, Progr. Theoret. Phys. Japan 5, 570 (1950); Phys. 
Rev. 81, 683 (1951). 

5L. D. Landau, Akad. Nauk S.S.S.R. 17, 51 (1953); S. Z. 
Belenkij and L. D. Landau, Suppl. Nuovo cimento 3, 15 (1956). 

6H. J. Bhabha, Proc. Roy. Soc. (London) A219, 293 (1953). 

7K. Gottstein and M. Teucher, Z. Naturforsch. 8a, 120 (1953). 

8 L. V. Lindern, Z. Naturforsch. lla, 340 (1956). 

® E. Lohrmann, Nuovo cimento 5, 1074 (1957). 

10 Debenedetti, Garelli, Tallone, and Vigone, Nuovo cimento 4, 
1142 (1956). 


that these criteria are not completely safe, because the 
emission of neutrons only as a result of some excitation 
of a nucleus cannot be excluded entirely. One has, 
therefore, to apply further criteria, like symmetry, and 
energy and momentum balance between the forward 
and the backward cones in the center-of-mass systems. 

Our three events seem to fulfill these conditions in 
the best possible way; hence, they are consistent with 
nucleon-nucleon collisions. A very large number of 
other events which do not fulfill these criteria had to be 
disregarded because they cannot be classified as 
nucleon-nucleon collisions. 

The first event of type 2+15 p (‘‘S star’’) has been 
described in full detail previously."~-" The other two 
events, of types 0+ 20 pand 0+ 20m, have been described 
briefly'* and will soon be published in full detail. The 
first one has a primary energy close to 5X 10" ev, the 
latter close to 1X10"? ev as determined by the kine- 
matics of the two events. The energies of all secondary 
particles were measured in the laboratory system using 
multiple scattering methods. Particles which, in the 
center-of-mass system, are emitted in the forward cone 
have rather high energies in the laboratory system. 
An estimate of their energy can be obtained only by 
relative track-to-track scattering." In the backward 
cone, the energies in the laboratory system are fairly 
low and can be measured by single-track scattering. 
In all cases where particles in the forward cone pro- 
duced high-energy secondary interactions, their kine- 
matics were used as an independent estimate of the 
energy. 

The Lorentz transformation from the laboratory 
system into the center-of-mass system could then be 
calculated for each individual track, knowing its angle 
and momentum and assuming a_ nucleon-nucleon 
collision. Furthermore, we assumed that all particles 
produced in the collision are * mesons which must not 


11 Lord, Fainberg, and Schein, Phys. Rev. 80, 970 (1950). 

2 R. G. Glasser and M. Schein, Phys. Rev. 90, 218 (1953). 

13 Glasser, Haskin, Schein, and Lord, Phys. Rev. 99, 1555 
(1955). 

4M. Schein and D. M. Haskin, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics, 
1957 (Interscience Publishers, Inc., New York, 1957). 
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be completely true. Recent observations’® indicate very 
strongly that even at primary energies greater than 
10" ev, only about 20% of the particles could be 
different from + mesons. The Bristol group came to 
similar conclusions for collisions of energies greater than 
10° ev.!® Therefore, as a first approximation, it seems 
quite reasonable to assume that the particles are 


ma mesons. The consistency of our measurements and 
our assumptions could be checked by symmetry, energy 
and momentum balance in the center-of-mass system 
for each individual event. The transformation for 
tracks, in the backward cone, which have low energies 
in the laboratory system, is very sensitive to the mass 
of the particles. By assuming masses heavier than 
m mesons, the energy and momentum balance in the 
center of mass would be greatly disturbed. 

Our results for the three events are represented in 
Fig. 1. The number of r mesons per unit interval equal 
to one m-meson rest mass (m,c’) is plotted as a function 
of the total energy of the created mesons in units of 
m,c? in the center-of-mass system. The striking feature 
of this spectrum is that more than one-half of the 
mesons have energies less than 1 Bev. It can also be 
shown that the shape of this spectrum, at primary 
energies greater than 10'* ev, where the energies in the 
center-of-mass system available for meson production 
are greater than 50 Bev, is remarkably insensitive to 
possible uncertainties in the estimates of the primary 
energies. In our events, the values of y-=1/(1—82) 
(8.= velocity of the center of mass) are estimated to be 
correct within about 20%. The shaded area in the 
spectrum includes all tracks for which the scattering 
measurements gave definite values of momenta (error 
less than 50%). These errors do not influence the shape 
of the spectrum at its lower end, because they can cause 
only minor shifts for individual tracks. The existence of 
high-energy mesons up to 10 Bev seems to be well 
established. Their frequency, of course, is small and 
they are emitted under very small angles in the forward 
and backward direction in the center-of-mass system. 
This is in good agreement with the observed low values 
of the transverse momentum.'*!? The unshaded area 
is due to tracks for which only a lower limit of the 
energy could be established by relative scattering 

18M. Schein and M. Teucher, Bull. Am. Phys. Soc. Ser. IT, 3, 
162 (1958). 

16 Edwards, Losty, Perkins, Pinkau, and Reynolds, Phil. Mag. 
3, 237 (1958). 

17 Japanese Emulsion Chamber Group, Report INSJ-7, March, 
1958 (unpublished). 
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Fic. 1. Differential energy spectrum of mesons in the center-of- 
mass system produced in three nucleon-nucleon collisions with 
E> 10" ev. N is the number of particles produced and W is the 
total energy of the mesons in intervals of one 7-meson rest mass. 


measurements. Four out of six such tracks in the 
spectrum peak near 0.3 Bev belong to the event 0+ 20 n. 
For this event, a very detailed study of energy and 
momentum balance in the center-of-mass system shows 
that these tracks might, on the average, be shifted 
about 1 Bev towards higher energies, leaving the shape 
of the spectrum undisturbed. 

Our production spectrum at the lower end can be 
compared with the -meson spectrum of 2~-f collisions 
at 5 Bev which were investigated in Berkeley, using a 
hydrogen diffusion chamber in a magnetic field,'* and 
with the pion spectrum arising from antiproton annihi- 
lations as reported in nuclear emulsion by the Berkeley 
and Rome Groups.’ It is remarkable to observe that 
these three r-meson spectra have rather similar shapes. 
In the two Berkeley experiments, the energy available 
in the center-of-mass system is about the same; i.e., 
2 Bev. 

It has to be explained why, at energies greater than 
10" ev, where more than 50-Bev energy is available 
in the center-of-mass system, most of the charged 
particles have either to be created directly’? at these 
low energies, or if they are created as fast particles‘ 
they have to lose a considerable fraction of their 
energy by secondary interactions.**® It might also be 
possible to discuss such low energy 7 mesons in terms of 
annihilation processes of those baryon antibaryon 
pairs which are emitted at rather low energies.” 

18 Maenchen, Fowler, Powell, and Wright, Phys. Rev. 108, 850 
(1957). 

8 Barkas, Birge, Chupp, Ekspong, Goldhaber, Goldhaber, 
Heckmann, Perkins, Sandweiss, Segré, Smith, Stork, van Rossum, 
Amaldi, Baroni, Castagnoli, Franzinetti, and Manfredini, Phys. 
Rev. 105, 1037 (1957). 

*” We are grateful to Dr. G. Puppi (Bologna) for discussing this 
possibility with us. 
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Absolute measurements of the C"*(p,pm)C™ cross sections were carried out in the external pencil beam of 
the Cosmotron at 2 and 3 Bev. The proton flux was measured with a counter telescope, and the C" activity 
induced in 1-inch-thick plastic scintillators was determined by interna] scintillation counting. Corrections 
for the formation of C™ by secondary particles produced in the thick targets were determined in separate 
experiments in which thin- and thick-target cross sections were compared directly. Other corrections for 
scattering and absorption effects and for deadtime losses in counters are discussed. Measurements were 
carried out both at proton fluxes sufficiently low to permit direct counting with the primary telescope and 
at higher fluxes which required scaling procedures with secondary telescopes. The measured cross sections 
for the C(p,pn)C™ reaction are 26.0+0.9 and 26.6+1.0 mb at 2.0 and 3.0 Bev, respectively. From these 
data and from previously published cross-section ratios, the cross section of the Al?’(~,3pn)Na™ reaction 
is found to be 10.4+0.6 and 10.0+0.6 mb at 2.0 and 3.0 Bev, respectively. 


INTRODUCTION 


HE production of C" activity from carbon has 

been used as a monitor of high-energy proton 
beams and, in view of this use, the C”(p,pn)C"™ cross 
section’ has been the subject of numerous investiga- 
tions.2 The early work has been shown to contain 
substantial systematic errors, and only recently have 
data become available which are accurate to the 
order of 5% for proton energies up to 461 Mev. 

Crandall et al.* have measured the absolute cross 
section of the C"(p,pn)C™ reaction at several proton 
energies from 170 to 350 Mev using a Faraday cup to 
determine the proton flux and 4x counting to obtain 
the disintegration rates of C"™ produced in polystyrene 
foils. Their result of 36.0 mb at 350 Mev was also 
checked by an experiment in which a plastic scintillator 
was activated and the proton flux was measured with 
nuclear emulsions. 

Rosenfeld e¢ al.4 have obtained a cross section of 
31.1 mb at 461 Mev, also using 4x counting of foils to 
measure C", but determining the proton flux by means 
of an ion chamber calibrated with nuclear emulsions. 
This method of flux measurement was also checked by 
a counter telescope technique. 

At higher energies the behavior of the C”(p,pn)C" 
cross section is less well known. The available data are 
summarized in Table I. The errors assigned to the cross 
sections in this table are the original authors’ estimates 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

1In this paper the smal] but unknown contribution of C% 
(natural abundance 1.1%) to C" production is ignored, and the 
cross section for the formation of C" in proton irradiation of 
normal isotopic carbon is taken to be the C!(p,pm)C™ cross 
section. The notation C"(p,pn)C" does not imply the emission 
of a proton and neutron, but is meant to include any other 
mechanism for C"™ formation, such as deuteron emission or 
processes involving pions, etc. 

2 The early results are discussed in detail in references 3 and 4. 

3 Crandall, Millburn, Pyle, and Birnbaum, Phys. Rev. 101, 329 
1956). 
S Recenfeld, Swanson, and Warshaw, Phys. Rev. 103, 413 
(1956). 


of their errors; where separate statistical and systematic 
errors were originally reported, the over-all values have 
been calculated by root-mean-square combination of 
the two. Wolfgang and Friedlander® have measured 
the ratio of the C"(p,pn)C" cross section to that of 
the Al?’(p,3pn)Na™ reaction at energies from 0.4 to 
3 Bev. From these ratios and the absolute values 
reported for the latter cross section in this energy 
region,®:7 C"(p,pn)C" cross sections are obtained which 
agree with the directly measured values in the vicinity 
of 420 Mev and which then decrease monotonically to 
a value of 22 mb at 3 Bev. These results reflect any 
systematic errors in the Al’?(p,3pn)Na*™* cross-section 
determination which, due to the indirect procedure 
used, are small at the low energies but may be as 
large as 30% at 3 Bev.’ 

Burcham eé al.’ have used a procedure similar to 
that of Rosenfeld and co-workers to obtain absolute 
cross sections up to 1 Bev. Their results (obtained in a 
proton beam having a substantial neutron contamina- 
tion) in general confirm the results of Wolfgang and 
Friedlander but have been interpreted as showing a 
possible deviation from a monotonic decrease in this 
region. 

Prokoshkin and Tiapkin™ have recently reported 
relative measurements of the C?(p,pm)C" cross section 
as a function of energy from 150 to 660 Mev. They 
used a thermopile to measure proton fluxes. When 
normalized to Crandall’s value at 350 Mev these data 
fail to show any fine structure and indicate that the 
cross section decreases very slowly from 450 to 660 Mev. 

The present paper reports a series of absolute 


5 R. L. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 (1954); 
98, 1871 (1955). 

6 A. Turkevich, Phys. Rev. 94, 775 (1954). 

7 Friedlander, Hudis, and Wolfgang, Phys. Rev. 99, 263 (1955). 

§ Burcham, Symonds, and Young, Proc. Phys. Soc. (London) 
A68, 1001 (1955). 

®Symonds, Warren, and Young, Proc. Phys. Soc. (London) 
A70, 824 (1957). 

10 Ja. D. Prokoshkin and A. A. Tiapkin, J. Exptl. Theoret. 
Phys. U.S.S.R. 32, 177 (1957) [translation: Soviet Phys. JETP 
5, 148 (1957)]. 
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measurements of the C”(p,pn)C"™ cross section at 2 
and 3 Bev. A preliminary value of 30.5 mb at 4.1 Bev 
reported by Horwitz ef a/."' supports our conclusion that 
the cross section for this reaction is larger in the Bev 
region than that previously’ reported.° 


EXPERIMENTAL 
A. General 


The measurement of a cross section for an activation 
reaction such as the C"(p,pn)C" reaction requires 
absolute measurement of two quantities: the incident 
proton flux and the number of C" atoms produced. 
Of the possible methods of measuring the proton flux, 
beam current measurement with a Faraday cup was 
rejected because of the small flux and large range of 
the 2- and 3-Bev protons. Calorimetric techniques also 
were considered impractical. The remaining methods 
depend on the counting of individual protons in a 
beam by means of either nuclear emulsions or counter 
telescopes. For the present experiment, a procedure 
using a three-element counter telescope as the primary 
instrument for flux measurements was adopted because 
the direct availability of the output data was thought 
to make it preferable to an emulsion technique which 
always requires development and scanning after 
exposure, 

An order-of-magnitude calculation is of interest to 
show the problems involved in the experiment. The 
Cosmotron accelerates protons to a maximum energy of 
3 Bev in a 1-sec cycle which may be repeated every 5 
sec. The beam may be extracted from the machine 
during a period of ~10 milliseconds at the end of the 
acceleration cycle with a temporal distribution depend- 
ent on the rate of turnoff of the rf voltage. Scaling 
circuits that are routinely available have deadtimes of 
~0.1 microsecond. If we wish to avoid large losses 
due to the circuit deadtimes, we are limited to rates of 
a few thousand protons per pulse. Thick targets must 
be used to obtain reasonable C" counting rates from 
such an irradiation. For example, a flux of 2000 protons 
pulse for which the deadtime correction is ~2% will 
give a C" disintegration rate of about 40 disintegrations 
per minute (dpm) at the end of a 20-min irradiation 
of a 1-inch-thick polystyrene target. By use of plastic 
scintillator targets, high detection efficiency for the 
C" in the thick targets can be achieved, and with 
anticoincidence procedures the counter backgrounds 
can be reduced so that these low activity levels can be 
measured accurately. 

Direct counting of protons was always the primary 
standard; however, in some experiments secondary 
monitors were placed in scattered beams. These were 
calibrated in terms of the direct beam monitor at low 
proton fluxes and then used at rates were the primary 


1 Horwitz, Murray, and Crandall, Bull. Am. Phys. Soc. Ser. 
II, 1, 225 (1956). 
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TABLE I. Previously reported C*(p,pm)C" cross sections (in mb). 
Prokoshkin 
and Horwitz 

Tiapkine et al.f 
36.08 ; 

32.041.7 

30.4+1.6 


31.0+1.7 


30.5+4.1 


counters have very large losses. This removes the 
necessity for low-level counting of C" and reduces the 
corrections needed for deadtime losses in the proton 
counters. Both procedures were used during the present 
experiment. In the series of runs described below, 
Series I was a first attempt at direct proton counting 
and required relatively large corrections for counter 
deadtimes, Series II and LI represent development of 
the alternate high-level procedure, and Series IV was 
a return to direct proton counting. 


B. The Pencil Beam 


The present experiment was made possible by the 
availability of a well-collimated beam of protons. The 
external ‘‘pencil beam” of the Brookhaven Cosmotron 
has been previously described.” It delivers to a 
convenient experimental area outside the main shielding 
wall a nearly parallel beam ~3 inch in diameter which 
contains about 0.1% of the circulating proton flux. 
The beam emerges from a collimator at the Cosmotron, 
passes through a strong focusing magnet, then a 
deflecting magnet and finally through a channel in the 
shield wall as shown in Fig. 1. The distance from the 
exit of the focusing magnet to the primary counter and 
target location is about 35 feet. Air along the beam path 
is replaced by helium to reduce scattering. 

The purity of this beam was checked in several 
experiments. For example, when the deflecting magnet 
was energized and the beam bent so as not to emerge 
through the shield wall, polystyrene targets on the 
undeflected beam line outside the shield showed C" 
activity levels less than 0.03% of those found at the 
same position when the beam was not deflected. This 
confirms that neutrons produced in the collimators and 


2 Cool, Morris, Rau, Thorndike, and Whittemore, Phys. Rev. 
108, 1048 (1957). ; 

8Cool, Friedlander, Piccioni, Ridgway, and Sternheimer, 
Brookhaven National Laboratory Report BNL-498124, 1958 
(unpublished). 
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scattered particles reaching the target position by 
paths other than through the channel were negligible 
in number. With the beam undeflected, a small residual 
flux (0.1-0.5%) could be detected 1.5 inches off the 
axis of the beam. Emulsion'* and cloud chamber 
investigations” indicated that this was probably due to 
scattered protons. For the present experiment the 
undeflected beam was generally used. 

The temporal distribution of the pencil beam was 
measured by means of a multichannel time analyzer 
and was observed to be nearly Gaussian with a peak 
~25 milliseconds after the nominal rf turnoff and a 
full width at half maximum of ~12 milliseconds. 
These results depend on the particular rf turnoff 
conditions used, and the above figures are typical for 
those used during the present experiment. No protons 
of substantially lower energy than that determined by 
the rf turnoff time appeared in the pencil beam, even 
when a major portion of the circulating beam dis- 
appeared before that time. These observations confirm 
that the beam is monoenergetic within the few percent 
spread determined by the rf turnoff conditions. 


C. Primary Proton Counters 


A three-element scintillation counter telescope was 
used as the primary monitor of the proton flux for all 
series of this experiment. However, circuit improve- 
ments were made between Series II and III which 
reduced the deadtime of the system by a factor of 
two. 

The particular type of proton counter system used 
in the later runs will now be described. A block 


4 The authors are indebted to G. T. Zorn of this laboratory for 
results of the emulsion investigation of the beam distribution. 
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diagram is shown in Fig. 2. The requirements for the 
coincidence circuit and discriminator-pulser were deter- 
mined by the geometrical and temporal structure of 
the proton beam. Since the cross section of the beam 
was much smaller than that of the plastic scintillators, 
edge effects were negligible and pulses were very 
uniform in height. Background was sufficiently low 
that single counts over a wide range of discriminator 
settings were only slightly more plentiful than doubles. 
These factors eased the requirements on sharpness 
of discriminator cutoff and speed of coincidence 
circuit. However, since it was desired to count pulses 
at a rate of several thousand per 10-millisecond pulse 
in a beam that was time-wise badly bunched, it was 
necessary to have a discriminator-pulser-scaler system 
as fast as possible. In practice this meant a system 
operating at nearly 100% efficiency with a pulsing 
and recovery time of 1.0 10-7 second. 

The standard set-up for primary detection consisted 
of three in-line counters spaced three inches apart. 
A single 1P21 photomultiplier in each viewed a plastic 
scintillator 0.5 inch thick and 1.84 inches in diameter. 
The negative signals from these were sent directly to 
the detection room and there amplified by single-stage 
distributed amplifiers with voltage gain of about 7. 
These amplifiers saturate at an output voltage of 10 
volts across 185 ohms. Since the average input signal 
from the passage of a minimum-ionizing particle 
through the scintillator was 3 volts, all proton signals 
saturated the amplifiers by a wide margin. The output 
signals were fed to the grids of 6BN6 tubes where they 
were clipped with two-foot lengths of shorted cable. 

Cable curves showed a resolution (27) of 6 milli- 
microseconds. The 6BN6 cathode follower output from 
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Fic. 2. Block diagram of primary proton counter circuits 


a doubles count was 0.7 volt, 10 times larger than that 
of a singles count. This negative pulse was amplified 
by another single-stage distributed amplifier which 
drove the discriminator-pulser shown in Fig. 2. It 
could be triggered by a positive pulse of from 1.4 to 
2.5 volts depending on the helipot setting. The positive 
output pulse of 6 volts across 185 ohms drove a Hewlett- 
Packard 10-Mc scaler. Usually two such scalers were 
driven in parallel and data were accepted only, when 
the two agreed. 

The detection efficiency of this system may be less 
than 100% even at low counting rates and will certainly 
decrease as counting rate increases. To determine these 
efficiencies and to provide a continual check on the 
system, the counter telescope consisted of three 
elements, C;, Cs, and C3, with coincidences taken 
between C, and C2 and between C, and C3; (henceforth 
to be referred to as C,C2 and C,C;, respectively). 
Since interactions took place in the plastic, the average 
counting rate in C,C; was lower than that in C,C. by 
1.5%. If the C,C2 detection efficiency were less than 
100%, one would expect to find an occasional C\C2/C;C; 
ratio greater than unity when small numbers of counts 
are recorded. Such inversions of the ratio were indeed 
observed. Out of a total of 142 bursts where the C,C. 
count was 300 or lower, there were 5 inversions, 4 of 
them in the region of 100 or less. An analysis of the 
probable frequency of these as a function of efficiency 
and total count shows that the efficiency of C;C2 at 
low counting rates was 99.6+0.3%. This analysis is 
based on the assumption that all C,C; counts are 
correlated with an event that would have given a C,C2 
count except for the C,C; counter inefficiency. However, 
~1.5% of the incident beam interacts in C; and some 
of these events will fail to give a C;C, count but may 
give a C;C; count. For example, a proton scattered by 
C, so as to just miss C2 may undergo a second scattering 
in the material near C2 and be scattered back into C3. 
This type of event may account for the observed 
inversions and the 99.6+0.3% is considered significant 


only in setting a lower limit for the intrinsic efficiency 
of C,Cs. The fraction of the incident 3-Bev beam 
producing counts in CC», is calculated to be 0.992. 
The loss of 0.008 is due to those interactions of protons 
in C; which fail to produce secondary particles register- 
ing in C2; its magnitude has been computed from the 
data of Chen e¢ al." 

To determine the detection efficiency as a function of 
counting rate, a ratio was taken between CC. counts 
and the counts from a two-element counter telescope 
also placed in the beam but behind an absorber with a 
transmission of ~0.1. A typical curve of the scale 
factor between the two telescopes (i.e., the ratio of 
their counting rates) as a function of counting rate is 
shown in Fig. 3. This ratio decreased with increasing 
CC, rate due to counting losses in C,Co. The curve 


LOSS CORRECTION 
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MEAN C,C, RATE / PULSE 


Fic. 3. Typical data for calculation of counting 
loss due to circuit deadtime. 


Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 (1956), 


and additional unpublished data. 
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was least-square fitted to a straight line which is 
expected to be a good approximation in the region of 
small losses. This line was used to extrapolate the 
data to zero CC, rate, and from its slope the loss 
corrections at the C,C» rates used for the activation 
were calculated. Since the counting losses displayed by 
such a curve are dependent on the temporal bunching 
of the proton beam, and this was apt to change from 
one run to the next, it was necessary to determine the 
amount of the effect frequently during each series of 
runs. The limiting element of the counter system due 
to this bunching was the discriminator-pulser-scaler 
combination. The discriminator shown in Fig. 2 was 
designed to be at least as fast as the scalers. Losses 
were of the order of 1% at 1000 counts per burst. 


D. Targets and C"! Counting 


Targets used in the present experiment consisted of 
cylindrical polystyrene-based plastic scintillators, 1 
inch thick and from 1 to 1.84 inches in diameter. Both 
Pilot-B'® and a plastic scintillator produced at the 
University of California Radiation Laboratory” were 
used. Chemical analyses confirmed that these scintil- 
lators contained carbon and hydrogen in the proportion 
expected for polystyrene with less than 0.5% of 
other elements present. 

After irradiation the scintillators were mounted on 
Dumont 6292 photomultiplier tubes and the C" was 
detected by conventional scintillation counter tech- 
niques. Starting 5 minutes after the end of irradiation, 
the decay curves of these targets showed only the 
20.4-min half-life of C". The efficiency for detecting 
C" in this system was experimentally measured by a 
beta-annihilation coincidence method'* as a function of 
the lowest energy of pulses accepted by the counter. 
An efficiency of 97.5% was obtained at a nominal 
discriminator setting of 50 kev which was determined 
relative to the 625-kev internal conversion electrons 
ft i. 

For high-level activations, the scintillator activity 
was measured in a 2-in. lead shield which was lined 
with a cadmium-copper graded shield to absorb x-rays 
from the lead. For the low-level activations further 
background reduction was necessary. To reduce 
cosmic-ray backgrounds, the C" counter was placed 
inside a shield consisting of 12 inches of iron and 1 inch 
of mercury and was surrounded with a ring of Geiger 
counters connected in anticoincidence with the C” 
scintillation counter. Under these conditions, back- 
grounds of 8 to 9 counts per min were obtained for 
the 1.5-inch diameter University of California Radiation 
Laboratory scintillators. These counting procedures 
are described in detail elsewhere."® 


16 Produced by Pilot Chemicals Inc., 47 Felton Street, Waltham 
57, Massachusetts. 

17 L. F. Wouters, University of California Radiation Laboratory 
Report UCRL-4516, 1955 (unpublished). 

18 J. B. Cumming and R. Hoffmann (to be published). 
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E. Low-Level Activations 


The experimental procedures used in each series of 
runs will now be described in detail. Series I measure- 
ments consisted of bombardments at energies of 2, 
2.6, and 3 Bev of 1-in. diameter 1-in.-thick Pilot-B 
scintillators in a forerunner of the present pencil beam. 
The beam position was located and the focusing condi- 
tions were optimized with the help of x-ray and Polaroid 
Land film exposures. The three-element counter 
telescope (C,CC3) directly behind the target block 
was used to monitor the proton flux, and the CC, and 
C,C3; readings were recorded at 2-minute intervals 
during the 20-minute irradiations to allow correction 
for variations in beam intensity during the runs. The 
deadtime loss of the telescope counters was not directly 
measured in these experiments but was estimated from 
the known deadtime of the counter system measured 
for random pulses and from the time distribution of the 
beam observed on an oscilloscope. The irradiated 
targets were mounted on Dumont 6292 photomultipliers 
and the C" activity was then determined in the low-level 
anticoincidence arrangement. Series I represents the 
data which have been reported previously,"® but they 
have now been modified by application of revised 
scattering and counting corrections. 

Series IV (3 Bev) represented a return to low-level 
C" counting and direct counting of the proton flux after 
the intervening high-level series described below. The 
development of the faster discriminator-pulser combina- 
tion described above, several improvements making 
the detection of C" at low levels more reliable, and the 
difficulties encountered in the high-level procedure all 
combined to make the low-level technique the method 
of choice again. However, an individual activation using 
this method has a relatively large standard deviation, 
and many activations are necessary for a reasonably 
precise result. In this series, one scaling telescope as 
shown in Diagram A of Fig. 4 was used to measure the 
loss correction for CyC, and C,C; at frequent intervals as 
described in Sec. C. The length of activations in this 
series was increased to 30 minutes to increase the 
available C" activities at a given proton rate. A typical 
activation of this series consisted of scale factor 
determinations at several rates to evaluate the counter 
loss correction, a 30-minute activation of a 1.5-inch 
diameter 1-inch-thick UCRL plastic scintillator placed 
in front of the C; counter, and then additional scale 
factor determinations. The proton flux was again 
recorded at 2-minute intervals to make corrections for 
nonuniform beam intensity and for counter deadtime 
possible. 


F. High-Level Activations 


Series II (3 Bev) and Series III (2 Bev) were carried 
out in conjunction with the elastic p-p scattering 


1 Cumming, Swartz, and Friedlander, Bull. Am. Phys. Soc. 
Ser. II, 1, 225 (1956). 
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measurements of Barge, Barton, and Smith.” In these 
runs flux monitoring at levels up to the full-intensity 
pencil beam was attempted by a series of scaling 
telescopes with circuitry similar to that of the primary 
telescope. The performance of all telescopes was 
initially checked in the direct beam and they were then 
placed as shown in Diagram B of Fig. 4. Telescopes CC» 
and C,C; were the primary monitors of the beam and 
were located at the target position. M2 was a secondary 
monitor used in absorption studies. The 14-inch copper 
absorber between M, and M; served to reduce the 
beam intensity by a factor of ~50. It also was a source 
of secondary particles which was viewed by telescopes 
M, and M,. Their positions were chosen such that their 
counting rates were lower than the M; rate by factors 
of ~50 and ~2500, respectively. 

After the beam line had been accurately located by 
means of x-ray film exposures, and the counters checked 
and placed as described above, an absorption curve 
was determined by measurements of the M2/C,C2 ratio 
as a function of thickness of plastic added just behind 
the C,C2 telescope. The absorption curves with both 2- 
and 3-Bev protons were exponential within experimental 
errors, and the observed transmissions agreed with those 
calculated from the data of Chen et al.!° and Coor et al.” 

Scale factors for each pair of telescopes were then 
determined as follows. The beam intensity was adjusted 
to give counting rates from several hundred to several 
thousand protons per pulse in C;C2. The scale factor 
C,C2/M3; was then measured as a function of rate over 
this interval. The C,C2/M; data having been accu- 
mulated, the beam intensity was increased by a factor 
of ~50 and a similar procedure carried out for M3/M,. 
Then after an additional increase in intensity, the ratio 
M,/M; was measured. In this manner a known factor 
between C;C2. counts and counts observed in M; was 
established; the full-intensity pencil beam (~10' 
protons per pulse) corresponded to a few hundred 
counts per pulse in M;. The scale factor data were 
evaluated in the manner described in Sec. C. 

In principle the accuracy of this procedure is limited 
only by the statistical effects in the counting. However, 
in practice more limitations appear. The data for a 
given scale factor determination generally showed 
deviations larger than expected on the basis of statistics 
alone. This effect appears to be due to changes in the 
time distribution of the beam which affect the loss 
corrections (slope of the curve in Fig. 3). Even more 
serious were the large changes in scale factors (~30%) 
which were correlated with shifts of ~} inch in the 
beam position. While these generally occurred when the 
Cosmotron was turned off, either intentionally or 
due to machine failure, it was not possible to rule out 
smaller gradual shifts during the runs. In practice 

® Barge, Barton, and Smith (unpublished). 


21 Coor, Hill, Hornyak, Smith, and Snow, Phys. Rev. 98, 1369 
(1955). 
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Fic. 4. Floor diagram showing location of target, counter tele- 
scopes, and absorbers in the experimental area. 


each scale factor could be obtained no more accurately 
than ~1%. For the present experiment, scale factor 
determinations and activations were interspersed as 
far as possible in order to avoid or at least detect 
systematic effects. Most of the activations in these 
series were carried out at such proton fluxes as could 
be monitored by the M; or M, counters to avoid the 
additional uncertainties of the M,/M; ratio. During 
activations, the C,C, counters were withdrawn from 
the beam and the targets put in their place. In this 
manner the total amount of absorber in the beam 
is nearly the same during calibration and activations, 
which removes the necessity for a correction for 
target absorption. 

During the 3-Bev runs a large iron collimator was 
present about 3 feet ahead of the target position and 
this may have added some low-energy particles to the 
beam. This effect and the observed lack of scale factor 
reproducibility during Series II make the results of 
this series less reliable than those of Series III. In the 
latter series the extra collimator was removed and the 
Cosmotron was operating more stably. In both series, 
due to the higher flux levels, the C"™ was detected 
without the low-level anticoincidence counting system. 


G. Treatment of Data 


Two sets of output data resulted from a given run, 
the flux monitoring data taken at 2-minute intervals 
during the activation and the decay data from the 
scintillator. The latter consisted generally of a con- 
tinuous record of the decay for a period of about four 
C" half-lives starting approximately 10 minutes after 
the end of the bombardment. These decay data were 
divided into 6-minute intervals, corrected for coin- 
cidence losses where necessary, and then resolved into 
a component decaying with a 20.4-minute half-life 
and a nondecaying background. This analysis was 
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carried out by a weighted least-squares procedure on a 
Remington Rand 409/2R digital computer. The 
computer output gave the background rate and the C¥ 
counting rate at the start of the counting period as well 
as the standard deviations assigned to each, calculated 
from the standard deviation of each input point. The 
standard F test” was applied to each decay curve to 
test the equality of the actual variance of the experi- 
mental points from the fitted curve with that variance 
expected from statistical fluctuations alone. This test 
is expected to show gross failures of the counting system. 
In only one case out of 28 activations of 1-in.-thick 
targets was the observed variance significantly larger 
than the statistically expected one (at the 95% confi- 
dence level). This case, a member of Series II, was 
discarded since there was independent evidence that 
the counter system was malfunctioning at that time. 

The C" activities were corrected first for decay from 
the end of bombardment and then for the inefficiency 
of the detector systems. In Series II and III the latter 
correction was due only to the intrinsic inefficiency of 
the 4r scintillation detector. This was experimentally 
measured as described in Sec. D by beta-annihilation 
radiation coincidence measurements as a function of 
discriminator setting and agrees within 1% with that 
calculated from the beta spectrum shape. In view of 
the possible systematic errors entering into the efficiency 
determination, a standard deviation of 1.0% has been 
assigned to the measured efficiency at any energy 
setting. 

TABLE II. Experimental data. 


(4) (5) (6) 
Average Corrected 
thick-target thin-target 
cross cross 
section section 
in mb in mb 


Experimental 
thick-target 
cross 
section 
in mb 


Target 

material 
and Proton 
diameter energy 
Series in inches in Bev 
27.6+1.7 
29.0+1.9 
27.942.6 
26.7+1.9 
28.341.7 


31.0+1.6 
31.941.4 
25.9+1.0 
29.4+1.0 


27.3+0.7 
27.8+0.7 
28.1+0.7 
28.5+0.7 
28.2+0.6 


33.641.9 
28.7+1.3 
32.541.9 
31.141.7 
27.141.5 
30.141.7 
29.4+1.5 


I Pilot B 2.6 
scintillator 2.0 
1.0 3.0 


26.0+1.6 
27.641.9 


27.6+1.7 
29.0+1.9 


27.641.2 25.8+1.1 


Pilot B 
scintillator 


29.0414 26.1+1.3 


Pilot B 

scintillator 
1.84 

28.0+0.4 25.9+0.5 


UCRL 
scintillator 
1.5 


29.940.8  27.2+0.7 








2 W- J. Youden, Statistical Methods for Chemists (John Wiley 
and Sens, Inc., New York, 1951), p. 29. 
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For the low-level runs of Series I and IV an additional 
correction was necessary for a deadtime imposed by the 
anticoincidence circuit. To allow the Geiger counters to 
completely recover after the passage of an ionizing 
particle, a long deadtime is electronically imposed on 
the C" counter. The magnitude of this correction is 
determined by the circuit parameters and the back- 
ground rate in the GM ring. The correction was 
experimentally measured at several points during each 
series of runs and is known to 0.5%. Application of 
these corrections gave the disintegration rate of C¥ 
in the target at the end of irradiation for each run. 

The proton beam monitor data were treated as 
follows. The observed number of counts accumulated 
in each 2-minute interval during an activation was 
used to calculate a mean number of counts per 
Cosmotron pulse. In cases where pulses of zero or very 
low intensity occurred during a particular interval, the 
average rate per pulse for the interval was corrected 
upwards appropriately. This corrected rate per pulse 
was then used to determine the loss due to deadtime of 
the telescope systems. In Series II, III, and IV these 
corrections were based on experimental measurements 
obtained under Cosmotron operating conditions closely 
approximating those of the activations. In Series I the 
loss corrections were approximated as described in 
Sec. E. The observed counts per 2-minute interval, 
corrected for the deadtime losses, were used to calculate 
an effective number of counts, Cyr, defined by the 
relationship 


Ca - > CeO), 


where C; is the corrected number of counts in the ith 
interval and e~*“*# is the decay factor for C™ calculated 
from the midpoint of the ith interval to the end of the 
bombardment. Cyr is that number of counts which 
would have been recorded if the same number of C" 
atoms existing at the end of the bombardment had 
been produced by a flux delivered instantaneously at 
the end of the run instead of spread over 20 or 30 
minutes. Cs: then includes the corrections for variation 
of beam intensity during the run and for the saturation 
of the C" activity. 

For Series II and III, multiplication of Ces by the 
net scale factor for the telescope used converts Cer 
into the effective number of C,C, counts. This differs 
from the flux incident on the target only by the ineffi- 
ciency of the C,C, telescope. As discussed in Sec. C, 
the efficiency of C;C. was calculated to be 0.992 at 
3 Bev. Division of the C,;C; count by 0.992 gives err, 
the effective proton flux which bombarded the target. 
Since the target replaced C; and C, during the activa- 
tion, no additional correction for scattering and 
absorption of the target is needed. 

In Series I and IV, Css is the effective CyC, count with 
a target in place ahead of the counters. Correction 
must be made both for the inefficiency of CC, and for 
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the scattering and absorption of the target. Coor ef al.” 
have measured the transmission of carbon and hydrogen 
for 1.4-Bev neutrons in an experiment to determine the 
absorption and total cross sections for these elements. 
Chen et al.!® have carried out similar studies using 2.0- 
and 2.6-Bev protons. In both cases the transmission 
was measured as a function of the detector solid angle. 
We have used their data to calculate the transmission 
of a 1-in. polystyrene target and find that for detector 
half-angles from ~0° to ~6° the transmission increases 
from ~95% to ~97.3% with a maximum spread of 
~0.5% between the results obtained for different 
bombarding particles. For larger angles, no further 
increase in transmission was observed by Coor et al. 
During the present experiment, one measurement was 
made using large detector geometry (~32° half-angle) 
which gave a transmission for 3-Bev protons of 99.3% . 
This increase is qualitatively expected since this detector 
had a low threshold (similar to that used by Chen 
et al.) and will efficiently detect secondary particles 
produced by interactions in the absorber, while the 
detector used by Coor et al. had a high threshold and 
detected only the primary particles which are peaked 
forward. From the data of Coor ef al. one would conclude 
that the C,C. count should be increased by 4.4% to 
obtain the flux incident on the target. The data of 
Chen e al. lead to a correction of only 3.2%. A correction 
of 3.8% has been used since the response of the CiC, 
telescope lies somewhere between these two extremes. 

After the C" disintegration rates at the end of the 
bombardments (D*) and the effective proton fluxes were 
obtained as described above, cross sections for the 
production of C" from carbon were calculated from 
the relation: 

a= D°/dXndets, 


where a is the cross section, A the C" decay constant, 
n the number of carbon atoms/cm? in the target, and 
ders the effective proton flux. 


RESULTS 


Individual thick-target cross sections for each 
activation are presented in column (4) of Table II. Of 
a total of 25 measurements for which reliable flux data 
were available, 3 gave cross sections >55 mb. Two of 
these were activations of Series I at very low proton 
fluxes where counting difficulties would have marked 
effects. The other was a member of Series II for which 
no obvious explanation could be found. These have not 
been included in Table II. Also excluded is the one run 
of Series II showing the poor C" decay curve, although 
the cross section calculated for this run was not grossly 
different from the average of the remaining runs of 
this series. On the-basis of these difficulties, Series I 
and II must be considered less reliable than Series III 
and IV in which no such abnormalities were observed. 
The errors attached to each individual cross section are 


standard deviations calculated by root-mean-square 
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combination of the standard deviations from the C" 
decay curve resolution, from the statistical fluctuations 
in the production and decay of C" prior to the start of 
counting, and from possible fluctuations of the deadtime 
correction and scale factors. The series averages in 
column (5) of Table II are weighted averages whose 
standard deviations are calculated from the standard 
deviations of the individual results in column (4). In 
the cases where the variance of the individual results 
from the mean indicated a precision less than that 
expected, the standard deviation of the mean has been 
multiplied by the \/F. Here /F is defined as the ratio 
a/o’, where o is the standard deviation of the mean 
calculated from the actual deviations of the individual 
observations from the mean and o’ is the standard 
deviation of the mean calculated from the standard 
deviations of the individual observations.” The above 
procedure serves to decrease the precision of the mean 
in cases where deviations of the observations from the 
mean are greater than those expected from the estimated 
precision of the individual results; this correction is 
significant only for Series II. 

To convert the thick-target cross sections listed in 
column (5) of Table II to thin-target cross sections, 
the production of C" in the thick targets by secondary 
particles originating in the targets themselves had to be 
determined. This effect was evaluated by means of 
the auxiliary experiments listed in Table III. In these 
experiments a 33-inch scintillator was simultaneously 
irradiated upstream from a 1-inch scintillator in a 
high-intensity pencil beam. To compensate for recoil 
losses, the thin target was irradiated between sheets of 
4-mil polyethylene and the C" produced counted with 
the thin scintillator sandwiched between two 3-inch- 
thick inactive scintillators. The observed variation of 
the secondary effect with target diameter is qualitatively 
in agreement with that calculated from simple models 
of the angular distribution of secondary particles, and 
the increase from 2 to 3 Bev is reasonable on the basis 
that, per interaction, a larger number of particles with 
energies above the C(x,«v)C" threshold is produced 
at the higher energy. The standard deviations attached 


TaBLE III. Correction for C" production by secondary particles. 


Target 


diameter Energy 
in inches Bev 


Tthick target/ thin target 
Experimental Average or claculated 


1.050+0.018 
1.0630.011* 
*1.072+0.008 


1.0 2.0 1.050+0.018 
2.6 ae 
3.0 1.072+0.008 


3.0 1.094+0.008 
1.104+0.008 


2.0 1.062+0.012 
1.090+0.009 


1.099+0.006 


1.080+0.013 
1.109+0.010° 


3.0 


* Interpolated value. 
> Extrapolated value. 
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Fic. 5. Experimental cross sections for the C#(p,pn)C" 
and AF?(p,3pn)Na™ reactions. 


to the thin-target cross sections in column (6) of Table 
II are root-mean-square combinations of those attached 
to the mean thick-target cross sections and those due 
to the uncertainties in the ratios ctnick target/@thin target: 
The corrected cross sections from all series lie in the 
range 25.8 to 27.6 mb. 

The weighted average of the 3-Bev cross sections 
from Series I, II, and IV is 26.6+0.6 mb; the average 
of the 2-Bev results from Series I and III is 26.0+0.4 
mb. The errors assigned to these cross sections are 
statistical standard deviations which are a measure of 
the precision of the experiments. The accuracy of the 
results is further decreased by systematic errors. 
The sum of the estimated possible systematic errors is 
~5%; the result of root-mean-square addition of 
these systematic errors is ~3%. By combining the 
latter figure with the statistical errors, final values of 
26.0+0.9 mb and 26.6+1.0 mb are obtained for the 
C"(p,pn)C"™ cross section at 2 and 3 Bev, respectively. 
These results and other published measurements are 
plotted as a function of proton energy in Fig. 5. The 
curve of cross section vs energy shows a decrease of 
~30% from 0.3 to 2 Bev which is well outside of the 
experimental errors. The present results show no 
significant change from 2 to 3 Bev. The preliminary 
result of 30.5+4.1 mb at 4.1 Bev" is higher than the 
cross section at 3 Bev only by the error on the point, 
and the apparent increase may not be significant. On 
the other hand, a monotonic increase in the cross sec- 
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tion by as much as 25% between 1 and 4 Bev cannot 
be excluded. 

The present data for the C”(p,pn)C" cross sections 
may be used in conjunction with the ratios measured 
by Wolfgang and Friedlander® to obtain cross sections 
for the Al’?(p,3pn)Na*™ reaction. This reaction has been 
used extensively for beam monitoring because of the 
convenient half-life of Na%(15.0 hr). For 420-Mev 
protons, Wolfgang and Friedlander have obtained a 
ratio of the C"(p,pn)C" to the Al’’(p,3pn)Na™ cross 
section of 3.10+0.15 which may be compared with a 
ratio of 2.97+0.20 calculated from the absolute values 
of the C”(p,pn)C" cross section previously discussed?!” 
and the absolute measurements of the Al*’(p,3pn)Na*™ 
cross section*-"®.*8.*4 in this energy region. The agreement 
is taken to indicate that the Wolfgang and Friedlander 
ratios are reliable within the errors indicated. From 
the ratios and the C"(p,pn)C"™ cross sections measured 
in this experiment, the Al?’(p,3pn)Na* cross sections are 
calculated to be 10.4+0.6 mb and 10.0+0.6 mb at 
2 and 3 Bev, respectively. These values and the 
absolute values at lower energies are plotted in Fig. 5. 
The lack of dependence of the cross section on energy is 
striking. Although the line drawn through the points 
shows a decrease of ~10% from 0.3 to 3 Bev, the results 
would also be consistent with a constant cross section 
of 10.7+0.6 mb in this energy region. 
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Observation of a ~’-Mesonic Decay of a Helium Hypernucleus* 


R. Levi SEttT1 AND W. E. SLATER 
The Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received May 1, 1958 


The observation of a hypernucleus decaying into an electron pair, a recoil, and one or more neutral 
particles, is reported here. The event was produced by a K~ capture in emulsion. The charge of the hyper- 
nucleus was determined as Z=2. The most probable interpretation of this unusual event is the reaction 
aHe*—7°+ He*. However, ,He*:*—7°+-n+He* cannot be ruled out, since a reliable determination of the 
energy of the electrons at emission cannot be made. 


iY Kane A°-hyperon decays by two modes: - tion loss over the measured track length. Although 
Na+) both tracks could be traced further, only the first 
’ 5700 u (contained in three pellicles) of each electron 
M—g"+-n, a*—2y, was used since after this length the electrons had 
evidently lost energy, presumably by radiation. It is 
not improbable that the figures above for p8c under- 
estimate the true electron energies by some amount due 
to undetected radiation losses. The opening angle of 
the pair determined from the profilet of the twice- 
minimum part of track (e:+¢2) was (0.12+0.02)°. 
We therefore take the total measured energy of the 
pair, Eexp, to be pBc(e1)+ pBc(e2) = (130414) Mev. 
Thickness measurements‘ were performed on track 
F and on several calibration tracks of charges Z= 1, 2, 3. 


both of which have been observed for free A°’s. The 
branching ratio for charged to neutral mesonic decay 
is observed! to be about 2:1. In emulsion it is difficult 
to detect the second mode for a bound A®, ie., a 7°- 
mesonic hyperfragment, by the observation of an 
electron pair resulting from the conversion of a real 
photon from the emitted 7° since the pair production 
length is about 3.82 cm. In fact, no such event has been 
observed, although the °-mesonic decay has been 
invoked to explain as hypernuclei a number of events 
exhibiting small visible energy releases.* On the other 
hand, ° decay in which one ¥ is internally converted, 
giving an electron pair (Dalitz pair), is expected* to 
occur with a frequency of about 1:80; such a pair 
would originate within a micron of the decay point, 
and would provide positive evidence for 2°-mesonic 
hyperfragments. 

We found an event which appears to fit this interpre- 
tation in an emulsion stack of sixty 1.2-mm, 4-in. X6-in. 
Ilford K.5 pellicles exposed to the enriched A~ beam of 
the Bevatron. A photomicrograph of the event is shown 
in Fig. 1. A K~ at rest is captured at point O, resulting 
in a four-pronged star. One of these particles, track F, 
of length 70 u, emits at point O’ a heavy recoil (R) of 
range (9+1) yu, and a track (e:+¢2) of apparently 
twice minimum ionization, which is not collinear with 
R. Track (e:+e2), after a length of about 2004, can 
be resolved into two separate minimum-ionizing tracks 
(e1,€2). The range and angle measurements of tracks F, 
R, and (e;+e2) are contained in Table I. 

Tracks e; and e: were identified as electrons from 
ionization (blob counting relative to plateau) and 
scattering measurements: g*(e,;)=0.91+0.05, pBc(e) 
= (73411) Mev; g*(e2)=0.9440.05, pBc(es) = (57+9) 
Mev. For both electrons, p8c was corrected for ioniza- 





*Research supported by the Air Force Office of Scientific 
Research, Contract No. AF 49 (638)—209. 

1 Eisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957). 

2 Fry, Schneps, and Swami, Phys. Rev. 99, 1561 (1955); 101, - 
1526 (1956); 106, 1062 (1957). ‘ Alvial, Bonetti, Dilworth, Ladu, Morgan, and Occhialini, 

3R. H. Dalitz, Proc. Phys. Soc. (London) A64, 667 (1951). Suppl. Nuovo cimento 4, 244 (1956). 
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Fic. 1. Photomicrograph of event EFINS 3-30-6. 
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The dip angles of the calibration tracks were within 
+3° of that of the fragment F. Each of the tracks was 
associated with a K~ event. Therefore there could have 
occurred no spurious effect due to latent image fading. 

We measured the thickness 7;(7) of track 7 at the 
ith cell for about 200 cells, each of 0.3 uw length, equally 
spaced over the final 604 of track 7. Figure 2 shows 
specific thickness 7* which is defined to be 7;(j) 
To(j). To(j) is the mean thickness of A~ and proton 
tracks in the pellicle containing track 7, averaged over 
the last 60 u of range. That 7o(7) is the average of a 
quantity which does not vary with range in this region 
is also shown in Fig. 2; moreover, K~ and protons are 
practically indistinguishable. Despite the considerable 
spread between different particles of equal charge, the 
available range (70) appears large enough that 
charges 1, 2, and 3 can be reliably discriminated. We 
infer Zy=2 from this plot. The spread between He’, 
F, and ,He' is presumably due to the fact that To(/) 
was determined from only two calibration tracks in the 
case of ,He‘, three in the case of F, and one in the 
case of ,He’. 

The recoil range, 94, and the measured charge of 


TABLE I. Range and angle measurements of 
tracks F, R, and (e;+¢e:). 


6 o Range 
degrees degrees (mu) 


—9.6 * ¥ 
48.5 +3 


7042 
9+1 
> 5700 


114.5+0.5 
165.9+1 
0+0.3 


the hyperfragment, strongly suggest the interpretation 
sHe*—r°+ He'," 


w—et+e-+7. 


(la) 


(1b) 


Taking B,(,He*)= (2.0+0.2) Mev,°* the energy released 
in reaction (la) is expected to be about 59 Mev. This 
yields a Het recoil of 2.48 Mev and therefore an inferred 
recoil range of 8.8 uw, equal within errors to the observed 
recoil range. 

Assuming (1a) followed by (1b), we can find the pair 
momentum (P= Pe;+ Pe) from the recoil momentum 
(p) and the angle (6) between the recoil and the pair, 
as a function of m,»c? considered as a variable, since 


1m,22= P?-+ Pp coso-+P(P?+ p?+2Pp oss), 


where we take E= Pc. Figure 3 shows plots of the pair 
energy, £, and the corresponding total energy re'ease 
Q vs the parameter m,*c*. The shaded areas represent 
the regions of uncertainty induced by the errors in 6 
and . 

5 Revised value from Levi Setti, Slater, and Telegdi, Pro- 
ceedings of the Seventh Annual Rochester Conference on High-Energy 


Nuclear Physics, 1957 (Interscience Publishers, Inc., New York, 
1957), p. viii, 6. 


AND 


SLATER 


Thickness T* 


Specific 


Range 
Fic. 2. Specific track thickness, 7*=7;(j)/To(j), versus 
residual range. 7;(j) is the thickness of track 7 at the ith cell, 
To(j) is the thickness of K~ and proton tracks in the pellicle 
containing track j, averaged over the last 60 u range. 


Using the known value m,c?=135.04 Mev,® one 
predicts a pair energy of (151-6) Mev, compared with 
(130+14) Mev determined from multiple scattering. 
These two values are not considered inconsistent 
especially because the measured value could be an 
underestimate of the pair energy. Taking 151 Mev as 
the pair energy, the calculated Q value [ (1936) Mev ] 
falls very close to the value expected from (1a) followed 
by (1b) (193 Mev) thus providing an internal check. 

Two additional reactions, involving known hyper- 
nuclei and emission of neutrons, could also account for 
this event: 


sHe*7"+n+ He’, ,He®’—2r°+n+ He’. (2) 


We cannot rule out either of these possibilities, although 
from m--mesonic decays of helium hyperfragments, a 
recoil of range between 8 and 10 yu, as observed, occurs 
in only ~10% of the cases. 
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Fic. 3. Electron pair energy (EZ) and total energy release in 
the decay (Q) as a function of r® rest mass on the assumption 
of a decay jHe*~>7r°+Het. E.x,= measured pair energy (131+14) 
Mev. 


6K. M. Crowe, Nuovo cimento 5, 541 (1957). 
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There is also the possibility that the observed pair to the large momentum transfer to the neutrons, we 
could have resulted from the internal conversion of a consider this explanation to be very improbable. 
photon from a direct electromagnetic decay of the We conclude that the present event does represent 
A°, A°9—>y-+n. A two-body decay, sHe>(e++e-)+Het the 2° decay of a hyperfragment, most probably 
is, however, incompatible with the noncolinearity of proceeding by the mode 
the pair and the He‘. Moreover, since the excess sHet>r+ He*. 
momentum is low (34 Mev/c), a reaction involving 
emission of only one neutron in addition to the pair 
and helium recoil implies an energy release 0<170 Mev. 
Only a decay involving at least two neutrons, for 
example, ,He®*—-n-+n-+ (e++e¢—)+He*", could fit the ACKNOWLEDGMENTS 
kinematics. Since there exists no direct evidence for We wish to express our sincere gratitude to Dr. E. 
this electromagnetic decay (which should be expected J. Lofgren and the Bevatron staff for making this 
to occur, although as a rather rare decay mode) and exposure possible. Our thanks are due to Professor 
since, even with this decay mode, the configuration R, H. Dalitz and Professor V. L. Telegdi for useful 


The stack in which this event was found also yielded 
to date about 150 hyperfragments decaying via 7 
emission. 


observed would have a rather ow probability owing discussions. 
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Soft Radiation Events at High Altitude during the Magnetic Storm 
of August 29-30, 1957* 


KINSEY A. ANDERSON 
Department of Physics, State University of Iowa, Iowa City, Iowa 
(Received April 4, 1958) 


During a balloon flight made from Fort Churchill on August 29, 1957, showers of x-rays were encountered 
at an atmospheric depth of about 11 g cm”. At times their flux was as high as 20 photons cm™ sec sterad™. 
The close connection between the appearance of these x-rays in the 100-kev energy region and storm-type 
decreases in the local geomagnetic field is shown. The one observation that bears on the point is consistent 
with these x-rays being produced by electron bremsstrahlung in the terrestiial atmosphere. There are fea- 
tures of the x-ray behavior which show that the primary electrons must be local in character quite apart from 
geomagnetic cutoff considerations. By “local” is meant that the electrons either acquire the main part of 
their kinetic energy in the neighborhood of the earth or that they are accelerated at the sun, are trapped in 
magnetic clouds, and drift to the earth where they are released. It is suggested that acceleration of electrons 
is a rather general characteristic of the region surrounding the earth and that their association with aurorae 
and geomagnetic storms may be special features. 


INTRODUCTION AND TEMPORAL in the cosmic-ray detectors at high altitude and in a 
SEQUENCE OF EVENTS variety of ground-level detectors operated by the 
N August 29, 1957 there began a quite intense Canadian Government’s Defense Research Northern 
geomagnetic disturbance as observed! at Fort Laboratory (DRNL). The temporal sequence of these 
Churchill, Manitoba, Canada and associated with it events and the principal observations will first be 
was a marked Forbush-type decrease in the cosmic-ray given. Most of these features to be described appear 
intensity as measured by ground-level neutron moni- on Fig. 1. 
tors.2 Earlier on this day a balloon carrying cosmic-ray (1) On August 28 there occurred a large solar flare 
instrumentation was launched from Fort Churchill and of importance 3+ which is probably to be associated 
it reached ceiling altitude about five hours before the with the geomagnetic disturbance observed to begin 
onset of the storm. Several events of interest occurred about 34 hours later. According to the Boulder solar 
—_——- activity report it began at 0913 U.T., reached its maxi- 
* This work was carried out as part of the Joint American- ym at 0955 and ended at 1213. 


Canadian International Geophysical Year program. Financial i. «. F 
assistance came from the National Science Foundation via the (2) The balloon reached ceiling altitude at 1420 


National Academy of Sciences. The Office of Naval Research [J-'T. on August 29 at an atmospheric depth of 8.3 
provided administrative assistance as well as material loan and a te j : 2 
sale. g-cm™~. The time-altitude record of the complete flight 


: Defense Research Board, Ottawa, Canada. ee of about 17 hours duration is given in Fig. 2. From the 
2 The author wishes to thank J. A. Simpson for the notification é a . e 
that the cosmic-ray decrease was in progress. time the balloon leveled at ceiling altitude, until about 
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Fic. 1. Response of the three cosmic-ray detectors at high altitude during the time x-rays were present on the balloon flight of 
August 29-30, 1957. Local time (CST) is found by subtracting six hours from Universal Time. The dotted line designated by A is 
the average cosmic-ray level between 1800 and 1900. B denotes the time x-rays first begin to appear and also the time a geomagnetic 
disturbance begins outside the auroral zone. At time C the magnetic storm begins at Churchill. Z is the beginning of the cosmic-ray 
decrease. At F the soft radiation increases very suddenly accompanied by a large decrease in the local magnetic field. At G the sun 
sets on the balloon and it begins to sink rapidly accounting for the disappearance of the x-rays after this time. 


1730 U.T. the cosmic-ray intensity steadily increased, 
the magnitude being 3.7% in the ion chamber and 


/ 
“O7 


4.5+0.7% in the single counter. These data summed 
over hourly intervals are shown in Fig. 3. This change 
in intensity is believed to be part of the daily variation 
although some of the effect being due to changing 
geographic position cannot with certainty be ruled out. 
However, several other flights having somewhat differ- 
ent trajectories show a quite similar behavior. The 
amplitude of the variation which occurred on August 29 
between 1420 and 1730 U.T. does not appear to be 
abnormally large nor does a first analysis of the effect 
show a shift in the phase. 

(3) At 1908 U.T. a magnetic disturbance was ob- 
served to begin at Fredericksburg, Virginia.’ This dis- 
turbance then became a magnetic storm having a 
sudden commencement. However, as observed from 
this station the storm was not particularly intense, 
the subsequent changes in the magnetic field components 
being not much larger than 100 y. No disturbance of the 
geomagnetic field was present at Fort Churchill at this 
time. The ion chamber data and magnetometer data 
from both Fredericksburg and Fort Churchill are 


3U. S. Coast and Geodetic Survey, Washington, D. C. 


(4) At 1909404 U.T. the ion chamber and single 
counter began to markedly increase their responses 
above the cosmic-ray intensity observed previous to 
this time. The increase became very rapid and reached 
a peak amplitude of 19% above the cosmic-ray in- 
tensity in the ion chamber and 24+-3% in the single 
counter at 1925 U.T. After this time the radiation 
quickly fell away, the full width of this peak at half- 
height being about five minutes. 

(5) At 1917402 U.T. the magnetic disturbance 
appeared at Fort Churchill and developed into an in- 
tense storm with a sudden commencement. At 2000 
U.T. the vertical component began to decrease very 
sharply resulting in a decrease of at least 450 y at 
which point the variometer record shown in Fig. 4 
went off scale. The ion chamber and single counter 
increased their responses at this time and for a con- 
siderable period followed the field changes quite 
closely. The intensity of the radiation remained above 
the cosmic-ray level observed earlier in the day for 
somewhat more than an hour although large and sudden 
fluctuations in the intensity did occur. During this 
interval the counter telescope counted at the cosmic- 
ray rate within the available statistical accuracy. 

(6) At 2050+10 U.T. the counter telescope in the 
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Fic. 2. Atmospheric depth versus time record for the flight of August 20-30, 1957 (Flight 61). 


balloon-borne equipment abruptly decreased its count- 
ing rate indicating a cosmic-ray decrease. 

(7) Beginning at 2356 U.T. the radiation in excess 
of the cosmic-ray intensity increased by several fold 
within a period of 30 seconds then remained nearly 
constant until 0135 U.T. on August 30, when the sun 
set on the balloon and it began descending quite rapidly. 
This sudden increase was accompanied by a large and 
rapid decrease in the vertical component of the local 
magnetic field. Again the counter telescope did not 
respond to the extra radiation and in this case a com- 
parison of good statistical accuracy can be made. 

(8) From about 0300 U.T. on August 30 visual ob- 
servations of aurorae were made by observers‘ at 
DRNL. They recorded the presence during this night 
of an inactive and diffused auroral surface of intensity 1 
indicating no unusual activity at this time. However, 
on the next night (August 31) beginning at 0330 U.T. 
a very active auroral display was present which began 
in the south and later moved northward. The presence 
of rayed bands was also noted until 0530 U.T. 


II. NATURE, ENERGY, INTENSITY, AND SPECTRAL 
COMPOSITION OF THE SOFT RADIATION 


Considerable information about the nature of the 
excess radiation appearing at high altitude during the 
magnetic storm can be deduced using the characteristics 
of the three cosmic-ray detectors. The main point is 
that while the soft radiation caused increases above the 
cosmic-ray level as large as 20 to 25%, the counter 


*H. Lutz, Defense Research Northern Laboratory, Fort 
Churchill, Canada (private communication). 


telescope was not observed to have changed its rate 
outside of the counting rate statistics which are about 
3% per hour. The total stopping power of the telescope 
was about 0.2 g cm~ while the wall thickness of the ion 
chambgr was 0.5 g cm~*. Therefore the possibility that 
the oe ier counting rate is due to charged particles 
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Fic. 3. The variation in the cosmic-ray intensity during the 
early portion of Flight 61. The steady increase is probably part 
of the daily variation. ; 
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arriving near the zenith can be ruled out. The observa- 
tions could be accounted for by postulating a beam of 
high-energy charged particles which arrives at balloon 
altitude outside the solid angle of the telescope. How- 
ever, it is believed that no evidence exists which would 
support this assumption. The observations can also be 
explained if the extra radiation incident on the detectors 
is taken to be x-rays most of which must have energy 
less than 700 kev since then the recoil electrons pro- 
duced at the Compton edge would not have sufficient 
kinetic energy to penetrate the counter telescope. The 
y-ray efficiency for this telescope is 0.05%.° There is a 
precedent which is at least strongly suggestive for such 
a view in the rocket experiments® of the Iowa group 
carried out on the soft radiation in the northern auroral 
zone. Further support is given to this hypothesis by 


‘J. R. Winckler and K. A. Anderson, Phys. Rev. 108, 148 
4 


(1957). 
6 J. A. Van Allen, Proc. Natl. Acad. Sci, U. S, 43, 57 (1957). 
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carrying out simulation experiments with beams of y 
rays from radioactive sources. These show that the 
relative response of the ion chamber and single counter 
that characterizes the extra radiation encountered dur- 
ing Flight 61 can be reproduced by y rays of approxi- 
mately 100-kev energy. There is no conclusive evidence 
at present that the extra radiation present at balloon 
altitude originally observed by Winckler’ during an 
auroral display and also that present during the mag- 
netic storm of August 29 should be identified as soft 
radiation as defined by the Iowa rocket experiments. 
However, the similarity is striking and the tentative 
view that they are the same will be adopted here. 

The method by which the above energy estimate for 
the soft radiation is arrived at will now be described in 
some detail. The ratio of the ion chamber response to 
that of a single counter or other charged particle de- 


7J. R. Winckler, Phys. Rev. 108, 903 (1957). 





SOFT RADIATION 
tector has previously been used* as a measure of the 
average specific ionization of the radiation passing 
through them. If in addition to this ratio the nature 
of the radiation is known, it then becomes possible in 
principle to estimate the average particle energy. In 
the present case the nature of the radiation is estab- 
lished independently by use of the counter telescope 
and ion chamber data, although because of statistics 
on the counting rates the data cannot rule out the 
presence of small intensities of protons and electrons. 
However, for the present discussion it will be assumed 
that no charged particles are present in the soft radia- 
tion at balloon altitude except the small number of 
electrons produced by the interaction of the x-rays 
with the atmospheric nitrogen and oxygen atoms. 
Before proceeding with such calculations it is worth- 
while to state in general terms the relative response of 
the ion chamber to the single counter for protons, elec- 
trons, and x-rays. Figure 6 shows the general features 
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Fic. 5. The ion chamber and variometer data plotted on a 
greatly expanded time scale to show details of the sudden increase 
in the x-ray intensity and its relation to the magnetic field de- 
crease. The variometer record is considerably smoothed but the 
lack of proportionality between the two curves is evident. 


of these functions as calculated for electrons and 
protons. In the case of electrons no response is ob- 
tained from either detector until a kinetic energy of 80 
kev is reached if one neglects secondary effects such as 
bremsstrahlung production in the walls. This energy is 
the equivalent thickness of the single counter wall. 
The ratio will be zero from this energy to 1 Mev when 
the electrons just begin to enter the active volume of 
the ion chamber. The ratio then rises rapidly and 
finally flattens out at high energies. Protons show a 
somewhat similar behavior except that the response 
curve rises much higher before flattening out to approxi- 
mately the same values as for electrons at very high 
energies. 

Figure 7 shows the function as determined experi- 
mentally for y rays. In this case the beam of y rays 


8H. V. Neher, in Progress in Cosmic-Ray Physics, edited by 
J. G. Wilson (North Holland Publishing Company, Amsterdam, 
1952), p. 245. 
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Fic. 6. Relative response of the ion chamber to the single counter 
as a function of electron and proton kinetic energy. 


was normally incident to the plane containing the long 
axis of the single counter. In order to apply the y ray 
results shown in Fig. 7 to the flight data it is first 
assumed that the x-rays are isotropic at the top of the 
atmosphere and, secondly, that there is no further pro- 
duction below the topmost layer. If the x-rays are 
supposed due to bremsstrahlung this assumption re- 
quires that the primary electrons be isotropic outside 
the atmosphere. The second requirement is readily 
met under this condition because of the short ionization 
range of the electrons compared with the atmospheric 
depth of the balloon. It is often necessary to apply a 
correction to the laboratory results for the x-ray rela- 
tive response because of, the nonspherical shape of the 
single counter. This correction factor which must be 
multiplied by the ratio as found above is a function 
not only of the counter geometry but of atmospheric 
depth and the x-ray energy as well. Furthermore a 
considerable fraction of the x-rays reaching the ap- 
paratus have undergone elastic and Compton scatter- 
ing. This fact serves to alter the distribution of the 
x-rays in zenith angle from what would otherwise be 
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Fic. 7, Energy dependence of the ion chamber to single 
counter ratio for y rays from radioactive sources. 





1402 


expected in view of the energy dependent absorption 
of the x-rays, i.e., in the absence of scattering the x-ray 
beam would become increasingly harder as the zenith 
angle increased but with scattering the hardening is 
less marked. These corrections are rather small being 
about 15% in the case of 100-kev x-rays. They have 
not been included in the points presented in Fig. 7. 
Also plotted on this curve is the relative response of the 
ion chamber to the single counter for the soft radiation 
encountered on Flight 61. It is seen that these curves 
intersect at 100 kev and 800 kev. By use of the counter 
telescope data it should be possible to discriminate 
between these two possible energy choices since the 
telescope has a substantial y-ray efficiency for photons 
above about 700 kev through the production of Comp- 
ton electrons in the top counter. To estimate the ex- 
pected counting rate effect in the counter telescope if 
the photons present have average energy of 800 kev 
their flux must be known. This is found from the count- 
ing rate increment in the single counter and by applying 
a photon detection efficiency of 0.3%. The calculation 
then shows that if the photons have an average energy 
of 800 kev the telescope counting rate should increase 
by about 7%. If the photons are in the 100-kev region 
no counting rate effect at all should be expected. The 
observed effect obtained by comparing the interval 
2200 to 2400 U.T. (low soft radiation intensity) with 
the interval 2400 to 0130 U.T. is 0%+3.4%. While 
the choice between the two energies is not conclusively 
indicated by this method, the lower energy will be 
preferred in what follows. 

A rough estimate of the actual photon intensity 
present at the atmospheric depth of the balloon which 
at this time was about 12 g cm~ can be made from the 
absolute efficiency of the Victoreen 1B85 single counter 
which has been previously measured in the laboratory. 
Using an average figure of }% the photon intensity then 
becomes 40 photons cm~ sterad~ sec. Now if one 
assumes for the sake of estimating the implied electron 
flux that these photons are produced by spatially iso- 
tropic 300-kev electrons stopping in the top layers of 
the atmosphere, a calculation using results given by 
Kasper? shows the electron intensity to be about 
6X 10° electrons cm~ sterad™ sec™, or 4X 10° electrons 
cm~ sec~!. Choice of a lower energy for the primary 
electrons would, of course, lead to a higher electron flux. 

It is next of interest to see if the calculated ratio of 
the I.C. (ion chamber) to S.C. (single counter) for the 
bremsstrahlung spectrum as it appears at 12 g cm™ 
depth agrees with the flight ratio for this and other 
energy electrons. It will then be possible to calculate 
the ratio due to various primary electron spectra and 
thus test the reasonability of the bremsstrahlung hy- 
pothesis for the origin of these x-rays. First, the I.C. 
to S.C. ratio is calculated for bremsstrahlung photons 
taking into account their absorption but not their 


9 J. E. Kasper, State University of Iowa (unpublished). 
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scattering. The following expression is used: 
’ DAN (E,,E,) 61(Ei,£)r-(E,)r( EC (Ey) 


YAN (E, Ey) 6:(E,,8)re(E,) 


*(E,) is the calculated ratio of the I.C. to the S.C. for 
the bremsstrahlung photons as they appear at atmos- 
pheric depth £ due to primary electrons of kinetic 
energy E,; AN (E,,£;) is the number of photons having 
energy between /; and £,;+-AE; produced by a primary 
electron of energy E, (numerical values were taken 
from Kasper’s® work); &,(£;,£) is the Gold integral 
which takes account of atmospheric absorption effects 
on the photons and is thus dependent on the photon 
energy as well as the atmospheric depth, £; 7,(£;) is 
the absolute efficiency of the single counter for photons 
of energy £,, which has been determined from a relative 
response curve and one absolute efficiency determina- 
tion; r(/;) is the ion chamber-single counter ratio as 
plotted in Fig. 7, including the area factor of both 
detectors; and C(£;) is the correction factor to allow 
for the nonsphericity of the single counter (a typical 
value for this quantity is 1.12 and it changes rather 
slowly with energy being largely determined by solid 
angle considerations). The summation over photon 
energies is taken from the primary electron energy, 
E,., down to 20 kev. Next the scattering is taken into 
account in an approximate manner. It is assumed that 
the scattering is energy independent and that the angu- 
lar distribution of the scattered x-rays is isotropic. 
Since all but a few percent of the photons have been 
scattered at least once by the time the depth of 12 
g cm™ has been reached, the final angular distribution 
of the x-rays in the atmosphere must be nearly iso- 
tropic. The absorption is taken into account simply by 
using the average angle (weighted by the solid angle 
factor) at which the photons arrive at the apparatus. 
The exponential factor is then calculated for the various 
photon energies, £,;. The results of both these calcula- 
tions for several primary electron energies are shown 
in Fig. 8. 
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Fic. 8. Relative response of the ion chamber to the single 
counter for the bremsstrahlung spectrum as it appears at 12 
g cm™ atmospheric depth as a function of the primary electron 
energy. 





SOFT RADIATION 
It is seen from this figure that the interpretation of 
the observed x-rays as being due to electron brems- 
strahlung in the atmosphere is consistent with the 
measured ion chamber to single counter ratio. The 
calculations indicate, however, that most of the elec- 
trons have kinetic energy at least as great as about 500 
kev. Electrons with energy less than this must have 
been present only with quite low intensity during the 
atmospheric x-ray shower of August 29-30. 


III. ORIGIN OF THE SOFT RADIATION 


The data obtained from Flight 61 afford considerable 
information on the origin of the observed x-rays. First, 
their close association in time with disturbances in the 
earth’s magnetic field suggests strongly that the radia- 
tion is local in character. In fact, it is evidently con- 
nected with the arrival at the earth of a solar cor- 
puscular stream. Explanation of the x-rays as due to 
direct solar emission faces the great difficulty of under- 
standing a mechanism which emits bursts of electro- 
magnetic radiation which arrive at the proper moment 
to coincide with large changes in the local magnetic 


field of the earth. Also, if one wishes to account for the 


x-rays which appeared at balloon altitudes as being due 
to bremsstrahlung from fast electrons possessing quite 
direct sun-to-earth trajectories, the same argument 
applies. However, for the case of the electrons an addi- 
tional objection arises. This is based on the fact that 
soft radiation intensity rises more rapidly than the 
expected spread in solar transit times would allow for 
simple types of energy spectra. This difficulty can be 
shown most effectively for the time around 2356 U.T. 
when a very rapid increase of several fold is observed 
to occur in the x-ray intensity. To show that the rise 
time is much too sharp to be tolerated by taking into 
account the spread in arrival times of solar electrons 
for at least several types of energy spectra, calculations 
of the time spread have been made for a differential 
energy spectrum of the following form: 


n(E)dE=(k/E"\dE, 4me?<E<moc’. 
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Fic. 9. Comparison of ion chamber data with expected curves 
if electrons leave the sun and travel to the earth in simple paths. 
A power-law differential energy spectrum is assumed cutoff at 
4moc? at the low end and moc? at the high end. 
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Fic. 10. Similar to Fig. 9 except the energy spectrum for the 
primary electrons is extended to 10 moc* for the upper limit. Also 
shown is the expected appearance of the rise in the x-ray intensity 
if electrons of 170 kev leave the sum with all possible pitch angles 
to a magnetic line of force connecting with the earth. 


The following values of m were chosen, n=0, and 2 and 
these two resulting curves are plotted in Fig. 9 along 
with the behavior of the ion chamber for the time 
interval 2354 to 0002 U.T. 

In Fig. 10 similar data are presented except in this case 
the spectral cutoff has been extended to 10 moc? electron 
energy. In both these cases it has been assumed that 
no magnetic or electric fields exist in the region of 
traversal of the electrons from the sun to the earth. 

The figures show that the only one of the spectra 
considered which agrees with the ion chamber histo- 
gram is the flat differential spectrum extending up to 
10 moc? kinetic energy. It should be noted that because 
the electrometer pulses from the ion chamber are 
rather infrequent (one every forty seconds), the rise 
time may be less than is indicated by the histogram. 

In addition to the inevitable transit time effect there 
is another possible means by which an appreciable 
spread in arrival time can occur. This would be the case 
if a linking magnetic field existed between the earth 
and the sun or if the electrons are forced to diffuse 
outward to the earth through magnetic scattering 
centers even if these remove the lower energy electrons 
by trapping them. Since details of the magnetic field 
structure in interplanetary regions are not experi- 
mentally known, this argument which would eliminate 
the solar origin of monoenergetic and flat spectrum 
electrons must be regarded as weaker than the transit 
spread situation. However, only a weakly magnetic 
character of this region would be needed to produce a 
very large dispersion in arrival times. In Fig. 10 there 
is plotted a curve showing this effect for the case of 
linking magnetic lines between the sun and the earth 
based on monoenergetic electrons (170 kev) of solar 
origin having-an isotropic distribution of pitch angles 
with respect to the magnetic lines. This effect is depend- 
ent on the electron energy but not the strength of the 
magnetic field within wide limits. 

The possibility that the soft radiation arriving at 
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least during parts of Flight 61 is supplied via the decay 
electrons from solar emitted neutrons is also ruled out 
on transit dispersion grounds. This point is raised be- 
cause of an auroral theory by Petrukhov" which in- 
volves solar neutrons. 

The evidence brought above against the possibility 
of x-rays or fast electrons having solar origin then 
making more or less direct transits to the region of the 
earth leaves the following choices for the origin of the 
soft radiation observed in connection with the magnetic 
storms of August 29-30. 


(1) Local Acceleration 


This would mean that the electrons acquire the main 
part of their kinetic energy within a few earth radii of 
the earth’s surface, thus avoiding transit time and geo- 
magnetic cutoff difficulties. The source of the electrons 
as well as the ultimate supplier of their kinetic energy 
would presumably be the solar corpuscular streams. 
Although the present data do not point toward or away 
from a particular local mechanism, the possible ways 
to accelerate particles will be listed here. 

(a) Fluctuations in the earth’s ionospheric currents. 

(b) Fluctuations in the hypothesized ring current. 

(c) Discharge processes in the earth’s atmosphere. 

(d) Induction effects from the interaction of solar 
magnetic clouds with the earth’s magnetic field. 

In connection with the first two possibilities the 
question of the conductivity of the surrounding regions 
being too great to support an electric field is generally 
raised. However, the possibility that the induction 
effects resulting from fluctuating currents give rise to 
plasma oscillations which under certain conditions 
could accelerate charged particles must be seriously 
considered. The phase stable plasma accelerator was 
suggested by Bohm and Gross" as a means of accelerat- 
ing cosmic rays. 

If the acceleration took place by means of the iono- 
spheric currents or by discharges in the atmosphere, 
it might be expected that the resulting soft radiation 
would be spatially anisotropic. On the other hand if 
the radiation originates several earth radii away, say 
at the ring current, it is likely to be quite isotropic 
since the electrons could have all possible pitch angles 
with respect to the magnetic lines of force. 

An experiment which could decide between the 
atmospheric origin of the soft radiation versus an extra- 
atmospheric origin would be to employ directional soft 
radiation detectors in a very high rocket flight (up to 
300 miles). 


(2) Local Release of Fast Electrons 


Another means of supplying the primary soft radia- 
tion and still avoiding conflicts with the observed sharp 


10V. A. Petrukhov, The Airglow and the Aurorae (Pergamon 
Press, Inc., New York, 1955), p. 254. 
11D). Bohm and E. P. Gross, Phys. Rev. 74, 624 (1948). 
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rise times is to have fast electrons trapped in solar 
magnetic clouds. The electrons would then be acceler- 
ated at the sun during formation of the cloud, remain 
trapped during the roughly 30 hour transit and then 
be released as the cloud interacts with the earth’s mag- 
netic field. Following Chapman’s” picture, if the cloud 
is very conductive, geomagnetic lines of force from 
some intermediate latitude on the earth will enter the 
solar magnetic cloud and consequently the electrons 
would spiral down to that latitude if some means of 
getting rid of the trapping properties of the cloud is 
available. Such a release of electrons as that just 
described would presumably occur several earth radii 
away from the earth in which case the electrons would 
arrive at the earth in reasonably isotropic fashion. 

One requirement of the release model is that the solar 
cloud or stream must be able to store fast electrons for 
the order of 30 hours. Perhaps the most effective storage 
mechanism is that suggested by Morrison"™ in connec- 
tion with cosmic-ray decreases. The cloud is taken to 
have small scale magnetic irregularities thus providing 
scattering centers which allow a diffusion of the elec- 
trons with a characteristic time on the order of the 
transit time or longer. Electrons of the required energy 
could be contained in an earth-sized cloud with scatter- 
ing centers having magnetic fields on the order of 10~ 
gauss. 

A second requirement to such a local release scheme 
is that the electrons do not encounter sufficient matter 
during their transit to dissipate their original kinetic 
energy. For purposes of calculation, if the initial energy 
is taken to be a few percent higher than the energy upon 
arrival (a few hundred kilovolts) then the. critical 
density for the interior of the cloud would be equivalent 
to about 10’ proton-electron pairs per cubic centimeter 
based on a 30 hour transit time and allowing for 
distant collisions with free electrons. 

So far arguments against the arrival of electrons 
from the sun based on geomagnetic theory have not 
been introduced. However, they may have somewhat 
limited usefulness to this problem. This theory predicts 
cutoff energies for electrons arriving in the vertical 
direction at A=70° of about 20 Mev and about 0.5 
Mev at A\=80°. Therefore, in order to attribute the 
soft radiation observed in Flight 61 to individual elec- 
tron orbits originating at a considerable distance from 
the earth, the effective errors in the latitude coordinates 
would have to be at least 10°. While the magnetic field 
of the earth as measured by cosmic-ray trajectories" is 
in conflict with present geomagnetic theory, it seems 
unlikely that the discrepancies are that large. However, 
it is true that no direct measurements of the cutoff 
energies have ever been made at these latitudes. 


Bartels, Geomagnetism (Oxford Uni- 


2S. Chapman and J. 
versity Press, New York, 1940), p. 861. 

13 P. Morrison, Phys. Rev. 101, 1397 (1956). 

4 Simpson, Fenton, Katzman, and Rose, Phys. Rev. 102, 1648 
(1956). 





SOFT RADIATION 

A more serious difficulty for the application of geo- 
magnetic theory to exclude electrons of solar origin 
arises particularly during times of geomagnetic dis- 
turbances when there is a possibility of “breaking open” 
lines of force so that any electrons present can then 
spiral down into the earth’s atmosphere. However, it 
should be remembered that the Iowa rocket experi- 
ments’ show the quite usual presence of 10-100 kev 
x-rays above the atmosphere in the auroral zone and 
since it seems unreasonable that these electrons are 
stored at the observed altitudes between periods of 
geomagnetic disturbance some means of more or less 
continuously supplying them needs to be found. A ring 
current located at ~7r, would appear to fulfill this 
requirement. Magnetic lines that ran through the ring 
current would connect with the auroral zones so that 
electrons accelerated in the region of the ring current 
could spiral into the auroral zone without the difficulty 
of geomagnetic cutoff arising. Acceleration could per- 
haps be accomplished by small and local fluctuations in 
the ring system. The larger soft radiation storms could 
then presumably occur when the ring current is being 
enhanced by the corpuscular streams, a time when it 
would be expected that many irregularities and much 
turbulence would be present, thus providing magnetic 
induction effects which in turn might give rise to plasma 
acceleration. 

Winckler’ has shown the close connection between 
x-rays at balloon altitude and visual aurorae. The 


emphasis here is on the association of the soft radiation 
with a geomagnetic storm. The arguments against any 


detailed connection between the soft radiation en- 
countered above Fort Churchill on August 29-30 and 
visual aurorae are the following: 

(1) Visual observation of the auroral situation just 
following the descent of the balloon showed the pres- 
ence of quiet and diffuse forms from which previous 
measurements made at night at balloon altitude showed 
no soft radiation effects should be expected. Further- 
more, the brightness, activity, and number of auroral 
forms was considerably below the usual situation. 

(2) At one time during the event of August 29-30 
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the soft radiation exhibited an extremely quiescent 
character for a period of 1} hours. This fact also indi- 
cates the nonassociation of the x-rays and active auroral 
displays in this case. 

It thus appears that the acceleration of electrons in 
the region of the earth is a more general phenomenon 
and its association with visual aurorae is one of its 
special features. It may be, for example, that particu- 
larly for the higher energy electrons which penetrate 
more deeply into the atmosphere it is necessary that 
other conditions (such as the presence of protons) must 
be met in order to obtain visual effects. 

In order to fully account for the soft radiation situa- 
tion as it appears from considering both balloon and 
rocket work it may be that several separate ways of 
accelerating the electron may be needed. This is strongly 
suggested by the regular presence of soft radiation at 
rocket altitudes* apparently uncorrelated with any 
features of solar activity and by the infrequent appear- 
ance of soft radiation at balloon altitudes following 
specific solar features. 
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Cloud Chamber Search for Particles Ionizing Less Than an Electron* 
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Since ionization due to a charged particle varies with the square of its charge, a very clean cloud chamber 
can be used to search for particles having charges, ze, much less than the electronic charge. Similar remarks 
hold true for magnetic monopoles of relativistic speed. A horizontal cloud chamber constructed by J. A. 
Bearden was employed, in the gamma flux from a radium source, to search for such particles. The sensitive 
time was about 1.5 seconds. The background was at least 60 times less than values commonly reported for 
“clean” chambers. No subionizers with z in the range 3 to 4 were seen during a time in which about 900 
electron tracks were recorded, one million gamma rays traversed the chamber, and 3 million disintegrations 
were available to give rise to such particles. 

A vertical chamber 12 in. high was used to look for subionizers in the cosmic ray flux. The background 
ranged from 0.05 to 1.0 drop per cc, with a usable sensitive time of 0.3 second. Technique for a more limited 
search was developed; use was made of the fact that background drops are single and well separated, while 
there are many clumps of ions along a track. No subionizers appeared in a body of photographs containing 


550 electron and y-meson tracks. 
It was shown by study of “ghost tracks 
commonly encountered in tall chambers. 


” 


1. INTRODUCTION 


HIS work arose from realization that while the 

discovery of mesons has been going on, there has 

been, to the best of our knowledge, no serious search for 

particles of relativistic speed which ionize more lightly 

than the electron. Such particles might be either sub- 
electrons or magnetic monopoles. 

Roughly, the primary ionization due to a bombarder 
of charge ze is equal to z? times the ionization due to an 
electron of equal speed. Also, the ionization by a pole 
of strength g (in emu) is (g/e)?(v/c)? times the value for 
an electron of the same speed v. To a good approxima- 
tion, the mass of the bombarder does not affect the 
ionization. 

It is well known that Ehrenhaft claimed the discovery 
of stable subelectrons and monopoles, attached to 
microscopic particles floating in a gas. The claim in 
regard to subelectrons was refuted by Millikan, and in 
the early 1940’s several investigators found themselves 
unable to obtain the results of Ehrenhaft! on mono- 
poles. The question arises, are there other classes of 
experiments in which such particles might have been 
detected, if looked for? It is probably fair to say that if 
stable charges greater or less than e were present in 
ordinary matter in a concentration of the order 10~°, 
they would not have been detected in any spectroscopic 
or mass-spectroscopic investigations done up to the 
present ; indications of such particles would have been 


* Supported in part by the National Science Foundation. 
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(1942); V. D. Hopper, Phys. Rev. 66, 93 (1944). 


that neutral nuclei are a major source of the background 


treated as due to impurities, noise, or experimental 
defects. A similar remark applies to stable poles. 

This paper is not concerned with such entities at 
rest. For several reasons, it seemed more reasonable to 
look for them in a state of rapid motion. Firstly, if the 
particles have large energy, one can look for their tracks 
in cloud chambers or emulsions. Secondly, if they are 
unstable, one should seek them in the cosmic-ray flux, 
or in the presence of radioactive sources. It is clear that 
only pictorial detectors should be used, and that low 
background is essential. 

If a wide range of values of e and of m is considered, 
the field of search becomes too broad for study by a 
small group. Particles with a charge greater than e, at 
given speed, ionize more heavily than an electron of the 
same speed. In principle, it is possible to differentiate 
between a new type of particle, with speed close to c 
and a charge greater than e, and slow electrons, or u 
mesons, but in practice there would often be confusion. 
Hence we decided to look only for particles with a 
specific ionization well below the value pertaining to 
relativistic electrons. Such particles will be called sub- 
ionizers, regardless of whether they are charges or 
monopoles. 

This decision precluded the use of emulsion as a 
detector, leaving the diffusion chamber, the bubble 
chamber, and the Wilson chamber for consideration. 
Each of these instruments would have advantages in 
different portions of a comprehensive search. However, 
we were not satisfied that the background in a diffusion 
chamber or a bubble chamber could be reduced to very 
low values, and it seemed that it would be valuable to 
be able to record individual ions. Therefore, the work 
has been done with Wilson chambers. The sensitive 
times were made as long as was possible without running 
into accessory difficulties. At first, we intended to apply 
a magnetic field, but there are reasons (Sec. 2) for 
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working with undeflected tracks, so a field was not 
employed. 

It should be stated at once that with two chambers 
having very different characteristics no authentic ex- 
ample of a subionizer has come to light. 


2. EXPECTED PROPERTIES OF SUBELECTRONS 


Consider a hypothetical particle of charge ze, rest 
mass m and relativistic speed, v= Bc. Let z be a fraction 
not too close to unity, and let m, be the rest mass of 
the target electrons. In an initial search for the type ze, 
it is convenient to focus attention on the primary 
specific ionization, which is nearly proportional to 2? 
when B is held fixed. The formula? for the number of 
primary ion pairs per cm is 


2Cm.c?rz?\ 1 2m.c?B? 
-( —--— ) in - —)+s—B'| (1) 
Vv, JBL \U—B)Vo 


Here C stands for ZnS, where n is the number of atoms 
of atomic number Z per cc, S is the classica! area of an 
electron, 0.26 barn; and r and s are dimensionless 
numbers which depend on the structure of the atom. 
The theoretical values of r and s for the case of hydrogen 
atoms are r=0.285 and s=3.04. Vo is the mean ioniza- 
tion energy of the outer shell of the atom. Actually, 
s depends on z, Z, and B; but it is relatively small 
compared with the logarithmic term in the cases we 
shall consider. Furthermore, it is believed that the 
dependence of s on Z is slight. 

Figure 1 helps us to appreciate the dependence of the 
primary ionization on z and on the mass of the particle. 
The ordinate is J, divided by the first parenthesis on 
the right of Eq. (1). Curve A refers to electrons. It 
happens that the minimum primary ionization of an 
electron in air is about 20 ion pairs per cm, so the 
dimensionless ordinates agree closely with the actual 
specific ionization in that substance. By shifting the 
electron curve bodily two decades to the left, we obtain 
curve B, applying to a particle with the electron charge 
but a mass of m,/100. Curves C and D refer to particles 
with charges smaller by a factor of about three. 

If the hypothetical particle is produced in a radio- 
active process we would expect its energy to be in the 
general neighborhood of 1 Mev. If it arises from the 
cosmic rays, the energy should be of the order 10° ev. 
In either case, we see from the curves that a particle 
with charge e/3 could readily be distinguished from an 
electron or meson over a very wide range of energies, 
including the values mentioned above. Furthermore, 
this is true for a wide range of masses. 

This means that in a first search for subionizers one 
can afford to dispense with attempts to obtain the mass 
and velocity. If we used a magnetic field, we would 


2H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24.1, p. 518; and B. Rossi, High-Energy 
Particles (Prentice-Hall, Inc., New York, 1952), p. 45. 
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Fic. 1. Dependence of primary ionization on kinetic energy. 
The ordinates are a dimensionless measure of the primary ioniza- 
tion by particles whose mass and charge are shown. 


have to examine configurations of droplets to see 
whether they lie on spirals, with axes parallel to the 
field. Even without attempts to use further criteria for 
determining the mass and the speed, the labor required 
would become prohibitive. It is fortunate that the 
problem can be reduced to a search for straight tracks 
with low specific ionization. Operating in this way, we 
can search for particles with charges lying in a range of 
values, provided that the mass and velocity lie in certain 
wide ranges. 

The reason for this proviso is as follows. For particles 
of given energy, if the mass is chosen sufficiently small, 
there will be important angular deflections due to 
bremsstrahlung and multiple scattering. On the other 
hand, if the mass is chosen sufficiently great the particle 
will no longer be relativistic; in both cases the experi- 
mental method just outlined would have to be modified. 
We shall restrict discussion to cases in which these 
difficulties do not arise. 

Finally, we wish to call attention to a curious possi- 
bility, by citing an example. If there were a particle 
bearing the electronic charge but having a rest mass of 
say 5000 ev, then such a particle, endowed with an 
energy of 10 000 ev or more, would initially lose energy 
at the same rate as a relativistic electron ; namely, about 
2000 ev per cm in air. However, the track would 
terminate in a short dense tail, the whole affair being 
only a few cm long. We have not seen anything of this 
kind in our studies. 


3. EXPECTED PROPERTIES OF MONOPOLES 
Dirac Poles 


Dirac® published calculations which led him to the 
view that if magnetic monopoles exist they have pole 
strengths given, in emu, by the value 

gn=n(137/2)e=3.28X 10-8n. (2) 


3P. A. M. Dirac, Proc. Roy. Soc. (London) A133, 60 (1931); 
Phys. Rev. 74, 817 (1948). 
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Here n is an integer and e is expressed in esu. Dirac’s 
theory contains nothing to determine either the mass 
of the poles or the value of ». Later writers have often 
assumed that »=1, to simplify discussions on orders of 
magnitude. We shall do the same. 

Dirac wrote a wave equation for an electron moving 
in the field of a stationary pole. This equation and 
related matters have been studied by Tamm! and later 
by several others. The vector potential of the pole is 
discontinuous along a half-line extending out from the 
pole. This feature deserves a word of interpretation. 
In effect, Dirac has employed the vector potential of a 
straight half-infinite solenoid which terminates at the 
position of the pole. The cross section of the solenoid 
can be made to approach zero, with parallel increase of 
the current in such a way that the open end of the 
solenoid simulates the pole. It is natural to expect 
curious behavior of the electron in the neighborhood of 
this idealized solenoid. The classical orbits of the elec- 
tron are spirals on a conical surface. 


Previous Experiments 


Tuve® considered experiments for detecting Dirac 
poles, based on several interesting points. A Dirac pole 
would gain an energy of 4X10* ev in falling freely 
through a 200-gauss solenoid only 1 meter long. Such 
a pole falling to the magnetic pole of the earth from a 
distance of several earth radii would acquire about 
4X10" ev. Ross Gunn noticed the same point inde- 
pendently. 

McNish pointed out to Tuve the possibility of 
multiple acceleration in a re-entrant solenoid, since the 
poles could be guided by electric fields. Dr. Tuve has 
kindly informed us that a search was made with a cloud 
chamber in a magnetic field ; and that since the findings 
were indefinite in character he did not publish them. 

So far as we can find, the only other experiments on 
rapidly moving poles, before our own, are those done 
by Malkus® at Teller’s suggestion. His work was a 
search for Dirac poles created by the primary cosmic 
radiation. It is assumed that the poles are sufficiently 
long-lived to facilitate detection. If they were created 
in pairs, each member of a pair would have to wait a 
long time to find a mate capable of annihilating it. 
These poles would come to low terminal velocity in the 
earth’s magnetic field after traversing a relatively short 
path in the atmosphere. Malkus’ experiment depends 
on accelerating them in a vacuum, in a field much 
stronger than that of the earth.’ He set up a solenoid 

‘I. Tamm, Z. Physik 71, 141 (1931). 

5M. A. Tuve, Phys. Rev. 43, 770 (1933); Terrestrial Magnetism 
and Atmospheric Elec. 38, 260 (1933). 

6 W. V. R. Malkus, Phys. Rev. 83, 899 (1951). 

7It is interesting to note that easily available magnetic fields 
can feed energy to certain types of magnetic poles at a sufficient 


rate to overcome their ionization loss in air at NTP. For poles at 
relativistic energy the field which balances this loss is 


H=5.1p(g/e) logiol To/J (1 — B*)]. 


Here ? is the pressure of the air in atmospheres; 7» is m,0*, where 
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100 cm long and 20 cm in diameter, oriented parallel to 
the earth’s field, on the laboratory roof. It surrounded 
an evacuated tube capped with thin mica windows. At 
the bottom there was a nuclear emulsion. When the 
solenoid was energized to 250 gauss, it was threaded by 
lines of force which originally covered an area of about 
8300 cm?. This large collection area is a great advantage. 
Dirac poles passing through the tube should gain 500 
Mev, and should lose only 50 Mev in passing through 
a window above the emulsion. Tracks several hundred 
microns long would be expected. The experiment ran 
for two weeks. There were no heavy tracks other than 
a few caused by alpha particles. According to Malkus, 
this result means that the rate of arrival of Dirac poles, 
based on the large collection area, was less than 10~'° 
poles per cm? per sec, and the cross section for produc- 
tion by cosmic ray primaries was less than 3X 10~*° cm’. 


Interaction of Poles With Matter and Radiation 


We now consider how the production, scattering, 
and energy loss of poles depend on pole strength g and 
mass m,. To explain the scattering of poles qualitatively, 
we note that a pole in motion with speed » would pro- 
duce circular lines of electric force, related to the 
velocity vector in the sense of a left-handed screw. 
The electric intensity would be 


_ -vsing 
E=g- ee (3) 
cr 


where ¢ is the angle between v and r. Thus we might 
expect that the cross section of a charge Ze for scattering 
poles through an angle 6 could be obtained, in order of 
magnitude, by putting gv/c in place of the charge ze of 
the bombarder, in the Rutherford cross section. In the 
center-of-mass system, we would have 


Zeg(v/c)\? 1 
(=<) —_ (4) 
2yuv* sin*(@/2) 
for the scattering cross section of a pole striking a 
nucleus. Here we have used the reduced mass un, because 
the mass of the pole may be great enough to make it 
necessary. 

Some of the properties of Dirac poles have been 
calculated by Cole, and independently by Bauer.’ 
Cole’s calculations were on a classical basis, while 
Bauer obtained both classical and wave-mechanical 
results, for the sake of comparison. Where the results of 
these investigators overlap, they agree, looking aside 
from factors of the order unity which arise from approxi- 
mations. Furthermore the classical and wave-mechani- 


m, is the pole-mass; J is the average ionization energy of the gas. 
For example, a field of about 3000 gauss can increase the speed of 
a Dirac pole having an energy of 1 Bev, at NTP. We call this 
effect the runaway phenomenon. 

8H. J. D. Cole, Proc. Cambridge Phil. Soc. 47, 196 (1951); 
E. Bauer, Proc. Cambridge Phil. Soc. 47, 777 (1951). 
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cal results agree, aside from such minor differences. 
In particular Bauer obtains the formula (4) for the 
scattering cross section. Cole and Bauer give some 
numerical results for the case of Dirac poles, endowed 
with masses of the order of (137/2)?m., or about 2.55 
proton masses. As far as we know, Dirac never com- 
mitted himself on the mass of his poles, which does not 
come out of his theory. The value mentioned here is a 
guess, based on setting the classical radius of the pole, 
g’/m,c*, equal to the electron radius. Bauer remarked 
that if the Dirac pole had electronic mass it would 
radiate so strongly that prior detection would have been 
very likely. We consider this statement about detection 
to be doubtful. Using the formulas of Cole and Bauer, 
we can compare the values of various cross sections, for 
poles of any charge and mass, with the corresponding 
values for electrons. Since a comprehensive list of such 
ratios is valuable in understanding how various types of 
poles would behave, we supply it in Table I. The sub- 
scripts g, e, and » refer to poles, electrons, and nuclei, 
respectively. Some quantities not really needed for 
discussion of our experiments are included for com- 
pleteness. 

For simplicity the table refers only to the relativistic 
case, and no attention is paid to slowly varying loga- 
rithmic terms in the cross sections. 

We see from items 1 and 2 that our experiments 
designed to detect subionizing charges, ze, serve at the 
same time as a search for poles. The range of pole 
strengths which can be covered is the same as that of ze. 

The cross section for production of a pair of sub- 
ionizing charges of mass m is approximately 

S(z,m) = 24(m/m,)?S,, (5) 
where S, is the electron pair cross section. Thus there 
is a considerable range of values of z and m which lead 
to easily measurable cross sections for production of 
subionizing pairs. Furthermore, the cross section for 
pole-pair production by photons can be as large as that 
for electron pairs, in a variety of cases. There are two 
cases of special interest in which these cross sections are 
equal. In the first, the pole is an electron-mate, that is, 
g=e and m,=m,; in the second, the pole is a Dirac- 
type endowed with a mass of (137/2)?m,. Of course, 
the thresholds for production of the two kinds are 
entirely different. The electron-mate type could be 
produced copiously by gamma rays, and in magnet 
cloud chambers such pole pairs would show up as 
tracks deflected parabolically in the direction of the 
field. We have not made a search for such particles. 
Dr. Carl Anderson has told us that he examined one 
curious event from this point of view, without favorable 
result. It would seem that further search for such events 
would be worth while, though it is probable that if the 
large cross section predicted were realized in nature 
these poles would have already been detected. 

The situation in regard to the heavy Dirac poles is 
quite different. Their ranges are small—a few cm for a 
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TaBLE I. Comparison of pole properties with those of an electron, 
assuming that both are relativistic. 








( Value for pole ) 
value for electron, 
(g/e)* 


/e) 
erent, n/ bo, a)? 
(g/€)* (ue, n/ tg, »)? 


(g/€) (se, n/ tg, n) 


(g/e)*(m./me)* 
(g/e)*(m./mg)* 


Quantity 





Energy loss per cm 

Ion pairs per cm 

Cross section, single nuclear scattering 

Bremsstrahlung cross section 

Average angle. of multiple scattering 
after traversing one cm 

Cross section for pole-pair production 
by photons in the nuclear field 

Two-pole annihilation 





kinetic energy of 1 Bev. According to Bauer, the 
specific energy loss does not rise near the end of the 
track. This occurs because the combination gv/c replaces 
ze in the single scattering cross section. Thus a pair of 
these poles in a chamber at NTP would have an appear- 
ance distinguishing it clearly from a two-prong star. 
If we trust the pair-production cross section in air 
(about 0.1 barn), it appears likely that heavy stable 
Dirac poles would have been detected in the Malkus 
experiment. A definitive statement would require de- 
tailed studies of the atmospheric flux of photons having 
energies superior to 5 Bev. 

In exploratory work like ours, one should not commit 
himself to specific theories, except as a guide to the 
possibilities. While the speculations of Dirac are attrac- 
tive, they are based on an assumption introduced at 
line 7 of page 63 of his first paper, which can be ques- 
tioned. Therefore we shall not hesitate to consider poles 
which do not have the magnitude preferred by Dirac. 

Many previous writers have discussed the symmetri- 
cal generalization of Maxwell’s equations which results 
from introducing poles in addition to charges. We have 
taken the trouble to verify that this set of symmetrical 
equations is Lorentz-invariant. We have little doubt 
that if poles are found in nature they will obey this 
set of equations, but the question now before us is, do 
they exist? 


4. METHODS OF SEARCH FOR SUBIONIZERS 
WITH WILSON CHAMBERS OF LONG 
SENSITIVE TIME 


In looking for subionizers in the Wilson chamber one 
desires very low background, since the lower limit of z 
which can be covered in the search will depend on the 
extent to which tracks can be simulated by chance 
configurations of droplets, lying nearly in a straight 
line. In air at NTP the specific primary ionization of a 
relativistic electron is about 21 ion pairs per cm, so if z 
were 0.1 we would have a track with a spacing of 5 cm 
between primary events. In cloud chambers with the 
usual background density it would be nearly impossible 
to seek for subionizers with so low a z value. 

Also, one desires a long sensitive time, since the 
particles may be very rare. A long sensitive time 
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provides two other advantages. One can take several 
pictures per expansion so that ordinarily, in at least one 
picture of each sequence, all droplets formed can grow 
to full size. This prevents the mistake of supposing that 
an insufficiently developed electron track is the track 
of a subionizer. (See, however, Sec. 5.) The use of 
multiple pictures makes it possible to neglect back- 
ground droplets which are present before a track is 
formed, or which come in after it has grown to full 
density. 

It is a great advantage to use enough resolution for 
photography of individual droplets, because it helps in 
distinguishing tracks from random background. Typi- 
cally, background droplets form on neutrals, and there- 
fore are single, while isolated ion pairs along tracks may 
register as doublets if the track is formed before full 
supersaturation is reached. The detection of such 
droplet pairs can be helped somewhat by retention of a 
weak sweep field. Of course, this is not true for tracks 
formed after the supersaturation necessary for good 
drop-formation on charges of both signs has been 
attained. Consider, now, how the track of a subionizer 
should look. A newly formed electron track in air at 
NTP has many clumps which may overlap. On the 
other hand, in the track of a subionizer with z of the 
order 0.5 or less, the overlapping between the products 
of adjacent primary events would be much reduced. 
Thus, if we do not try to push the search down to 
unduly low values of z, it is easy to tell the difference 
between a genuine track and a mere accident of back- 
ground formation. 

To summarize, our basic requirements were a cham- 
ber of long sensitive time with low background, and 
arrangements for taking several pictures per expansion, 
with resolution of individual droplets. 
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The investigation fell into two related parts, because 
we desired to search for subionizers in the flux from a 
radioactive source and also in the cosmic ray flux. The 
work with a radioactive source was done with a hori- 
zontal chamber kindly loaned to us by Bearden.’ From 
his investigation it was known to have a sensitive time 
as high as two seconds, and to be very clean. There was 
an agreeable surprise as to the cleanliness attainable. 
Eventually, it became possible to control this chamber 
so that there was not a single background droplet in 
about 15% of the expansions, and only a few isolated 
droplets in another 40%. The presence of higher back- 
ground in the remainder is of instrumental origin, 
explained in Sec. 5. 

Since the active volume was about 600 cc, this means 
that in the best 15% of the expansions we had a back- 
ground more than sixty times lower than that in 
chambers described as clean in the literature. For 
example, Wilson’ indicates that a chamber with a 
background of one drop in 10 cc would be considered 
very clean. 

A second chamber, 12 in.X24 in.X6 in., was con- 
structed to search for subionizers in the cosmic rays. 
This chamber showed background of the level com- 
monly achieved with cosmic-ray chambers of about the 
same size. Led on by the low background achieved in 
the Bearden chamber, we made many attempts to 
reduce the background in the large one. The result was 
that we found a main cause of the background. The 
chamber was operated with the 12-in. dimension vertical 
and had a useful sensitive time of about 0.3 second. 
Under these conditions, only the portions of tracks in 
the close vicinity of the bottom can fall out before the 
droplets evaporate. Previous workers have noted that 
numerous nuclei are left behind by evaporation of the 
droplets. Under stable thermal conditions, diffuse ghosts 
of tracks from the previous expansion may appear; and 
neutrals produced in the interval between expansions 
may also yield broad tracks. Whatever their origin may 
be, we find that these remnants of tracks are very 
numerous. There is every reason to believe that they 
are ample to explain the level of background in large 
vertical chambers. While intermediate expansions can 
alleviate this situation, they cannot cure it. (Sec. 6.) 
We are not implying that this is the sole cause of back- 
ground in this chamber, but it is a major cause. The 
background ran from 0.05 to about 1 drop per cc. 
Nevertheless, with stereoscopic viewing, a search for 
subionizers could be carried out. This is made possible 
by the fact already mentioned, that genuine tracks 
have many clumps of ionization. 


9 J. A. Bearden, Rev. Sci. Instr. 6, 256 (1935). 

J. G. Wilson, Cloud Chamber Technique (Cambridge Uni- 
versity Press, Cambridge, England, 1951), pp. 53-4. In this 
connection the long sensitive time of our chamber should be 
considered. 
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5. SEARCH FOR SUBIONIZERS FROM 
A; RADIUM SOURCE 


In these experiments!! we used a sealed radium source 
of 4 millicuries, located in a lead shield at a distance 
of 40 in. from the chamber. The gamma rays were 
collimated by a gap between lead blocks so that most 
of those hitting the chamber lay close to a plane through 
the center of the active volume. No filter was used. 
All beta rays were stopped by the chamber wall. On the 
average there were 14 tracks from the source and 3 
cosmic rays, per expansion. 


The Chamber and Its Properties 


The Bearden chamber is shown in cross section in 
Fig. 2. The piston is a large body of water-alcohol 
mixture, made opaque with black dye. It is compressed 
by a Sylphon which moves between fixed stops. The 
final expansion ratio can be adjusted by introduction or 
withdrawal of liquid. We have found it convenient to 
use a sensitive time of about 1.5 seconds, provided by 
slow expansion. 

A coarse adjustment of speed can be made by changing 
the pressure in the chamber, while fine adjustment is 
secured by varying the rate of flow of the driving air 
and the rate of escape through valve V. These two 
adjustments are not independent. Figure 3 shows 
roughly what happens. If the expansion were instanta- 
neous, condensation on ions alone would be possible in 
a narrow range of values of the volume expansion ratio. 
As time goes on, heat liberated from the walls and the 
droplets causes the sensitive condition to shift to higher 
values of the momentary expansion ratio. The curves 
outline possible courses of this ratio, for three different 
rates of expansion. For a relatively low rate, the 
chamber becomes sensitive only for a brief period; 
the piston slows down and the chamber becomes insensi- 
tive again. For a higher rate, the time of sensitivity 
becomes longer, but the threshold for condensation on 
neutrals is still not exceeded at any time. For still 
higher rates, droplets are first formed only on ions, and 
then on ions and neutrals. The numerous droplets 


grow, heating the fluid quickly until once again the © 


chamber comes into a condition suited for formation of 
droplets on ions alone. All these conditions can be 
produced at will, but the range of adjustments which 
gives a long sensitive time for ions without incurring 
some background at a later time is narrow. An actuating 
mechanism could be designed which would keep the 
chamber accurately at a supersaturation suitable for 
full track development, for a long time after a rapid 
initial expansion. However, the behavior was good 
enough to justify postponing this development. 

Our inability to avoid background droplets in a 
certain percentage of the expansions is mainly due to 


1 Details are given in the theses of H. C. Fitz, Jr., June, 1955 
(unpublished), and W. B. Good, June, 1956 (unpublished), on 
deposit in the library of the University of Alabama. 
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(a) slight variations in air-supply pressure, caused by 
hysteresis of the air-reducer diaphragm; (b) variations 
in the behavior of valve V; and (c) variations of 
atmospheric pressure and temperature. 

A thorough study of chamber operation was made. 
Bearden worked with air and water. Since it is rather 
generally agreed that droplet photography is aided by 
use of water-alcohol mixtures, we wished to try such 
mixtures, with various gases. Satisfactory combinations 
were as follows: 


(1) Air, with water and with mixtures of water and 
ethyl alcohol containing up to 67% alcohol. 

(2) Argon, with alcohol-water mixtures containing 
67% alcohol. 


Carbon dioxide gave unstable results because of its 
strong absorbability in water. Propane, which was 
expected to yield an increased sensitive time because of 
its low ratio of specific heats, gave no tracks, because 
the range of adjustment was insufficient. 

The cycle time was about one minute. A suitable 
sweep field was kept on continuously to facilitate 
observation of close ion-pairs on early tracks. Illumina- 
tion was accomplished with ten 500-watt, 120-volt, 
2700°K projection lamps. We employed Corning ultra- 
violet filters 738 and 385, superimposed.'? This illumi- 
nation system gave well-exposed droplet images on 
35-mm Tri-X Superspeed Pan at f/4.5 with a lens-to- 
chamber distance of about 57 cm. There were ten 


2 Clifford Beck, Rev. Sci. Instr. 12, 602 (1941), 
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Fic. 4. Illustration of track development. Time increases as we 
go from left to right and from top to bottom. Note the longest 
straight track. In the fourth photograph it has fallen into the 
water-piston. The heavy lines are sweep wires. 


exposures per expansion, at intervals of about 0.25 
second. The duration of each exposure was ;’5 second. 
The photographs were stereoscopic and a variety of 
devices was available for viewing them.” Figure 4 
shows the successive entry of tracks, and their growth. 
Individual track droplets cannot be seen in these 
reproductions, but some background drops may be 
perceived. Figure 5 shows regions of vapor poverty in 
the neighborhood of early tracks, outlined by the 
absence of drops in the fog which formed later. Atten- 
tion is called to a vertical cosmic-ray track, showing up 
as a single bright dot at the center of a circle which 
outlines the hole in the fog. The diameters of these 
regions range from about 0.15 to 0.9 cm. The existence 
of such regions is known to cloud chamber workers 
through the fact that a late track often shows poor 
development where it comes close to an early one. The 
present technique provides a means for study of this 
phenomenon. 


Selection of Photographs for Search 


Three criteria for usable photographs will now be 
outlined. 

(a) Low background.—The sequences were divided 
into four classes: 


1. Underexpansions. Poorly developed tracks. 

2. Completely usable sequences. Less than 10 back- 
ground drops. Tracks grow to full density unless they 
enter too late. 

3. Delayed overexpansions. Part of the sequence 
shows the desirable characteristics of class 2 but the 
chamber continues into overexpansion. 

4. Overexpansions. 


13QOne simple device used for preliminary viewing should be 
mentioned. The film is projected to yield a pair of images about 
four times original chamber size. The observer sits about halfway 
between projector and screen with his head just below the pro- 
jection beam. One eye views both images through a Dove reversing 
prism and the other eye views them directly. Two three-dimen- 
sional images are then seen, and one is simply neglected. Pseudo- 
stereoscopic viewing is usually employed so that the chamber 
contents appear to stand out in front of the chamber glass. This 
seems to result in a psychologic gain. 


KASSNER, 


AND RUARK 

We have utilized only those photographs in which 
there was no background, or only a few droplets, up to 
the end of the tenth picture. We could have used the 
early parts of sequences in which late fog developed, 
but it seemed best to avoid these borderline cases. It 
must be remembered that there is not a sharp limit for 
the onset of condensation on neutral entities. Below a 
certain supersaturation the formation of droplets on 
neutrals decreases rapidly. The question now arises, 
can this method of selection lead to failure to recognize 
some real subionizers? Suppose for example, that a sub- 
ionizer was responsible for production of 5 droplets in 
a photograph containing 10 droplets. In all cases, where 
several background droplets were present, they were 
well distributed throughout the chamber volume. If 
some of them belonged to a track, it would have to be 
very sinuous. Furthermore, in such cases, we did not 
see clumps. In spite of these plausibility considerations, 
it is barely possible that some classes of subionizers 
were missed. However, our conclusions, stated at the 
end of this section, refer to the absence of subionizers 
having substantially straight tracks. 

(b) Full development of droplets —Tracks fall into the 
liquid pool, starting from all positions in the chamber, 
during the long sensitive time. The average duration of 
a track is 3 photographs, or at least 0.5 second. This 
agrees well with the average time of fall calculated from 
Hazen’s“ measurements. This time is long enough for 
complete development of the droplets, according to his 
data. When a track first becomes visible, under the 
conditions of our experiments, the denser clumps of 
droplets may appear, while images of individuals are 
too faint to register. In later photographs (excluding the 
ninth and tenth) the track grows to full development, 
unless it is so low in the chamber that it falls into the 
pool before growth is complete. In general, tracks first 
appear in the third photograph of class 2 expansions. 
We have considered only those which complete their 
growth by the eighth photograph, to avoid those 
affected by turbulence and incomplete growth near the 
end of the expansion. 

Tracks formed after the maximum of supersaturation 
may fail to develop droplets on ions of both signs. Thus, 
the track of a fast electron formed at this stage may 
simulate the track of a subionizer with a charge of 
about 0.7e. While such subionizers might be recognized 
by sufficient study, it is prudent to avoid, for the 


TABLE II. Track classification. 


Tracks 


Duration, sec 
78 
251 
221 
. 51 
6419 








“4 W. E. Hazen, Rev. Sci. Instr. 13, 247 (1942). 
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present, any statement about the occurrence or absence 
of subionizers with a charge greater than about 0.5e. 

Drop counts were made on a representative sample of 
tracks. The initial and final drop counts agree reason- 
ably well with the figures for primary and probable 
ionization obtained by earlier workers on electron and 
meson tracks. 

(c) Presence of comparison tracks ——In examining 
tracks of suspiciously low ionization, we dealt only with 
cases in which there were fully developed tracks in the 
same region. If a suspected subionizer track lay parallel 
to and close to an earlier track which impoverished the 
vapor we would have to discount it completely, but this 
case has not arisen in the body of photographs chosen 
for definitive study. 

With these three criteria a search was made for 
tracks which appeared, at full development, to show an 
ionization appreciably less than that of a minimum- 
ionization electron track. These cases were then sub- 
jected to drop-counting under the stereoscopic micro- 
scope. They were also examined stereoscopically to 
verify that the droplets were substantially in a straight 
line. 

Data 


The statistics of this experiment, referring to 369 
expansions, are as shown in Table IT. 

On applying all the criteria above, the total sensitive 
time selected out of the available time in class 2 
sequences was reduced to 84 seconds. In this body very 
few suspicious tracks were found in the preliminary 
survey. All these were eliminated when drop-count dis- 
tributions indicated no significant difference from those 
for relativistic electron tracks. 

In addition, we considered whether the sparse back- 
ground droplets in the class 2 sequences could be due to 
subionizers of much smaller charge. There were no 
cases in which three or more droplets of the very sparse 
background lay even approximately near a straight line. 


Discussion 


The }-in. glass wall of the chamber amounts to about 
1.6 g/cm’, sufficient to stop an electron of 3 Mev. For 
subionizers its effect is smaller. To illustrate the situa- 
tion, consider a family of subionizers having the elec- 
tronic mass, but varying charge. The energies which 
they must possess to have a practical range of 1.6 
grams/cm? will vary rather like s*, and are roughly as 
follows, in Mev: 


g! } 3 
Energy : 0.8 0.35 


1 1 


4 6 
0.20 0.089 


Thus, million-volt subionizers of the class described, 
coming from the source, stand a good chance of getting 
through the glass when z is 3 or less; it is not worth 
while to present detailed discussion for a variety of 
values of z, m, and of the initial energy. The point to 
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Fic. 5. Illustration of vapor poverty in an overexpanded chamber. 


notice is that in this experiment we may hope to detect 
a class of relativistic subionizers from the source if they 
have initial energies of 1 Mev or more. Again, if they 
are produced in the wall by gamma rays or fast electrons 
from the source, they should be detectable down to an 
energy of the same order. For this reason we decided 
not to use a thin grid-type sidewall to admit particles 
from the source, although it was available. 

The Poissonian spread of the primary ionization led 
us to adopt the value 0.5 as a safe upper limit of 2, 
above which uncertainties of interpretation would 
begin to enter. A lower limit of § was adopted since 
this corresponds to a primary ionization of about 0.33 
per cm. For this ionization we can expect about 8 
primary ionizations along a track of length equal to 
the chamber diameter, and consideration of a smaller 
number, fluctuating severely, would soon lead to 
difficulties. 


Conclusions From Section 5 


Examination of photographs containing approxi- 
mately 2650 tracks, and representing 251 seconds of 
observation time, has yielded no tracks which could be 
attributed to charged relativistic subionizers with s in 
the range } to 3. But the three stringent requirements 
stated above were not entirely satisfied for all these 
photographs. Therefore, for the purpose of making 
quantitative statements, we have employed a subgroup 
containing about 900 tracks recorded in 84 seconds. 
Most of these tracks were of course Compton electrons. 


(a) In 84 seconds there are about 9X 10" disintegra- 
tions in our source. The solid angle defined by lead 
shields was 3.9X10~°. Therefore, the number of sub- 
ionizers per disintegration, of a kind which can get into 
the chamber, is less than 2.9 1077. 

(b) In 84 seconds about one million hard gamma 
rays from RaB and RaC strike the wall. Therefore, 
less than 10~® subionizer is produced by one of these 
rays.!® 

16 We take this opportunity to correct our statement in Bull. 


Am. Phys. Soc. Ser. II, 2, 321 (1957), that this fraction is 10~*. 
The figure arose from a miscalculation. 
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6. SEARCH FOR SUBIONIZERS IN THE 
COSMIC RAYS 


A search for subionizers in the cosmic rays was made 
because the predicted cross section for production of 
pairs of these particles by photons is large enough to be 
encouraging and because the great energies available 
permit processes which would not occur at energies of 
a few Mev. The nature of the detection problem led us 
to use a typical cosmic-ray chamber with provision for 
extending the sensitive time. We decided against 
counter selection because it might discriminate against 
some classes of subionizers. The size of the chamber 
dictated flash illumination. Development of multiple 
flash equipment did not seem justifiable in a pre- 
liminary search, so the question arose whether technique 
could be developed to search for a finite class of sub- 
ionizers in a chamber with moderate background, 
using only one photograph per expansion. This has 
been done. 


Apparatus Characteristics 


The apparatus was in a room with about 18 inches of 
masonry above it, at an altitude of about 250 feet. 
The chamber was pressure-defined in the compressed 
condition. There are some special features. To render 
the gas-motion uniform, a velvet-covered aluminum 
plate was cemented to the rubber diaphragm. To reduce 
scattered light a suitable mirror was developed. A para- 
bolic mirror cannot make the light from a finite source 
parallel, but it was found by ray-drawing that an 
elliptical mirror properly placed can project a slightly 
convergent beam through the chamber, keeping it 
entirely away from two chosen parallel planes and 
yielding practically uniform illumination throughout. 
When we used a three-minute cycle with one inter- 
mediate expansion, the sensitive time could be increased 
to about 0.5 second by controlling the time of opening 
of the expansion valve. However, turbulence begins 
before the sensitive time comes to an end, so it was 
expedient to make the exposure about 0.45 second after 
the beginning of the expansion. This setting corresponds 
to a useful sensitive time of 0.3 second, because of the 
time required for reaching appropriate supersaturation 
and for growth of the droplets. 

The photography was carried out at f/16, at a dis- 
tance of 24 in. from the mid-plane. A stereocamera 
especially adapted to this chamber was built. It was 
also used as a projector for scanning the film. In order 
to check events suspected as being subionizer tracks, it 
was necessary to make drop counts stereoscopically. 
This was accomplished by rearranging the components 
of a binocular stereomicroscope. 


Ghost Tracks as a Cause of Background 


In studying the causes of background, photographs 
of 834 cyclic expansions, containing about 7000 tracks, 
were used. The average photograph yielded about one 
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meter of track. The main expansion lasted about 12 
seconds and the partial expansion, beginning at 50 
seconds, was 24 seconds long. These practices were 
chosen to encourage removal of droplets by fallout, 
but they are ineffective in a chamber as high as ours, 
for reasons now to be explained. 

In the absence of effective supersaturation, the dis- 
tance ions diffuse in one second is of the order of 
millimeters. When there is sufficient supersaturation, 
ions are arrested promptly. However, droplets do not 
grow to the same size in a given time because of com- 
petition for vapor and possibly other causes; so they 
fall at different rates, giving a spread which should not 
be called diffusion. If an ion-trail were formed long 
enough before field removal to permit the ions to drift 
all the way irom the front of the chamber to the back, 
it would have a 90% width of only 6 mm under our 
conditions. We find that the average width due to the 
electric field, the diffusion, and the droplet spread is 
actually much smaller. Therefore, track width is a good 
criterion for distinguishing the diffuse tracks arising in 
the current expansion from the much broader ghosts, 
caused by neutral nuclei. It is commonly believed that 
these nuclei persist from previous expansions. Except in 
chambers of relatively small height, the droplets of 
many tracks evaporate before they reach the floor. 
There is evidence’® that some of them do not evaporate 
completely. It is also possible that some ghosts are due 
to curious neutral species, formed by fast particles in 
the long interval between expansions. Eventually it 
may be possible to remove the nuclei chemically or by 
a ‘filtration method. Whatever they are, under our 
conditions they give rise to extra-large droplets which 
aid us in recognizing the ghosts. The above facts enable 
us to classify the tracks studied, as follows: 


Ghost tracks not affected by the field 2734 
Diffuse tracks formed in the current expansion 1444 
Undiffused tracks 2328 
Heavy tracks (alphas, etc.) 87 


Short electron tracks originating in the gas 278 


Similar information was not found in the literature. 
The point to notice is the large number of ghosts, 42% 
of the first three items. Pileup and diffusion of such 
debris is considered to be a major cause of the general 
background in chambers like the one we employed. To 
illustrate, we had about 6000 ion pairs per expansion. 
We do not know what fraction of them might give rise, 
by unknown processes, to persistent neutrals, but since 
the chamber contains only 27 000 cc the pileup, repre- 
sented by a geometric series, can be significant. 

Use of intermediate expansions is a time-honored 
method for reducing background. In this work the 
reduction was not as good as it could have been made 
by expending more effort, but it brought the back- 
ground into the range commonly employed by cosmic- 


16 See reference 10, pp. 10-14. 
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Fic. 6. The number of countable droplets per cm of relativistic 
electron or meson track as a function of track width. 


ray workers. Our observations on ghosts suggest a 
reason for varying opinions as to the efficacy of inter- 
mediate expansions. These expansions are a makeshift 


expedient. 


Precautions in Searching for Subionizers 


It is important to understand the development of an 
ion trail and its visible image so that a very young, 
poorly developed electron or meson track will not be 
mistaken for a subionizer. Droplets which condense on 
the undiffused ions of a trail occurring just prior to 
photography will have only a limited time to grow. 
The droplets will be small and those occurring in ion 
clumps will be very close together. The diffraction 
images are larger than those of fully developed droplets, 
and the track appears as a blurred line of faint over- 
lapping images. 

The image count is a function of the age and therefore 
of the breadth of the track. The results of a brief study 
of this effect are recorded in Fig. 6. It shows that a 
track suspected to represent a subionizer should not be 
taken seriously unless it has a width comparable to 
that which is found sufficient to give the primary specific 
ionization when we study tracks of ordinary charged 
particles. 

Because the clumps can be used to distinguish a track 
from a chance arrangement of background droplets, it 
is desirable to have a qualitative understanding of 
clump characteristics as a function of track width. 
Clumps will be the first objects to give well-developed 
images. Up to a certain age it is impossible to count 
clumps because there is little contrast between clumps 
and the rest of the track. They were most easily detected 
along tracks with a width of about 0.2 cm. There are 
several reasons for this behavior. As the ion-trail 
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diffuses the smaller clumps dissipate and become 
obscured, but more of the ions of large clumps give 
separate images. The net effect is that the clump count 
passes through a maximum, but the number of images 
per clump increases steadily with track width, at least 
up to a width of 0.45 cm. Clump counts and numbers of 
drops per clump, recorded by one of us, are available to 
support these statements.'? For a particle with low 2, 
the primary ionization acts will be well separated and 
clumps will be easier to recognize than in the case of 
electron tracks. Nevertheless, it is desirable to restrict 
attention to tracks whose age is sufficient to reveal 
droplets of the clumps effectively. 

In the light of the considerations above the criteria 
used in searching for subionizers in the large chamber 


may be stated: 


1. Electron or meson tracks must be available near 
the suspected track to establish the efficiency of con- 
densation on ions. 

2. The suspected track must be at least 8 cm long. 

3. The droplet images of the suspected track and 
the background nearby must be well developed. (One 
can use the background images in judging whether the 
track droplets are up to size.) 

4. Clumps must exist on the suspected track. 

5. On tracks born before full supersaturation was 
attained, there must be ion pairs. (Background droplets 
are single.) 

6. Tracks should be sufficiently diffused so that the 
image count gives at least the primary ionization. In 
our case this means a width of 1.5 mm or more. It is in 
fact desirable to use tracks so much diffused that the 
count approximates the probable ionization. For tracks 
formed before field removal this statement would 
require appropriate modification. 


It is worth noting that when the number of droplets 
per cc is about four, or more, it is possible to associate 
the droplets with a track even though they do not fall 
in a straight line. Under these hypothetical circum- 
stances, we would not be limited to considering rela- 
tivistic particles. We note that the ionization increases 
rapidly with a decrease in velocity below the value 
associated with the minimum ionization. Therefore, 
particles with charges too small to be detected (for a 
given background level) at the minimum ionization 
could be detected at the higher ionization levels associ- 
ated with smaller velocities. Still lower velocity values 
might of course give ionization levels indistinguishable 
from that of ordinary minimum-ionization tracks of 
electrons and » mesons. Nevertheless, we have chosen 
to restrict attention to long straight tracks which could 
be considered, with good probability, as belonging to 
relativistic particles. 


17 J. L. Kassner, Jr., Ph.D. thesis, University of Alabama, 1956 
(unpublished). 
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Search for Subionizers 


After ruthless rejection of exposures which were in 
some way substandard, the search for subionizers was 
conducted on the records of 76 expansions which con- 
tained 1125 tracks of all kinds. The average background 
values can be classified as follows: 


53 exposures 
19 exposures 
4 exposures 


0.05 droplet per cc 
0.1 droplet per cc 
1.0 droplet per cc 


Neglecting a few heavy tracks, photoelectrons, etc., the 
population of events can be divided as follows: 


Ghosts 556 
Diffused tracks 186 
Undiffused tracks 364 


Among these, 17 suspected subionizers came to light. 
By applying the criteria above, all were eliminated. For 
reasons similar to those in Sec. 5, we conclude that any 
subionizers with z in the range from } to } would have 
been detected. Here the lower limit is set by taking the 
density of background into account. Purposely, it is 
made conservative. 


Conclusions From Section 6 


(a) The ghosts of tracks due to neutral nuclei are 


present in a cosmic-ray chamber in the proportion of 
2 ghosts to 3 fresh tracks. They are a major source of 
background in such chambers. 

(b) In spite of background ranging from 0.05 to 1.0 
droplets per cc under various operating conditions, 
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methods have been developed which permit a search 
for subionizers. Use is made of clumps, the presence of 
ion pairs, and drop counts, on tracks which have diffused 
enough to permit employment of these measures. 

(c) In photographs containing 550 tracks known to 
belong to the current expansion, there were 17 suspected 
of being subionizers. All of these were eliminated. 

(d) A conservative statement is that subionizers 
with z-values in the range } to } are not present in sea 
level cosmic rays to an extent as great as one sub- 
ionizer per 550 tracks. 


7. CONCLUDING REMARKS 


The achievement of background levels in a Wilson 
chamber, nearly two orders of magnitude lower than 
those previously recorded, opens up new avenues. We do 
not believe we have approached the limit of natural 
background. It is important to determine whether there 
are free magnetic poles, and categories of charged 
particles with masses, charges, etc., well below those of 
particles now known. It is well not to be dogmatic 
about such matters since we are only a few decades 
away from the time when neutrons, positrons, and 
mesons were unrecognized. 


ACKNOWLEDGMENTS 


We wish to thank Mr. Milo McEllhiney for efficient 
construction of apparatus. The work is being continued 
by students at the University of Alabama under the 
guidance of Dr. Eric Rodgers. Special thanks are due 
to Professor J. A. Bearden for the loan of his cloud 
chamber. 





PHYSICAL REVIEW VOLUME 


111, 


NUMBER 5 SEPTEMBER 1, 1958 


New Approach to General Relativity 


HuseEYIN YILMAZ 
A pplied Research Laboratory, Waltham Laboratories, Sylvania Electric Products Incorporated, Waltham, Massachusetts 


(Received December 12, 1957; revised manuscript received July 21, 1958) 


A generally covariant scalar field theory of gravitation is presented. The principle of equivalence as well 
as the principle of general covariance are preserved. A functional solution of Einstein’s field equations is 
obtained for the general time-independent case. The theory predicts correctly the results of the three crucial 
tests of general relativity. Implications concerning the self-energy of point particles is presented. A new 
theory of cosmology is given and its application to the time-scale problem and to the derivation of the Mach 
principle are discussed. A new principle called the principle of observation is introduced. 


I, INTRODUCTION 


N this article an attempt is made to discuss the theory 

of gravitation as a generally covariant scalar field 
theory. The approach differs both from the Lorentz- 
invariant scalar field theories of gravitation and from 
the conventional theory of Einstein. In Sec. II the 
theory is presented in a way which appears to us 
physically most plausible and where strict rigor is not 
emphasized. In Sec. VII an alternative and intrinsically 
covariant formulation is given. In Secs. III, IV, and V 
the field equations are solved for an arbitrary static 
set of singularities and applications to standard prob- 
lems of astronomy and cosmology are made. It is seen 
that the results agree well with the observational data 
so far available. In Sec. VIII the theory is compared 
with other theories of gravitation, especially with 
Einstein’s theory to which the present approach bears 
a close relationship. To avoid misconception we would 
like to stress from the beginning that the two basic 
assumptions of Einstein’s theory, namely, the principle 
of general covariance and the principle of equivalence, 
are both preserved. Furthermore the field equations of 
Einstein are still valid. The differences lie, essentially, 
in what constitutes the gravitational field and the 
stress-energy tensor. In this theory the stress-energy 
tensor is taken to be that of the scalar field generated 
by the matter singularities, whereas in Einstein’s 
theory it is taken to be zero away from matter. How- 
ever, it is felt, as was first argued in a different context 
by Schrédinger,' that the mere formulation “of a co- 
variant theory and its solution in general coordinate 
systems would not make a well-defined physical theory 
unless it is supplemented with an underlying philosophy 
as to what are the expressions for the measured physical 
quantities in those coordinate systems. Considerable 
conceptual simplification is achieved in this direction 
by the introduction of a new principle called the 
principle of observation, which establishes the relation- 
ships of general coordinate frames to locally special 
relativistic frames where physical interpretation is 
clear cut. This principle has been the guiding idea in 
the present investigations and directly suggested the 


1E, Schrédinger, Space-Time Structure (Cambridge University 
Press, London, England, 1950), Chap. 10, especially pp. 84-85. 


rigorous solutions of field equations as discussed in this 
paper. As will be seen, it is a statement about the 
relations between measurements of locally special 
relativistic observers situated in arbitrary time- 
independent gravitational fields. It is in the spirit of 
the general idea of relativity and can be considered as a 
natural extension of special relativity. In Sec. VI the 
principle of observation is presented as motivated from 
the general static solutions of the field equations, 
although it was originally formulated by a direct 
examination of space-time relationships of multiple 
observers in a gravitational field. Unfortunately, the 
principle, as stated, holds only for time-independent 
situations and hence we will refrain from discussing 
time-dependent solutions in this paper. 


II. COVARIANT SCALAR FIELD THEORY 
OF GRAVITATION 


It is well known that by a particular choice of 
reference frame the metric of space-time geometry can 
be reduced Jocally to the Lorentz form. Therefore, if 
we imagine a locally distributed set of observers in the 
above sense, the Lorentz-invariant field theories must 
be valid. We want to consider a scalar field ¢ with 
vanishing rest mass for such a set of observers. We take 
as the Lagrangian of the field, the expression? 


L= (1/87) 0,0, (1) 


where g11= g22= g33= —1, gas=1, and 0,6= 0¢/0x* are 
adopted. Equations of motion for the field are then 
obtained from the principle of stationary action, 


if ca%r=0, (2) 


to be 0,0“¢=0. This is at a source-free region of space. 
To include the sources we take 


0,0%)= —4 >; M,'6(x—x"), (3) 


where M,’ are the strengths of the mass singularities 
at the points x’, and 6(x—-x’) is the Dirac 6 function. 
The subscript g indicates that M, is the gravitating 
mass. For the sake of convenience ¢ is here taken to 


? Units are chosen such that c=G=1. 
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be the negative of the usual Newtonian potential; 


Pag. 
The stress-energy tensor is obtained as 


dL 
T ,”=0,6——— 6, "£. 
(0,4) 
It is symmetric and satisfies the relations 
T=T,*=—28£, (5) 
T,°T,.’=6,’L£". (6) 
Energy density is easily seen to be positive definite ; 
H=T*20. 
We define a new tensor, R,’, by 
dL 
(1/8x)R,’ = 0——. 
3(0,0) 
It has the property 
R=R,*=16r£=—8rT. 
Thus the expression (4) can be written as 
8rT,’= R,’— 36,’R, (10) 
or equivalently 


(1/8x)R,’=T,’—36,’T. (11) 


By virtue of (3) the stress-energy tensor satisfies the 
conservation laws, namely, 


0,(8xT,*) = 0,(RY— 56,*R) - 0. 


(12) 


We also note that as a consequence of vanishing rest 
mass for the field ¢, we have,’ for a time-dependent case, 


£L=R=T=0 (gravitational waves). (13) 


Therefore the energy density is given by 


H=T*= (1/41) (V¢)’. (14) 


In a time-independent case, instead of (13), we have 


¥. T«=0; R=2(V¢)? (stationary fields). (15) 


It is thus possible to characterize the gravitational 
waves by (13) and the static gravitational fields by (15). 

Now, Eqs. (1) to (13) are tensor equations [and are 
also tensor density equations since (—g)!= (—det g,,)! 
=1] in the locally special relativistic set of frames. 
Therefore, they retain their form and validity when 
expressed in a general coordinate system given by the 
line element 


ds*= g,,dx"dx’. (16) 


3 This is because in the classical limit the action integral is 
S &d'x — fmdt. Since the field has no rest mass we have, 
for each harmonic mode, m= £=0. 
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For this we must make the following change: 
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if we wish to use a scalar L= (1/8) 0,60", a tensor 
T,’, and an invariant volume element (—g)!d‘x. With 
this understanding, the tensor equations (10) are valid 
in general coordinate frames. Thus, in the general frame 
given by (16), we have the equations 


8aT,’=R,’—46,"R. (17) 


Likewise the conservation equations (12) are valid in 
(16) in the form of a covariant divergence as a conse- 
quence of the generally covariant form of the wave 
equation (3). 

Since the stress-energy tensor is expressed in a similar 
form to (17) in Einstein’s theory of general relativity, 
we now wonder what would happen if we interpreted 
the tensor R,” as the Ricci tensor corresponding to the 
metric (16). Then, of course, the line elements (16) 
could be determined by solving (17) and one would be 
able to examine if these solutions make any physical 
sense. In the remainder of this article, we shall endeavor 
to show that this is indeed the case. Before we start 
discussing the solutions of the field equations and their 
applications we may try to clarify whether the above 
identification is plausible. The first thing which comes 
to mind is this: why does one have curvature quan- 
tities given by (11) while working with a locally special 
relativistic frame of reference to begin with? Although 
the answer to this can be given more satisfactorily after 
one discusses the principle of observation, we make here 
the following remark as pointed out by Schrédinger': 
Gravitational field is depicted essentially not by the 
numerical values of g,, but by their first derivatives. 
Therefore, a locally special relativistic frame, that is, 
the reduction to g11= g22= g33= — 1 and ga;=1, does not 
necessarily mean the complete elimination of geo- 
metrical curvatures. Reduction to this form is, however, 
sufficient for local physical interpretations of the 
stress-energy tensor. A second and perhaps more 
immediate question is this: The stress-energy tensor 
(10) and its transform (17) contain only the first 
derivatives of ¢. On the other hand, we are looking for 
a solution for the metric tensor g,, which functionally 
depends on ¢ as gy»(%). Then the right-hand side of 
(17), with the interpretation of R,’ as the Ricci tensor, 
would involve second derivatives of ¢(x) as well as its 
first derivatives. But this only means that we should 
look for solutions for which the second-order terms in 
R,’ can be combined to form an expression of the form 
(3). Then this expression can be dropped everywhere 
except at the singularities where the field equations are 
not expected to hold anyway. A more convincing 
argument to this can be given on the basis of the 
Lagrangian method. The above identification of R,’ 
as the Ricci tensor would imply £= (1/16r)R, where 
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£ involves only the first derivatives of ¢, whereas R, 
the curvature invariant, contains second derivatives 
as well. But it is well known that two Lagrange func- 
tions differing by .a divergence describe the same 
physical system. Therefore if the second-order terms in 
R can be arranged as the general form of the wave 
equation (3), the divergence of a gradient, then they 
can be dropped. This actually is what happens in the 
present theory. 


III. TIME-INDEPENDENT SOLUTION THE 
THREE EXPERIMENTAL TESTS 


A functional solution, g,,(@), of the field equations 
(17) for a static set of singularities is proven to be‘ 


ds?= ¢~*¢d{?— e*¢ (dx?+-dy’+d2*), (18) 


where ¢ satisfies the covariant equation 


o* p= EV" = —4re** Fs M,'5(x—2"), (19) 


which is the corresponding static case of the wave 
equation (3) in the space (18). Indeed, when we calcu- 
late the stress-energy tensor corresponding to the line 
element (18) in the standard way,' we find 
y= — (1/8x)e** 
{ 2a°— §? 
2a8 2p°— & 2BY 


ay ay ty Ff 
0 0 0 


2a8 2ay 


where a= 0¢/0x, B= 0¢/dy, y= 06/02,2=a°+f?+7’. 
In view of (19) this is exactly of the form (17) every- 
where except at the singularities. Of course, as in all 
other field theories the field equations are not satisfied 
at the singularities. It should be emphasized that the 
functional line element (18) with the scalar field equa- 
tion (19) [i.e., V’@= (0°/ dx®+ 0°/ dy’+ 0?/dz*)¢=0 away 
from matter | makes the Einstein equations an algebraic 
identity except at the singularities. 
If there is only one mass singularity, we have a simple 
and spherically symmetric case with 
¢(r)=M,/r. (20) 
The line element (18) with this ¢(r) corresponds to a 
4 This can be shown by direct calculation or use can be made of 
the formulas of Dingle; R. C. Tolman, Relativity, Thermodynamics 
and Cosmology (Oxford University Press, New York, 1949), pp. 
254-257. In the latter case, note the difference in sign of Ty, in 
Tolman and in our theory. The difference is due to the funda- 
mental difference in interpretation of 7,, in Einstein’s theory 
and ours. We have made the choice of sign so that the field energy 
is positive definite. The solution (18) is unique for the static case 
when the condition that the principle of equivalence be valid is 
also demanded. This was established by consideration of the 
complete explicit solutions of the case of a single fixed source 
within the present approach by S. Schneider (to be published 
elsewhere). In connection with the above-mentioned sign con- 
vention it appears that if the scalar field is indeed the agent of 
the gravitational field as proposed in this theory, then in the 
presence of external (e.g., electromagnetic) influences, one might 
have to write 


R,’—}5,’R= { (T "eo salar ‘ea other } - 
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central field problem. One can show by direct compari- 
son that this line element agrees with the isotropic 
form of the Schwarzchild line element up to and in- 
cluding the order M?/r? in gas=1—2M/r+2M?/r?+--- 
and up to and including order M/r in g=1+2M/r 
+--+, Since it is well known that the so-called “three 
crucial tests of general relativity” are at the present 
status of the experimental accuracy insensitive to the 
next higher orders, we conclude that the theory here 
described accounts for these three crucial phenomena 
just as well as the conventional general relativity of 
Einstein. 

IV. SELF-ENERGY PROBLEM 


An interesting consequence of the above line element 
is that the self-energy of a point singularity does not 
diverge, but it is equal to M,c? (units are c=G=1, but 
below we use them explicitly). The total energy of the 
field can be calculated from (14) and the solution 
associated to (20) and gives® 


E=(1 in) f (GM ,*/r*) exp(—GM,/c’r)dv=M ,c*. (21) 
0 


The exponential factor comes from the fact that, as in 
the usual general relativity, the energy is expressed as 
€= €o\/ gas, Where € is the measure of energy in a special 
relativistic system.’ We shall see in Sec. VI [Eqs. (37) 
and (38) ] that this is actually a consequence of the 
observation principle. 

Now due to the relation, E= M,c*?, between energy 
and inertia we see that 


M = Mi. (22) 
This is the expression of the equality of the gravitating 
mass, M,, of a point singularity to its inertial mass, 
M,, namely, the principle of equivalence. This equiva- 
lence justifies also our using the geodesic equations of 
motion in finding the trajectories of material objects 
and of heavenly bodies: 


— —=0. 
ds ds 


5 The effect of time dependence reveals itself in the quantized 
theory as standing waves and also as the emission and re-absorp- 
tion of virtual photons. This brings a contribution to self-energy, 
which may be termed kinetic energy. (18) is the sum of the kinetic 
and static parts of self-energy. See also Eqs. (37) and (38) for the 
meaning of the exponential factor. This factor is discussed by 
A. Einstein (in first order) in connection with the gravitation of 
energy [Ann. Physik 35, 898 (1911); translated in The Principle 
of Relativity (Dover Publications, New York, 1923), p. 102]. Most 
textbooks omit it and give instead the formula for the gravita- 
tional red shift, which in view of the relation E=hy is the same 
thing. Another way of looking at it, within the present theory of 
stationary observers in the static field, is the spatially invariant 
expression 


dx’ t \dx* dx’ 
+ | (23) 


ds? by 


E= { "Tua(—gcn)¥dxtdatdse. 


Note that 74, has a factor e~**, while (— g;3))4, the Jacobian of the 
space part, is e*. This way we get again the same expression as in 
(21). 
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In this way the ponderomotive equations (23) appear 
as an independent assumption from the field equations 
as originally postulated by Einstein. In order to see if 
the theory contains the ponderomotive equations, one 
usually carries out a successive approximation process 
developed by Einstein, Infeld, and Hoffmann and by 
Fock and Petrova. This is not done as yet in the present 
case. However, it is seen that a remark made by Infeld 
and Schild® applies and relying on their analysis we 
may conclude that (23) is a consequence of Eqs. (17). 

Before we close this section it may be interesting to 
note that the result (21) is valid for any number of 
singularities. The total field energy is always given by 
Er=>, M,c*. This can be proved easily by writing the 
field energy in the metric (18) and using Gauss’s 
theorem. In this way we get 


Er=(1/4m) f (V$)%e-*dxdyds=> Myc. (21’) 


The interaction energy is automatically included in this 
sum. We shall see in Sec. VI that with the help of the 
observation principle the M,’s can be calculated [see 
formula (37’) ] in terms of their noninteracting values. 


V. NEW LINE ELEMENT FOR COSMOLOGY 


Next we want to discuss a line element which cor- 
responds to a distribution of mass singularities such 
that a local observer finds, on the average, the same 
mass density, ¢, everywhere in the universe.’ Thus for 
a large sphere of radius r, we have 


26(r) = (2G/c?)>- j(M ,?/|r—1;\) 
= (890G/3c*)r?=a*r?, (24) 


ds*= exp(—a’r’)c*dt?— exp(a*r’) (dx’+dy*+dz’). (25) 


This line element is identical up to and including order 
a‘y* in gas and up to and including order a’*r* in g,; to 
the isotropic time-independent form [de Sitter form 
(31) ] of the Bondi-Gold and Hoyle universe. As in 
their theory, although the density o is assumed to be 
constant, (25) does not represent a static universe. It 
represents a steady-state universe. The geodesic 
equations of motion (23) show that a particle originally 
at rest in the vicinity of an observer will have a radial 
velocity, 2, later at r. A simple calculation shows that 
up to fourth order in ar we have 


v= (8raG/3)r’. (26) 


6 L. Infeld and A. Schild, Revs. Modern Phys. 21, 408 (1949). 
See also M. F. Shirokov and V. B. Boradovskii, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 31, 1027 (1956); translation: Soviet Phys. 
JETP 31, 904 (1957). These authors show that the post-New- 
tonian equations of planetary motion are contained in second 
order in the solutions of the equations (17). This remark also 
applies to the present theory as our solutions are identical in 
second order with Einstein’s theory. 

7 The motivations and plausibility of constant mass density is 
related to the “perfect cosmological principle” of Bondi and Gold. 
See H. Bondi, Cosmology (Cambridge University Press, London, 
England, 1952). This book contains also a complete discussion of 
the problem of inertia and Mach’s principle in Chap. IV. 
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This is a velocity-distance relation. It will cause a 
Doppler shift in the spectral lines of light received from 
distant stars, 


5\/A= (8aaG/ 3c?) 'r, (27) 


which is accompanied by a positive second-order term 
(a*r*/2) due to the pure gravitational effect. The 
formula (27) relates the average density of matter in 
the universe to Hubble’s constant of recession of 
nebulae. Since the latter is better known from obser- 
vation, it predicts an average mass density of about 
5X 10~-*§ g/cm*, which is the same as Hoyle’s result. 

The continual recession of the nebulae and the 
assumption of constant density can be reconciled only 
if the matter is continually created. The rate of creation 
of matter per unit volume per unit time is 3ao (the 
same as in the Bondi-Gold theory). 

It is interesting to note that according to the present 
theory, the universe will appear to be finite to an ob- 
server situated at any point in the universe. For, due 
to the invariance of line element (25) the length measure 
of a local observer, di, will appear to 0 as dl/=e~¢dl. 
(The proof is similar to the shortening of meter sticks 
laid in a gravitational field in the usual theory of 
relativity.) Thus, according to (25), the effective 
operational radius of the universe is 


« evi 
R= f exp(—a’r?/2)dr= (*) Ro, (28) 
0 2 


where Ro=(1/a) is the Hubble radius. Similarly, for 
the effective cosmic time we have 


T= (x/2)'To, (29) 


where To= (Ro/c). In the earlier cosmological theories 
Ro and To were considered to be the radius and the age 
of the universe, respectively. In our theory, R and T 
define the extensions of that portion of the whole of 
existence which can have any appreciable physical 
influence upon us, namely, our operationally defined 
universe. As in the Bondi-Gold theory, here there is no 
beginning and there is no end to the universe. It is a 
perpetually existing self-creating and expanding uni- 
verse. The occurrence of a nebula with a certain age 
anywhere in the universe is a purely statistical attribute. 
The average age of a nebula is }7=7.5X 108 years, but 
any particular nebula may be arbitrarily old. For 
example, our galaxy may well be 4 to 6 billion years 
old or older, as already indicated by various independent 
data. 

Finally, it is perhaps interesting to emphasize that 
the requirement of a time-independent solution with a 
universally constant density seems to lead, auto- 
matically, to continual creation, although the meaning 
of creation is now, largely, a matter of interpretation. 
For, if the steady-state solution (25) is to represent our 
universe in an operational sense, then, operationally, 
the total matter in the universe is constant. In this 
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sense, the total matter-in the universe is conserved. On 
the other hand, due to recessions of nebulae, matter is 
leaving continually our operationally defined universe 
in all directions. Then, to keep the solution time- 
independent, we must keep the density constant. This 
leads to the idea of continual creation as discussed by 
Bondi-Gold and Hoyle. 

We now turn to a derivation of Mach’s principle. 
Take a test particle of gravitational mass m,. The 
potential energy of this particle in the presence of all 
other masses in the universe is m,(4rGo/3)R? where 
R? is the operational radius square for the universe. 
For this potential energy, we obtain 


Ey=m, [ (4r0G/3) exp(—a’r’/2)2rdr=m,c*. (30) 


Since from special relativity any kind of energy pos- 
sesses inertial mass, we have E,=m,c*. Hence the 
result just obtained means that the inertia of a body 
and therefore the local inertial frame is determined by 
the existence of all the other bodies in the universe. 
This latter statement is known as Mach’s principle.’ 
In this connection we call attention to a curious feature 
of the present theory: Eq. (30) regards the test body as 
a particle, while the derivation given by (21) is purely 
a field-theory calculation. 

We may note that by a method of substitution*® 
known in the usual general relativity theory, the line 
element (25) can be transformed up to and including 
order a‘y* in gs, and up to and including order a’r? in 
£11 into the de Sitter line element, 


ds*= (1—a*9?)d?— r°de?—r? sin*6d ¢* 


— (1—a’r?) dr’. 


(31) 


In order to investigate the behavior of mass particles 
as a whole, we may choose, if we wish, a new set of 
coordinates, in which the particles appear constantly 
on the coordinate surfaces. Such a transformation of 
(31) is well known to lead to 


ds*= ctdt?—e**'(dx*+-dy*+dz"). 


This is indeed the standard Bondi-Gold form of the 
line element representing an expanding but steady- 
state universe. With Hoyle’s theory, which is arranged 
to give (32) exactly by adding an additional hypothesis 
(a creation term) to the general relativistic field 
equations in order to satisfy the Bondi-Gold principle, 
we differ only at third order in a’? (e.g., the cos- 
mological red shift is a first-order effect). Thus, for 
most practical purposes and for most parts of the 
universe thus far explored, our theory gives essentially 
the same results as the Bondi-Gold and Hoyle theory. 
The time-scale difficulty which arises in the first order 
is eliminated in the same manner as in the Bondi-Gold 
theory. An important difference, however, exists 


(32) 


8 Reference 4, p. 240. 
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between the two theories in the case of the soft-photon 
(radio-frequency) content of the universe. To make 
this clear, we will call attention to the fact that (z) the 
operational four-dimensional volume of our universe 
is (r/2)? times larger than the Bondi-Gold universe, 
and (ii) the factor exp(—a’r’) is a softer cutoff than the 
factor (1—a’r?) in (31). Due to these, the radiation 
received from the most distant parts of the universe 
(shifted to radio-frequency region) is considerably 
greater than what will be expected according to the 
Bondi-Gold theory. This fact is in qualitative agree- 
ment with the observation. Radio-astronomers have 
found that the universe has 10 to 100 times more 
radiation in the soft-photon region than is predicted 
by the existing theories of the universe and of radiation. 

From a conceptual point of view the original Bondi- 
Gold theory was incomplete because it did not have 
field equations. Hoyle modified the Einstein field 
equations by adding a new term so that the Bondi-Gold 
line element becomes a solution of these modified field 
equations. Unfortunately the new term destroys the 
general covariance of the whole theory (e.g., it implies 
fundamentally preferred coordinate systems). Our 
theory on the other hand gives the satisfactory Bondi- 
Gold theory as an approximation (and more) without 
any additional hypothesis and further without de- 
stroying the general covariance of the field equations. 
This, of course, is a highly desirable feature. 


VI. PRINCIPLE OF OBSERVATION 


In this section we will examine the solution (18) and 
from it motivate a new principle which will be called 
the principle of observation.’ We start with the remark 
that the validity of the line element (18) as a solution 
of Einstein’s field equations (17) is unaltered if we 
change ¢ by an additive constant (6—>¢+4, in a 
sense a gauge invariance). We could, of course, say 
that the constant is not physically meaningful and fix 
it once and for all, say by putting it equal to zero. 
However, there is another possibility, namely that the 
constant is not trivial, but rather that it is indicative 
of the position of the particular stationary observer in 
the gravitational field. But how do we prescribe a 
definite constant for a definite stationary observer? To 
do this, we introduce a new principle which we call the 
principle of observation. The principle states: Amy 
observer will observe light local to himself to propagate with 
the same velocity in all directions regardless of his position 
in the gravitational field. Thus, for a stationary observer 
at «’ the constant should be chosen to be —¢(x’) so 
that 


ds? = ¢—2lo(2)—$( 20) Jj2— e2lo(2)—9(2’)] (dx?-+-dy?+ dz’), 


(33) 


* The principle was first discussed at Washington Meeting of 
the American Physical Society, April, 1955, under the name of 
the “Principle of Superposition.” Also, a lecture was given at the 
Theoretical Physics Colloquium, National Research Council, 
Cttawa, Canada, 1955, on its application to gravitation, cos- 
mology, and field theory. 
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and local to himself (x=<’) one sees 
ds*= d?— dx? —dy?— dz? 


independent of where x’ is. For an observer at a large 
distance from a finite body ¢(x’) — 0. 

Whether or not the principle is true will be deter- 
mined by future observations. There has never been 
an experiment to test the validity of the principle, and 
indeed it is seen that it would be quite difficult to 
perform such an experiment. It should be emphasized 
that the validity of the scalar field theory of gravity 
presented in this paper is independent of the validity 
of the principle. The principle of observation is an 
additional physical statement arising from a possible 
interpretation of a degree of freedom due to the ambi- 
guity of ¢ to within an additive constant. 

Now in view of (33) consider the direct transfor- 


mation, 

we e 0 ) E 

a " ee a) 

between the covariant components of the displacement 
vector, dx,, where ¢=$(x,x’)=$(x)—¢(x’). This is a 
transformation between two observers O and O’ situated 
at the points « and 2’, respectively, and ¢ is the potential 
difference between the two observers. 

Equation (34) is to be understood as follows: the 
observer O at x measures, say, a local displacement dx. 
The observer O’ situated at x’ sees the components of 
the same displacement as different depending upon the 
potential difference between the two observers. 

If the two observers are at the same point, then 
(x,x")=¢(x)—¢(x’)=0, and the line element (33) 
reduces locally to the Lorentz form. If we denote the 
2X2 transformation matrix in (34) by (B|A) we see 
that the transformation is transitive, that is 


(B| A)= (B| S)(S| A). 


(34) 


(35) 


We also note that these matrices, when understood in 
the sense of (34), are unimodular: 


det(B| A)=1. (36) 


We shall now examine what physical meanings we can 
attach to formulas like (21), (28), and (29). We know 
that energy and time have the same transformation 
properties. Therefore, if an observer situated at 2’ 
observes the energy of a body at x in the gravitational 
field, we shall have 


t =t¢e-o2.2"); E! = Ee~o.*"), (37) 


where ¢(x,x’)=¢(x)—¢(x’). Using E=mc?, we have in 
first order the expected result, 


. M M GM GM 
ai/t=(6/e)(—-—); az-n(—-—). (38) 
ak r yr’ 
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The first of these corresponds to time dilation in the 
gravitational field (red shift). The second is the familiar 
expression of the gravitational potential energy differ- 
ence for a mass m. 

Let us now consider (21) in the same sense. We write 
it as 


(39) 


E=(1/4r) f (GM 2/re-#"-" do, 
0 


Clearly this formula means that at each point the 
local observer measures the special relativistic result 
(1/4r)(GM,?/r)dv, but when it is referred to the 
observer O’ we transform it with the transformation 
function given by the exponential. This way we get 
the interesting result 


E'=M,,c'e*""), (40) 


The formula given by (21) holds for an observer at 
infinity (observation from fixed stars). Thus, in view 
of these and (28) and (29) we see that for physical 
quantities of these kinds we have, in general, the 


expression 
t= f eom-ven ae, 


The relations given by (34), (35), (36), and (41) and 
their generalization to other quantities is in general 
what we want to refer to as the princi ple of observation. 
We notice that similar relations are also valid for the 
Lorentz transformations. Therefore, the principle of 
observation, in this form, can be regarded as a natural 
generalization of the special theory of relativity. 

It is interesting to note also that the observation 
principle provides a means to calculate M?’s in formula 
(21’). For example, if we denote the noninteracting 
value of M? as M’, we have for an observer at infinity 


(37’) 


(41) 


Mi=M% exp(— > GM*, ie | fa | ). 


kj 


More general cases can be calculated similarly. 

The principle of observation can be formulated in an 
abstract and postulational manner and leads to many 
interesting consequences. But here we do not want to 
go into it any further. We only mention that the theory 
presented in this paper was developed on the basis of 
this principle and the line elements corresponding to 
(20) and (24) were discussed earlier (1955) in connection 
with the central-field-problem cosmology and field 
theory. But it was only recently that the author has 
realized that the general line element (18) which was 
obtained from the principle of observation is a rigorous 
solution of the field equations (17). It is now clear, by 
reversing the argument, that the principle of obser- 
vation implies to a certain extent a field theory derivable 
from a Lagrangian of the form (1). Once the Lagrangian 
is fixed, the stress-energy distribution in (17) is uniquely 
determined. This distribution is left arbitrary in 
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Einstein’s theory, in which one can assign the stress- 
energy tensor in any way one wishes but one does not 
know whether such choices are actually realized in 
nature. 

The principle of observation brings along with the 
possibility of distant observation the concept of the 
relativity of geometry.” For as we have seen by actual 
examples, the geometrical attributes as well as the 
material content of the world depend upon the position 
of the observer. 


Vil. A MANIFESTLY COVARIANT FORMULATION 
OF THE THEORY 


In this section we present a generally covariant 
formulation of the theory. Let us consider a four- 
dimensional space-time continuum given by the line 
element 


ds?*= Lurdx"dx’. (42) 


When this continuum contains no stress energies and 
momenta let it be understood that it is flat. On the 
other hand, if it contains stress energies and momenta, 
following the Einsteinian ideas we assume that it will 
be curved. Now let a scalar field @(x) be defined in this 
continuum. Physically, to the field ¢@ there corresponds 
a certain stress-energy-momentum distribution which 
in turn contributes to the curvature of the space-time 
geometry defined by (42). In particular if there is 
nothing else contained in the geometry, its curvature 
will be completely determined by the field ¢. Mathe- 
matically, this means that the metric tensor g,» will 
functionally depend on ¢ as g,,(@). In order to formu- 
late the theory in a covariant manner, it is convenient 
to use the Lagrangian procedure. Let the Lagrangian 
density, £, of the field g(x) be 


L= L(¢,¢,), (43) 
where ¢,=0,¢= 0¢/dx". The equations of motion of 
the field ¢(x) are then obtained from the principle of 
stationary action, 


5 f L£($,6,)(—g)'dQ2=0, (44) 


where ¢ and ¢, are the quantities to be varied, and 


1 Locally, i.e., when x= x’, we get (x,x’)=0, so that the metric 
tensor reduces to g11= g22=g3s= —1; gas=1. But the observer can 
observe the phenomena at x when he himself is situated at 2’. 
Or conversely the motion of an object at x can be referred to a 
distant reference frame just as well as a local reference frame 
when ¢(x,x’) is properly introduced. This throws new light upon 
the much-discussed coordinate issue in general relativity. For 
example, the present theory tells us that the usual general rela- 
tivity does not contain the position of the observer, and therefore 
(M,/r') — 0; r’= ~, i.e., it implies observation from fixed stars. 
This answers Wigner’s question on the coordinate problem of 
eneral relativity; E. P. Wigner, Revs. Modern Phys. 29, 255 
(1957). For instance, an observer who moves with the planet 
Mercury would never be able to find out the perihelion motion 
of that planet unless he refers the motion to other objects, say, 
to fixed stars. 
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(—g)'d2 is the four-dimensional invariant volume 
element. Following the usual rules of variational 
calculus in general coordinate systems, we obtain the 
equation of motion of the field as 


dL OL 
oe 
dp Oby? 5p 
where the semicolon means covariant derivative. 
The stress-energy tensor is obtained from the 
Lagrangian density as 
dL 
T ,”=¢,— 5, ’£. 
09, 


(46) 


The covariant divergence of this tensor vanishes as a 
consequence of the equation (45): 


dL dL 
(Ty”);»=p —-(—) |- 
0p 0g, ? 


Of course, these equations are valid for any scalar, £, 
and therefore the actual dependence of £ on ¢ and ¢, 
must depend on other considerations. Two plausible 
requirements are: (a) The equation of motion (45) of 
the field ¢ must be identical to the d’Alembert equation 
in the geometry defined by (42), 


(47) 


(48) 


0 fel) 
r= (9 —( (- ee )=0, 


Ox" Ox” 
from which, to within a divergence, £ can be chosen 
to be 


L= (1/82) 0,60*o. (49) 


(b) The stress-energy tensor, 7,’, must be identical to 
some geometrical tensor of second rank which has zero 
covariant divergence. This condition leads to the 
identification of 7,’ as the Einsteinian tensor, 
G,’=R,’— }36,’R, to within a constant factor depending 
on the choice of the units. Thus, requiring positive 
definiteness for the energy, 7“, of the field and choosing 
the units suitably, we have 


SnT,’=R,’—}6,'R. (50) 
Now substituting (49) into (46) and then contracting 
both sides of (50), we get 


R= 16r£= 20,90", (51) 
where X& is the curvature invariant. 

The next question is this. R depends on the second- 
order derivatives of gy»(@) and consequently on the 
second-order derivatives of ¢(x), whereas the right- 
hand side of (51) contains only the first derivatives. 
This problem is resolved if we remember that two 
integrands of the action integral, £./—g, differing by 
at most an ordinary divergence describes the same 
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physical system. Therefore the addition to £ of, say 


re] 0d 
6r4= (9 ((-0e" ), 
0 


xt Ox’ 


changes nothing and supplies the second-order de- 
rivatives sought. 

In any case, this term is zero, due to (48), everywhere 
except at the singularities of the field. In no field theory 
are the field equations expected to hold at the singu- 
larities. As it is well known from classical field theories, 
this does not prevent us from including the effect of the 
singularities as the sources of the field. When sources 
are included, Eq. (48) takes the form 


a do 
= (-9-—((-o'e" ) 
Ox" Ox’ 


(52) 


=—4n(—g)41E M,'6(x—2), 


where M,’ are the strengths of the mass singularities 
at the points x’, and 6(x—-x’) is the 6 function. The 
subscript g is to indicate that M, is the gravitating 
mass. 


VIII. DISCUSSION 


In this section we would like to discuss the differences 
and interrelationships of the present approach to other 
theories of gravitation with special emphasis on 
Einstein’s theory. As we have seen, the two basic 
principles of Einstein’s theory, namely the principle 
of general covariance and the principle of equivalence, 
are both preserved. Also, the geometrical identification 
of the stress-energy tensor T,, as 


SrT,’=R,’—46,’R, (53) 


is not altered. But the interpretation of 7,” is completely 
different. In Einstein’s theory, it is the stress-energy 
tensor of matter 7,,= 2,0, alone. The gravitational 
field is not included in it. In the present approach it is 
the stress-energy tensor of the gravitational field 
T y»= (1/82) (26,6>— 8400") that is employed. The 
effect of the sources of the field ¢(x) are taken into 
account in Eq. (51). These two interpretations are 
completely different from each other. Yet they lead to 
solutions which are so close to each other that they 
predict the same numerical results with regard to the 
so-called three experimental tests of general relativity. 
Differences become significant only at extremely close 
distances to a point singularity and also for extremely 
large systems such as the cosmos itself. 

The next and perhaps the most important difference 
is the interpretation of what constitutes the gravi- 
tational field. In Einstein’s theory, the gravitational 
field is represented by the components of the metric 
tensor, gu». In the present theory, the gravitational field 
is #(x). The metric tensor is functionally dependent on 
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this field as g,,(¢). As a result the meaning of the Ein- 
stein equations are different in the two theories. In 
Einstein’s theory they are the field equations for g,,(x). 
In the present theory the Einstein equations are alge- 
braic identities (away from the singularities) expressing 
the equivalence between the geometric [right side of 
Eq. (53) ] and the field theoretic [left side of Eq. (53) ] 
descriptions of gravitation. The actual field equation is 
the wave equation 


¢*: 4= —4(—g) 3 > M5 (x—2x"). 


In Einstein’s theory, the law of gravitation in a 
matter-free part of space is R,,=0. In our theory, the 
corresponding law in empty space is expressed as 


Ry=26br;  $";,=0. 


Consequently, in our theory, the equations R,,=0 
leads to ¢=constant, hence, imply g,,(@)=constant, 
and therefore a completely flat space-time where 
gravitational effects vanish. 

Our theory is a scalar theory in the usual sense of 
the word, but it is a generally covariant theory in con- 
trast to scalar theories which are only Lorentz-covari- 
ant.* It is well known that the Lorentz-invariant scalar 
theories of gravitation lead to only half of the observed 
deflection of light and to a wrong prediction for the 
perihelion of Mercury." The general covariance and 
the principle of equivalence seem to be essential in 
these small effects. 

As we have emphasized, our theory preserves both 
the principle of general covariance and the principle 
of equivalence, although, in a sense, the principle of 
equivalence is not an independent postulate (we have 
seen in Sec. IV that the principle of equivalence may 
be considered as a derived consequence of the present 
theory). Thus, our theory differs radically from the 
theories which assume the principle of general covari- 
ance but reject the principle of equivalence. One such 
scalar theory was recently proposed by Dicke.!? His 
ideas are somewhat similar to ours, especially in his 
assumption of local Lorentz invariance and his use of 
isotropic line elements. But, unfortunately, this theory 
contains many ad hoc assumptions and leads to a 


* Note added in proof.—It has recently been called to the au- 
thor’s attention by S. Schneider that the Einstein field equations 
with the 7,, of a spherically symmetric static scalar field was 
considered by O. Bergmann and R. Leipnik, Phys. Rev. 107, 1157 
(1957). Although conjecture was made there of the possible need 
for a covariant scalar field to account for the Mach principle no 
definite identification of the field ¢ and no concrete consequences 
of it were presented. In particular since they did not use an iso- 
tropic coordinate system and they did not obtain explicit solutions 
for k#0 (k is the coupling constant between 7,,’(¢) and geometry) 
it appears that they did not realize ¢= M/r=M/(x?+-*+-2*) is 
indeed meaningful even in the curved space 

ds? = ¢2¢df— ¢2? (dx?+-dy?+-dz?). 
1 See O. Bergmann, Am. J. Phys. 24, 38 (1956), as an example 


of such theories. 
2 R. H. Dicke, Revs. Modern Phys. 29, 363 (1957). 
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wrong numerical value (% of the observed value) for 
the perihelion motion of the planet Mercury. 

Also there are some similarities between our theory 
and the ideas of Fock. He feels that Einstein’s theory 
is too general and some restrictions must be imposed 
on the solutions of the field equations. He imposes the 
coordinate conditions 


0 
~£(—g)'gr']=0, 


Ox’ 


and shows that under these conditions space-time 
accepts a Lorentz group of transformations. He calls 
the coordinates which satisfy these conditions “‘har- 
monic coordinates.” However, this condition is not 
restrictive enough to lead to unique physical situations, 
nor is it necessary for the derivation of equations of 
motion as originally claimed by Fock. This latter point 
is discussed by Infeld.’® But it is extremely interesting 
that our static solution (18) satisfies the conditions of 
Fock and therefore our coordinates are harmonic. In 
spite of this interesting relation our theory differs 
fundamentally from Fock’s ideas because Fock adheres 
to the conventional interpretation of the stress-energy 
tensor as ‘matter tensor.” Nevertheless, we feel that 
Fock’s interpretation of general covariance and of 
Lorentz invariance seems to be closely realized by the 
present approach. 

An essential difference of our theory from all other 
theories of gravitation is the existence of the principle 
of observation. By virtue of this principle the position 
of an observer is incorporated into the structure of the 
theory. This is done in such a manner that the special 
relativistic interpretations of physical quantities are 
valid locally. With the help of this principle one treats 
the interrelationships of observers in a gravitational 
field by a method similar to Lorentz transformations. 
The principle provides transitive and unimodular 
transformations. These properties are shared also by 
the Lorentz transformations. In this sense the principle 
is consistent with the original idea of relativity as 
expressed by the Lorentz transformations and therefore 
it can be considered as a natural extension of the Lorentz 
transformations. It is perhaps interesting to emphasize 
again in this connection that according to the principle 
of observation the velocity of light as measured locally 
is a universal constant. 

Another important difference between our theory 
and all other theories of gravitation is that we give 
functional solutions as g,,»(@), where ¢ is any function 
satisfying the Laplace’s equation V’6=0 except at the 
singularities. This way the static problem is solved 
generally. In earlier approaches, for every new distri- 
bution of matter one had a new problem to solve in the 
form of gy»(x). Since the equations are coupled non- 

8 R, H. Dicke (private communication). 


4 V. Fock, Revs. Modern Phys. 29, 325 (1957). 
18 L. Infeld, Revs. Modern Phys. 29, 398 (1957). 
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linear partial differential equations, to attempt to 
solve them for every new situation was an “impossible” 
task. 

Also, we note that the linear combination a¢;+d¢2 
of two solutions ¢; and ¢2 corresponds to another solu- 
tion of the field equations. Thus the theory is, in this 
sense, linear. The nonlinearity of the original Einstein’s 
theory caused insurmountable difficulties both in 
applications and the quantization of the theory. One 
sees already from the above-mentioned linearity how 
easily the present theory can be applied to various 
physical problems and how easily the quantization of 
(x) may proceed by taking over the standard Lorentz- 
invariant field quantization methods into general co- 
ordinate systems. 

Finally, we may discuss here the question of what are 
the basic assumptions and the derived consequences of 
the theory. As we have presented it in this paper, the 
two basic assumptions of the theory are (1) the prin- 
ciple of general covariance and (2) the choice of the 
Lagrangian as a scalar field Lagrangian. Thus in a sense 
the theory of gravitation presented here is a synthesis 
of the curved space concept of Einstein and the New- 
tonian scalar gravitational field. The principle of equiva- 
lence appears as a derived result of the line element (18). 
There are not many differences in the process of identi- 
fication of 7,’ as a divergereeless geometric tensor in 
our theory and in Einstein’s theory. Therefore, the only 
other conceptual change is the introduction of the prin- 
ciple of observation. In a sense this principle, too, may 
be considered as already contained in the theory. For, 
as we have seen in Sec. VI, it can be introduced as a 
property of the solutions of the equations (17). In 
another sense, however, it is a new and independent 
additional statement since it incorporates the position 
of the observers and implies further relativity require- 
ments on physics and geometry. It is perhaps best to 
consider it at present as a correspondence principle 
which helps to understand observational relations 
between various observers in terms of a local set of 
Lorentz frames. 

The principle of observation can in principle be 
tested experimentally by measuring the local velocity 
of light in a strong gravitational field. If the principle 
is right, the local measurement must always give the 
same value, c, with or without the gravitational field. 
If it is wrong, there will be a discrepancy amounting to 
dc= — (2GM/cr). However, it should be stressed again 
that even if the principle is wrong, this does not in- 
validate the idea of a generally covariant scalar field 
theory of gravity, as presented in this paper. The 
principle of observation is an additional statement 
beyond the scalar field concept. 
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The decay modes K,3 and Ky; of charged and neutral K particles are discussed with the aim of deriving, 
in the Feynman-Gell-Mann-Marshak-Sudarshan theory, possible experimental tests of the hypothesis of 
universal Fermi interaction, which is already apparently contradicted by the present data on the ratio of 
a—e+v to r—u+v. Measurement of the K; spectra would already provide a test of the hypothesis, and 
measurements of the polarizations would give further confirmation. Unique forms of the spectra of the 
charged leptons are predicted on the basis of the universality hypothesis and of particular assumptions. 


INTRODUCTION 


EYNMAN and Gell-Mann! and, independently, 
Marshak and Sudarshan* have recently proposed 
a theory of the weak interactions (to which we shall 
briefly refer to as the FGMS theory) based upon the 
assumption that the different spinor fields y are weakly 
coupled only in the projection 3(1+~s)¥. This theory 
seems to account successfully for most of the established 
experimental evidence on weak interactions. The total 
weak interaction is assumed to arise from the coupling 
of a current J, with itself; J, is the sum of bilinear 
covariants [Woy,(1+~ys)¥.] over certain pairs of 
fermions a, 6 that satisfy particular requirements [for 
instance, (a,b) must be a single charged pair ]. The cur- 
rent J, will in particular contain a part [Y,y,(1+ys)¥- ] 
+[¥.7.(1+7s5)¥,] thus implying that » and e have 
exactly the same weak interactions (conservation of 
leptons requires ~~ and e~ to be both particles). 
Apparently both » and e have no strong couplings. 
Under such conditions, from the hypothesis of minimal 
electromagnetic interaction, » and e would also have 
exactly the same electromagnetic couplings, and the 
notion of relative parity between uw and e would lose 
any meaning. Measurements of the magnetic moment 
of the muon’ do not give evidence so far for a compli- 
cated structure of the muon, as would be expected if 
the muon possessed strong interactions. The only 


1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

2 E. C. G. Sudarshan and R. E. Marshak, Proceedings of Padua- 
Venice Conference on Mesons and Newly Discovered Particles, 
September, 1957 [Supp]. Nuovo cimento (to be published) J. 

3 Coffin, Garwin, Penman, Lederman, and Sachs, Phys. Rev. 
109, 973 (1958). 


difference between the two particles would then be due 
to the remarkably large difference of their masses. 
Such a situation seems rather peculiar but, if definitely 
established, may turn out to be very suggestive. 

On the other hand, the only available experimental 
evidence, that is directly related to the problem, is the 
experimental upper limit for the ratio of m-e+y to 
a—u+yv. Anderson and Lattes find only a 1% proba- 
bility that this ratio could be greater than 2.1X10~5 
The value predicted by the FGMS theory is 13.6 10-°, 
as can be shown independently of perturbation theory 
for the strong interactions.’ The discrepancy may 
indicate either an intrinsic difference in the interactions 
of u and e or a more complicated structure of the weak 
universal interaction.°® 

We want here to examine the possibility of an 
independent test of the hypothesis of identical inter- 
action of wu and of e through a study of the decay 
modes K->u+v+x and K-e+v+- [namely: K*—y+ 
or e*+)+v+7°, K,°—ut (or et)+v+27 or > (or €) 


4H. L. Anderson and C. M. G. Lattes, Nuovo cimento 6, 1356 


. (1957). 


5 M. Ruderman and R. Finkelstein, Phys. Rev. 76, 1458 (1949). 

6It was proposed [R. Gatto, Nuclear Phys. 5, 530 (1958)] 
that departures from locality, as introduced by Lee and Yang 
for u decay [T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 
(1957) ] could account for the e+ to r+» ratio. However 
the nonlocality required in this case would no longer be com- 
patible with a form of the weak interaction as a coupling of the 
current J) with itself, even if such coupling is propagated through 
some finite space-time distance. (This model would instead be 
sufficient to explain in the FGMS theory the deviations of p 
from 3, provided one removes from the theory the hypothesis 
of nonrenormalizability of the vector coupling.) 
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+yv+n+; K,° is the long-lived K°® which we assume to 
be an eigenstate of CP ]. 

Since many papers have already appeared on the K; 
decay modes,’ we shall limit our discussion only to 
those points that are relevant to the problem of the 
universal interaction. In particular we shall not be 
concerned with the interesting possibility of distin- 
guishing between the various possible decay couplings 
from a study of the final spectra, as already proposed 
and investigated in detail by many authors.’ We are 
mainly concerned with the possibility of testing, by a 
different experiment, the hypothesis of universal Fermi 
interaction in the FGMS theory; alternatively our 
results can also be used to test the assumptions of the 
FGMS theory, once the universality hypothesis is 
admitted. 


DECAY DISTRIBUTIONS 


In the FGMS theory the only invariant that can be 
constructed from (1+5)v and (1+75)/% is [(lLP(1+ys)] 
where P,=cP,+c'P,™ with P,“™ the total four- 
momentum of / and v, and P,“*) the K four-momentum; 
c and c’ are functions of (P“)? and (P™-P“™), From 
the Dirac equation and four-momentum conservation 
we can write the matrix element for K—/+y+7 in 
the form 


(PO .PO~) IM” 4{m,X[1(1+-7s)v ] 
+iV¥[IP® (1+-s)v]}, (1) 


with X and Y unknown functions of (P‘-P“™®)/M, 
with P‘” the z four-momentum, M the K mass, and 
m, the mass of the charged lepton /. From invariance 
under time reversal (that is implicit in the FGMS 
theory) X and Y have the same relative phase and 
can be taken as real. 

The intrinsic specification of the final state requires 
two kinematic parameters for which we choose the 
energies E and E£; of the pion and of the charged lepton 
l, respectively, and also a knowledge of the state of 
polarization of /. We thus write the final distribution in 
the K rest system in the form 


W (EE, O= W © (EE,)+ ({-n,)W, (EE) 
+({-n)W,(EE)), (2) 


where W,(EE,|@)dEdE, gives the probability of the 
decay configuration for which the pion energy is be- 
tween E and E+dE, the energy of the charged lepton 
between £, and E,+d£,, and the spin of /, measured 
in the / rest system, is in the direction specified by the 

7A. Pais and S. B. Treiman, Phys. Rev. 105, 1616 (1957); 
Furuichi, Kodama, Ogawa, Sugawara, Wakasa, and Yonezawa, 
Progr. Theoret. Phys. Japan 17, 89 (1957); J. Werle, Nuclear 
Phys. 4, 171 (1957); S. W. McDowell, Nuovo cimento 6, 1445 
(1957); Furuichi, Sawada, and Yonezawa, Nuovo cimento 6, 
1416 (1957); L. Okun, Nuclear Phys. 5, 455 (1958); J. J. Sakurai, 
Phys. Rev. 109, 980 (1958). 

8 We denote the Dirac spinors with the same symbol as the 
particles; / is the emitted charged lepton, either u or e. We neglect 
electromagnetic corrections. 
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unit vector {; mn; and n are unit vectors in the direction 
of the / and x 3-momenta, respectively. The degree of 
polarization along the direction ¢ will then be given by 
0(Q=n,0,% (EE, +00; (EE)), where , and 0 
can be obtained from (2): ®,.P=W,Y/W, Oi 
=W,?/W. 

From the form (1) of the matrix element, we find 


W (EE) 
=m2X (E)?(A?— p?—m2)—4m2X(E) Y (E)M(A—E)) 


+Y(E?M*[—(A?— p’—m2)+4E(A—E))], (3) 
W (EE) 


p 
= {m?X (E)*[(A4+m,)?— p*] 


fit+m 
+2X(E) VY (E)mM[(2— p’— m/?*?)—2E,(A+my)) } 
+¥(E)*M{A?— p?4+-m?—4E,(A—E,) 


—2m,(A—2E,) }}, (3’) 


W (EE) 
=2mip(m2X (E)?—2X(E)¥(E)ME; 


+Y(E)?M*], (3”) 
where p is the magnitude of the  3-momentum, p; 
the magnitude of the 3-momentum of /, and the argu- 
ment of X and Y, (P‘-P“®)/M, is, in the K rest 
system, the pion energy E. A is defined as M—E. 

The above expressions apply to the decay modes 
leading to negatively charged electrons or muons. For 
the decay modes leading to positively charged electrons 
or muons, W is unchanged, W“ and W™ take up a 
negative sign. 

The energy E varies between the pion rest mass, m,, 
and 3(M?+m,?—m/)/M, and E£; varies between m;, 
and 4(M*+m/?—m,’)/M ; for fixed E, E, varies between 
4[ (A—p)*+m?]/(A—p) and 3[ (A+ )?+m?]/ (A+); 
for fixed E,, E varies between 3{ (A;—1)?+m,?]/ 
(Ai— pi) and 3[(A;+ p1)?-+m,?)/(4:+ pi), with A:=M 
— E}. 

One verifies immediately that in the limit m,=0 
(which is applicable if / is the electron) ®;“ (EE;)=—1 
and &;‘” (EE;)=0, as expected because of the projection 
$(1+7s) in front of /, implying that /- is left-handed 
if its rest mass can be neglected (/+ would be right- 
handed). 

A particular configuration is that with p=0, i.e., in 
which the pion is emitted at rest in the K rest system, 
and the two leptons are emitted with equal and opposite 
momenta. The matrix element for such a configuration 
takes the form, in the K rest system, —imym,-iAg 
x (XAo— MY)[l(1+7s)v], with Ao=M—m, as can be 
seen directly from (1), using the Dirac equation and 
the conservation laws. In this expression X and Y 
appear only in the combination XAo—MY. Accord- 





1428 R. 


ingly, the ratio between the electron rate and the 
muon rate is uniquely given for such a configuration 
by R./R,=(m./m,)*(Ac—m2)?/(Ae—m,?)?*=2.6XK10-. 
This result is quite analogous to that pointed out by 
Ruderman and Finkelstein for the z—-e+ » to r>u+p 
ratio.® Moreover, for this configuration the polarization 
of the emitted lepton must be only longitudinal and 
maximum in value in order to balance the angular 
momentum taken off by the neutrino: ®;=+1 and 
®,=0 for u* and e*. [The reason for the smallness of 
the electron rate can in fact be understood by recalling 
that in the limit m,=0 no right-handed / can be 
emitted because of the projection }(1+-7;).] These 


> 


conclusions can also be verified from (3), (3’), and (3”’). 


COMPARISON WITH EXPERIMENT 


It is clear in which way the hypothesis of Universal 
Fermi Interaction imposes restrictions on the relative 
decay probabilities for the modes K,; and K,3. By 
integrating Eq. (3) over dE; one finds for the pion 
energy distribution, W,(E)dE, 

Wi (E)dE « pg_(E){m/?X (E)*(A?— p?—m?) 
—4m?X (E)Y (E)MA[1—3¢,(E)] 
+MY (E)*[— (A?— p?—m?) 
+2A*g,(E)[1—43¢,(E) ]—4p*2_(E)*)JdE, 


where g(E)=(A?— p?+m/)/(A?— p*). Now, if all the 
interactions of u and of e are exactly the same, the two 
functions X (EZ) and Y(£) are the same for K,3 and for 
K.3. Therefore a measurement of the K,; rate and of 
the K,3 rate for pions in a given energy interval dE 
contained in both spectra can be used to determine 
X(E) and Y(£). Since (4) is a bilinear expression one 
finds 4 pairs of solutions [X(E),Y(E)], of which 
however only two need to be considered because the 
other two differ only by an over-all change in sign of 
the total matrix element. Inserting the two solutions 
into (a) one determines two possible muon spectra 
(for pions of the energy E), which are the only two 
allowed under the hypothesis of identical interaction 
of u and of e (note that the electron spectrum is uniquely 
determined in the approximation m,=0). Furthermore, 
corresponding to each of the two energy spectra, W, 
and W, are uniquely determined, and the complete 
muon polarization (longitudinal @, and along the x 
momentum @,‘*) is thus uniquely predicted. This 
polarization can be measured from a study of the 
K—y-—e asymmetry. Of course, the most convenient 
procedure for actually testing the equality of X(£) 
and Y(£) for K,3 and K,; in Eqs. (3), (3’), and (3”) 
may well be different from the one we have just de- 
scribed. 

Since no data for a complete comparison of the kind 
outlined above are available so far, we shall now 
discuss an approximate comparison, based on the 
assumption that the energy dependence of X(E) and 
Y(E) can be neglected. One would generally expect 
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such an approximation to be reliable since the virtual 
states contributing (which involve baryon-antibaryon 
pairs) are relatively far from the energy shell. It must 
however be kept in mind that such an argument is 
certainly incomplete: first, because it is based on 
perturbation theory for the strong couplings; second, 
because, even in perturbation theory, it could be 
invalidated if cancellations occur among the various 
energy denominators for the different baryon-anti- 
baryon pairs—a quite possible situation if there are 
particular symmetries among the strong couplings. 
Assuming X and Y to be constants we. can integrate 
Eq. (3) over dE to find the muon spectrum V, and the 
electron spectrum .V, (neglecting the electron mass) 


E, E, E, 
n,(— ) = x/,0(- ) +XYf,@ ( ) 
M M M 
E, 
1. y2 f, (-*). 
; M 


where 


Ey u My . 
10(22)—P4.100(2) [+ 
M/ M u/ | 


GG 


A, | 
-—"h,(E,) }, 
M 

A, 
—[1—$h,(E,) ], 
M 


an 


mM \M M 


with h(E,) = (A,?— p,?+m,*)/(A,’— p,”) and 


E E.\? E.\— me\*? E./ 
(CE) (26) PG) ET 
M M M M M 
To be definite, let us consider here the decay of the 
charged K’s; of course, all the subsequent discussion 
also applies to neutral K. The functions f,, f,, 
f,™, and f,. are shown in Fig. 1. By numerical inte- 
gration we find for the total decay rates [Mr(Kys) |" 
=5X10-*X*—2X 10 *XV+5X 10°F", [Mr(K,,) |'=6 
X 10-*Y*. These two equations can be used to determine 
X and Y. Again one finds four possible solutions. Only 
two of them have to be considered, as the other two 
differ only by an overall change in sign. There is 
however a condition to be satisfied in order that the 
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solutions be acceptable (X and Y must be real), 


namely, 
[7r(Kes) 't(Kys) | > ~0.5. 


This condition is satisfied by the present inaccurate 
data on r(K,3) and 7(K,3;).° A similar condition must 
of course be satisfied by neutral K’s. 

Inserting the tentative values for the partial decay 
rates given in reference 9, we find the two independent 
possibilities ¥ = 4.6 10*(Mev sec)?, Y=1.1X 10*(Mev 
sec)? (first solution) and X = —0.37X10*(Mev sec)-}, 
Y =1.1X10*(Mev sec)! (second solution). The corre- 
sponding electron spectrum NV, (which is uniquely 
determined) and the two possible muon spectra are 
reported in Fig. 2. The areas under the spectra are 
proportional to the partial rates of the corresponding 
decay mode [the areas are, respectively, normalized 
to 10-°M7r(K,3) and 10-*M7r(K,,;) ]. Thus Fig. 2 gives 
directly the number of e and the number of u to be 
found at the energy £. 

We want to stress here two points: first, the values 
that we have inserted for the K,; rates are quite 
preliminary? and may have rather large errors (when 
better values become available one should, using the 
graphs in Fig. 1 determine the spectra more accurately) ; 
second, the spectra reported in Fig. 2 are based on the 
assumption that the energy dependence of X and Y 
may be neglected, which cannot be rigorously justified 
at present. 

We have already examined the particular configur- 
ation in which the z is emitted at rest in the K rest 
system. For this particular configuration the ratio 
between the K,; mode and the K,; mode must be 








Fic. 1. The functions f appearing in the » spectrum: N,dE, 
= (X*4,9+XVf,%+¥?f,)dE,, and in the e spectrum: V dE, 
= Y?/,“dE,. E; is the total energy of u or e and M is the K mass. 
X and F¥ are to be determined from the normalizations //N,dE, 


=(r(Kys) }", SN AE.=(1 (Kas) }. 


®M. Gell-Mann and A. H. Rosenfeld, in Annual Review of 
me od Science (Annual Reviews, Inc., Palo Alto, 1957), Vol. 7, 
p. 457. 
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Fic. 2. The e spectrum V,dE, and the two possible yu spectra 
N,dE, of K* decay obtained for the values [7(Ky3) }?=3.26X 10° 
and [7r(K,3) }*=3.42X10® The areas under the spectra are 
proportional to the corresponding partial decay rates. 


~2.6X10-° if the hypothesis of exactly equal inter- 
action of u and of e is correct. 

We have still to examine the practical use of such a 
result for testing the hypothesis on which it is based. 
From the form (4) of the pion spectrum we can calculate 
the K,3*+ and the K,;+ rates for the total of all those 
configurations for which the pion momentum in units 
of the K mass is less than (p/M). We find: 


(K,3* rate) (0.19X —0.20Y)?(p/M)*— (3/5) (0.17X? 
—0.19XY+0.40Y") (p/M)>+ ---, 


(K,3* rate) (0.19X —0.20Y)?X 2.6K 10-°(p/M)* 
+0.67Y?(3/5)(p/M)'+---, 


where we have neglected the energy variation of X and 
Y in the vicinity of p=0. Inserting the tentative values 
found above for X and Y we find that the ratio 
(K,3* rate)/(K,3* rate) for configurations close to that 
with the pion at rest, is given by 2.6 10-°+1.1(p/M)? 
for the first solution, and by 2.6X 10°+-5.6(p/M)? for 
the second solution. One notices that the rapid increase 
of the second term in each of the two expressions will 
make this model-independent comparison rather diffi- 
cult. 


CONCLUSIONS 


The most direct test of the hypothesis of identical 
interaction of u and e derivable from the K; spectra is 
that obtained for the configurations with the pion 
emitted at rest in K rest system. The rapid variation 
of the ratio of the two decay rates with the pion energy 
will however make this test experimentally difficult. 
In the general case, if the pion energy is measured, the 
electron energy spectrum is uniquely predicted and 
only two possible muon spectra are allowed. For each 
of such spectra the complete muon polarization (longi- 
tudinal and along the pion direction) is uniquely 
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predicted. If the assumption of a slow energy variation 
of X and Y is accepted, the knowledge of the partial 
decay rates is sufficient to determine uniquely the 
electron spectrum and the two possible muon spectra 
(and corresponding the average polarizations), without 
need of observing the pion emitted. The general 
requirement 7(K,3) > ~0.57(K,3) which follows from 
the theory, is apparently satisfied by the present data. 

If the present discrepancy with the r-e+y to 
m—u-+v ratio will still persist and eventually be con- 
firmed by further tests of the kind examined here, 
then some of the following possibilities should be 
considered in detail: 

The hypothesis of a universal interaction, in the 
sense of strict equality of coupling constants, is not true. 

The hypothesis of universality is valid but the 
universal interaction, still local, has a more complicated 
form than the simple A+V mixture—for instance, a 
small pseudoscalar term is present which almost 
exactly cancels the contribution from A to electron 
decay. 

The universal interaction is nonlocal, such that the 
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two leptons are emitted at different points [but always 
with the projection }(1+-7s) |. Such a nonlocality must 
however extend up to very long wavelengths corre- 
sponding to a mass of 100 Mev or even less. 

The universal interaction is nonlocal and furthermore 
the leptons are not required to interact only through 
the projection 3(1+ys)—but such a requirement is only 
valid in the local limit. Such a form of the interaction 
has been proposed by Sirlin'’ and it offers a more 
redundant solution of the m—e+y problem than the 
simpler introduction of a small local pseudoscalar term. 
Moreover, as pointed out by Feynman and Gell- 
Mann," the requirement that the rate of u—-e+y¥ be 
slow imposes stringent conditions. 

If one wants to insist on the universal A+V form, 
one can speculate about a possible breakdown of 
present electrodynamics that may offer a possibility 
for an explanation.” 

10 A. Sirlin, Phys. Rev. 111, 337 (1958). 

1 R. P. Feynman and M. Gell-Mann (private communication). 


2R. Gatto and M. Ruderman, Nuovo cimento 8, 775 (1958); 
9, 556 (1958). 
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An integral representation is given for the vertex function F(&*, p?, (k—p)*). This representation is 
obtained on the basis of local commutativity and the spectral conditions. It exhibits the set of points 4%, p?, 
for which F is analytic in (k—p)* except for the physical cut. The limitations found in the representation 
are discussed on the basis of examples obtained from perturbation theory. These examples give some insight 
into the question of further analytic continuation in #? and p*. 


N a previous article’ we have obtained certain 

analyticity properties of the vertex function on the 
basis of the general axioms of field theory. However, 
the information contained in these axioms has not been 
completely exhausted, and especially the unitarity 
condition was not used at all. It is the purpose of the 
present note to give a representation for the vertex 
function which exhibits the analytic properties obtained 
so far, and to discuss the limitations which one en- 
counters on the basis of examples obtained from 
perturbation theory. 


1 
Let us consider first the general vertex function 


G(k,p) = f dx f dty ett -i9-4G (x,y), 


* This work has been performed while the author was at the 
Institute for Advanced Study, Princeton, New Jersey. 

1 Bremermann, Oehme, and Taylor, Phys. Rev. 109, 2178 
(1958). This paper will be referred to as BOT; it contains further 
references. 


(1) 


where G(x,y) may be written in the form 
G(x,y) =0(x){0(y—x)(0| [[B(y),A (x) ],C (0) ]|0) 
+6(y)(0|[A (x), [B(y),C(0)J]|0)}. (2) 


The quantities A, B, C can be considered as current 
operators which satisfy the spectral conditions (0| A |m) 
=0 unless p,2>a’, (0|B\n)=0 unless p,2>0*, and 
(0|C|n)=0 unless p,’?>c*. Here p, with p,0>0 is the 
four-vector describing the total energy and momentum 
of the state |). Using the methods described earlier 
one can show that G(k,p) is a boundary value of an 
analytic function F(2;2923) with 2:=k’, z= p*, 23 
= (k—p)*, ;=%;+1y;; this function F is regular in the 
zz plane except for a cut y;=0, x;>c*, provided the 
variables 2;, z2 are restricted to a certain domain D in 
the space of two complex variables. The domain D is 
most easily obtained if the methods of BOT are supple- 
mented by the general representation for the causal 
commutator, which has been proven by Dyson.” Using 


2 F. J. Dyson, Phys. Rev. 110, 1460 (1958). 





VERTEX FUNCTION 


these tools we obtain a representation for F(z,2223), 
which may be written in the form 


» : prt f* x&tar’) 
F(esssn)= f aot f at f anf Se 
e? 0 1 «0 a — &3 


1 


Tet 1+ — ao? (abs) +a (e1—2 
aa 


where A(2)%223) = 21°+22°+23?— 
lower limit of a x integration is given by 


dol (1+n)?-#. fy 
b—4ol (1—n 


xo= max{0, a— 


ee. (4) 


In general Eq. (3) must be supplemented by conver- 
gence factors and additive polynominals (subtractions), 
but these are unimportant for the purpose of this note. 
In addition to the unitarity condition, the information 
contained in the Jacobi identity for the double commu- 
tator has not been exhausted in the derivation of Eq. 
(3). It is questionable whether the latter property of 
the vertex function will enlarge the domain D, which is 
given by the set of points (2;,22) for which 


(2x?+4 (1+ 2—9")o?— (21-+-22)-+n(21—20) P 


- en (2:20?) #0 (5S) 


for all P>c?, O<E<1, |n| <1—&, x>xo(En,c). From 
the examples in Sec. 2 we will see that at least for 
certain, physically important parts of the boundary of 
D such an extension is not possible on the basis of the 
axioms (i.e., causality and spectrum, excluding uni- 
tarity) alone. 

For reasons of brevity we consider here only the case 
a=b, in which we may take n=O in Eq. (5). The real 
points 2;= 2%), 22=22 are then contained in D ‘provided 


x1 <a’, xo<e? and 


x1 +x2<min{o?—2ca+2a*}, (6) 
o>c 
which leads to 


c<a 
c> a. 


for 
for 


Xitx2<a 

<?—2ca+2e (6a) 
In the equal-mass case we have a=c=2m and Eq. (6) 
leads to the condition «,+ 2 <4m’. For the pion-nucleon 
vertex we obtain with a=M-+u, c=3y the restriction 
%y+x2<(M+uyu)*. For «;=2.=M?’, this inequality gives 
the well known unphysical condition u>(v2—1)M.! 
It is important to note that the most serious restriction 
comes from intermediate states with total mass c=M 
+, and nucleon number zero. 


2 


We consider now the vertex function V (2;2223,m,m2ms3) 
in lowest order perturbation theory. The parameters 


IN QUANTIZED FIELD THEORIES 
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m;, M2, and m3; are the masses of the three internal 
lines opposite to the vertices associated with k, p, and 
k—p, respectively. In order to have a finite expression, 
it is convenient to use the combination 


ee 


3 
= aie V (2120%3,mymzms) 


i=1 Om? 
dadBdy 6(1-a—B—v) 

ff [om?-+8ms?-+-yms!—By21—ay22—aBes 

(7) 





which has the same singularities as V. The integration 
in Eq. (7) has been carried out by Kallén and Wight- 
man.’ For our present purpose, it is sufficient to take 
the special case 2)=22=2, m,;=m.=m, for which we 
obtain, with +(z) =[s— (m3—m)* ][z— (m3+m)? ], 


1 2(s-+m;?— m?) 
m3°23+77 (2) {y(z)}# 
23— 2(z —m;?+m?*) 


{23(z3—4m?)}3 


F, (22%3,mmms) = 





1 
X In——[m3?+ m?— 2+ {(2)}#]+ 


2msm 


1 
x in—[2mi— 23+ {23(z3 
2m? 


—4m?*)}4}. (8) 


\v3|>e>0, F, has no singularities as a 
function of z3. This property is a general feature of 
perturbation theory. From the example of Jost‘ we 
know that it does not follow from the axioms without 
unitarity, but at present one cannot exclude the 
possibility that the unitarity condition changes this 
situation. We see from Eq. (8) that F, has always the 
“static” branch lines y=0, x>(m3+m)*? and y3=0, 
x3> 4m, For y=0, x<m;*+m? we have analyticity in 
the z; plane except for the static cut y3=0, x3> 4m’. 
[If the restriction x;=22 is relaxed, one finds the 
condition x;+22<2(m;+m?*).] But if yv=0, m+ m? 
<a <(m3+m)? we can produce singularities for y;=0, 
Xx3> —m; *y(x) in addition to the static cut.® It is 
instructive to consider some special cases: (a) equal- 
mass case: taking m3=m, we have only the static cut 
y3=0, x3>4m? provided x<2m? [or x1+2%2<4m? if 
X14 %2). This is exactly he same condition as the one 
obtained from Eq (6) in Sec. 1. For 2m?<x<4m?*, we 
can have singularities for y;=0, x3>«(4—am~*). We 
conclude that in the case of completely symmetric 
spectral conditions the limitation x;+ x2 <4m? is already 


For y=0, 


3G. Kallén and A. Wightman (private communication). We 
would like to thank Professor Wightman for many interesting 
discussions concerning the vertex function. 

*R. Jost (to be published), and reference 1, footnote 18. 

5 These conditions have been obtained independently by Y. 
Nambu (to be published) and by Karplus, Sommerfield, and 
Wichmann (to be published). 
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contained in a perturbation theory with the most 
simple interaction. It may be of interest to note that 
in the present case the Jost example,‘ 


F ;=[2(4m?—x)!+ (4m?—23)!— (B+iC) P, 
(B+C)<2m; B, C>O, 


becomes applicable for «> 3m?, and for x>3m?+-e, «>0, 
it gives also singularities off the real x; axis. (b) Pion- 
nucleon vertex: for «= M? (on the mass shell) pertur- 
bation theory with the usual interaction leads always 
to the static cut ys=0, «3> (3u)* only.* But we may use 
more general “interactions” which are compatible with 
the spectral conditions, although they may make no 
physical sense. The only question we ask is whether 
or not we can expect that the axioms alone, taken as 
mathematical conditions, already guarantee the validity 
of the usual dispersion relation. Taking for instance 
m= yu, m3= M—}3p and x= M?, we obtain singularities 
for x3> (4u)?(2M+ yp) (M—yp) (2M —p)? < (3u)?, vs=0 in 
addition to the static cut. Only for « <M?—}y(2M—S5y) 
<M? these additional singularities would disappear. 
We conclude that the causality and spectral conditions 
do not suffice to guarantee the validity of the “normal” 
dispersion relation for the pion-nucleon vertex (N | x! NV). 

The case m;=m=4(M+4) is also of some interest. 
For x<}(M+uz)*, y=0 the function F, is analytic in 
z3 except for the cut y;=0, «3>(M+u)*, but if x= M? 
we can have in addition singularities on the real axis 
for x3>4M?2u(2M+y)(M+un)~, ys=0. Here the lower 
limit is between (3u)? and (M+u)*. The condition 
x<4(M-+4)? is identical to the one we have obtained 
in BOT and Sec. 1 for the analyticity of F (2,223) in 
the cut z; plane. In the present example, as well as in 
the general case, the restriction is due to states with 
total mass c= M-+u. Note that the example does not 
introduce new points of singularity, because we have 
already the cut x3> (3u)?, vs=0. However, it shows 
that for x= M?, the causality and spectral conditions 
alone cannot guarantee that states with o= M-+u lead 
only to singularities for +;> (M+ )?. 


~ 6y, Nambu, Nuovo cimento 6, 1064 (1957). 


REINHARD OEHME 


A situation similar to either the first or the second 
example described above prevails for all states with 


(M+n)—([(M—p)?—2p?}!<o0<(M+un) 
+[(M—)*—2y*}}. 


Note that for a=m-+m;, o=2m the condition (6) 
becomes 21+ %2<2(m;?+m?*), which is exactly what we 
obtained from Eq. (7). In the most general case we find 
from the representation (3) the condition 


x1 (0o—a+b)+20(o+a—b) <o?(a—a—b)+2cab 


for allo>c. For a= mo+mz, b= m,-+ms3, and ¢=m,+mo, 
this yields the restriction 


m, (x1 — m2? — m3?)+ me(x2— myr— m3) <0, 


which is the same as in perturbation theory. 

There are many other cases for which we find a close 
connection between the limitations obtained from Eq. 
(5) and the singularities of corresponding examples 
from perturbation theory. We mention here only the 
deuteron-photon vertex,’ for which we may take ms; 
=m=M. With x=Mp*?=(2M—.e)*>2M?, one has 
singularities for y3=0, x3>%30=4M p?(1—Mp*/4M?) 
=16Me in addition to the static cut ys=0, x3>4y?. 
Here these additional singularities are physically 
reasonable. The general representation (3) would give 
the static cut alone only under the unphysical condition 
M p<v2M, which also leads to x3o>=4M? for Mp=v2M. 

We hope that the connections discussed in the 
present note may give some indication about the 
assumptions which have to be added to the present 
axioms in order to guarantee the validity of dispersion 
relations in some physically interesting cases. They 
suggest that more information about the properties of 
certain intermediate states should be used. 

It is a pleasure to thank Professor Robert Oppen- 
heimer for his kind hospitality at the Institute for 
Advanced Study. 


7Y. Nambu, reference 5. 
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Scattering Amplitudes for the Thirring Model* 


FREDERICK L. SCARF 
Department of Physics, University of Washington, Seattle, Washington 
(Received May 9, 1958) 


The lowest-order covariant equation for the two-particle scattering amplitude in the Thirring model is 
derived and solved. The results are compared with the exact amplitude, which can be computed by means 
of Glaser’s techniques. The approximate equation contains many spurious solutions which have reasonable 
asymptotic behavior. Furthermore, some important features of the exact results are not reproduced in 


any of the ladder-approximation amplitudes. 





I. INTRODUCTION 

ECENTLY, Thirring has proposed a completely 

soluble relativistic field theory,' and Glaser has 
constructed an explicit solution for it.? Glaser’s expres- 
sions simplify the exact calculation of many interesting 
matrix elements, and now there is available a valuable 
model which can be used to test the controversial, 
but frequently applied, approximation methods of 
quantum field theory. 

As an example, we compare the solutions of the 
lowest order covariant equation for the time-ordered 
two-particle amplitude with the exact result. For each 
energy, and each value of the coupling constant, g, 
many solutions to the approximate equation are found, 
but only one of these gives the correct phase shift. The 
extra solutions are a consequence of the nonlinear 
self-interaction of Thirring’s model. Even in the most 
favorable case, there are significant differences between 
the actual and approximate expressions. Although the 
exact renormalized amplitude is completely periodic 
in g (integral values of g/2m are the same as g=0), 
the ladder-approximation solution is only periodic in g 
for large separations of the two particles. 


II. THE COVARIANT EQUATION 


For a fermion field, the conventional two-body 


amplitude is defined as* 
Xap (a,b) = €(ta— to) P(0|Pa(%a) Ya(») | 2). (1) 


. The lowest-order covariant equation for this function 
can be derived by using the equations of motion for 
the field operators‘: iy,0.~=g(¥y)¥. In Thirring’s 
two-component representation Yo=B=02, Yi1=101, SO 
that 


OY, /du=igheWai, dp2/dv=igh*Wy2, (2) 


with u=i+.2, v=t—x. Then 


#X12(a,b) 
0u,0, 
___ KX PO] Ha" (a)o(a)yi(a)ya* (br (b)y2(b)|0). (3) 


* Supported in part by the U. S. Atomic Energy Commission. 
1W. E. Thirring, Ann. Phys. 9, 91 (1958), 

2'V. Glaser (to be published). 

3M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 

‘h=c= 1, YuPu=vibi—Yopo, [vi (x,t), ¥;* (x,t), =555(x—2’). 


= —gre(ta— tr) 


To lowest order in g, the field operators obey free-field 
(denoted by ¢) commutation relations and 


(O| Po* (a)Wo{d) 


etc. Therefore, the matrix element in Eq. (3) can be 
rearranged and expanded to yield in lowest order 


| nN \— bon (0 | oo* (a )po(b) QO), 


0°Xj0(a,0) g 
se el a — pir (a—b) jul Se(O— a) Jar%ni(,b), (4) 


Ou,0v b 


where the free-field propagator is defined by 


[Sr(a—b) Jag=2€(ta— to) P(O| ba(%a)bs(xs) |0). 


A straightforward calculation gives 


0 — R(v) 
Spr(x,t)= ri ( ), 
R(u) 0 


where R(u,v)=[0(t)5, (u,v) +0(—2)6_(u,v)] and x=, 
—x, t=ta—t. Since Sr(b—a)=—Sr(a—b), &=1, 
Eq. (4) may be written 


— g°R(u)R(2)Xa (a,b), (5) 
OU,OV, 
and the corresponding equation for X.; is 
0X2 (a,b) ' : 
———-= —g°R(u)R(v)X12(a,b). (6) 
O0,0Up 


Equations (5) and (6) represent iterations of the 
irreducible diagrams shown in Fig. 1. In the center-of- 
mass system, 


Xa (Xa,Xd) = Dag (u,v) expl —1E(tat+ty)/2 ], (7) 


and Eqs. (5), (6) become 


PP. — /OPi2_ Pz E\? 
poetry ston ma 
Oudv Ou = ov 2 

=4g°R(u)R(v)Pe1, (8) 


as a OP2; E\? 
Oudv ou Ov 2 


= 4¢°R(u)R(v)P21. 
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Fic. 1. The elementary irreducible diagrams representing the 
scattering of two particles in states 1 and 2, respectively. Equations 
(5) and (6) describe iterations of these processes. 


Upon setting ®).= A (u)B(v), @2=C(u)D(v), Eqs. (8) 
and (9) can be factored to give 


d iE 
(—-— )a=asR(w°, (+ “=f -R(v)D, 
du 4 


(10) 


d 
<b 


iE d iE g 
— )e=aeRw)A, (—-—)-“roye, 
du 4 dv B 


4 


When uw is not zero, R(u)=e(t)P(2riu); it can be 
verified that there are no solutions of Eq. (10) unless 
a= 8. In the latter case, the solution may be constructed 
from an identity involving confluent hypergeometric 
functions; 


d 
(<+4)eve iF (a; 1+2a; 2kz) 


a 
= (<)ere F(a; 1+2a; —2kz). 
z 


If'a=ag/2ri, b=g/2mia, and ¢ is regarded as a param- 
eter, the solution of Eq. (8) is 


12(u,v) 
=[0(t)Go G(a,u)G(b, —2) 
—60(—t)GoG(—a, u)G(—b, —2) } 


Xexp{il (E(u—v)/4)+2(a0(u)+0(v)—) ]}, (11) 


where 
G(a,z)=2* F(a; 1+20; —iEz/2). 

The expression for 2; has u, » replaced by —u, —», 
except in the step functions 0(u), 6(v). It should be 
noted that an arbitrary linear combination of G(a,u), 
G(—a, u) can represent A(u) for a specific value of ¢ 
only if the 6 function in R(u) is ignored. This term 
requires A(u)~C(u), Eu/2<1, so that A(u) is G(a,u) 
or G(—a, %), but not a combination. When (1+2a) is 
integral, the solution which contains a logarithm is 
ruled out for the same reason. Equation (11) may be 
normalized so that ®,:—e(#) exp{ilE(u—v)/4]} as 


SCARF 


u—>— ©, 20 (x—-+— &), One finds® 





Ey\+¢+) T(iita)P(itd) __ 
GH=( — er riots) | (12) 


me P(1-+2a)P (1426) 


and as uw, r>— © (x>-+ 00), 
$1. €(t) exp{ila(a—b) + E(u—v)/4]}. 


The phase shift for 2; is of the same magnitude, but 
in the opposite direction. 

It can be seen that the phase shift, r(a—b), is 
arbitrary and only restricted by the condition 


ab= — (g/2n)”. 


The most general symmetric choice, a= a;+1a2, b= —a*, 
would yield a phase shift of (2a,7) and a wave function 
with infinite oscillations near the relative light cone. 
The presence of these extra solutions is directly con- 
nected with the factorization necessary to obtain 
Eq. (10); the interaction is essentially linear in g 
although the standard approximation leads to an 
equation in g*, which must then be factored. (When 
u=v=0, there is only one vertex in Fig. 1, and the 
interaction is of order g, not g’. Since a three-dimensional 
5 function does not scatter, this anomaly may be 
restricted to Thirring’s model.) The ambiguity intro- 
duced by this process would not seem to be a specific 
feature of the ladder approximation, but a property of 
the quadratic 8-decay type of interaction Hamiltonian, 
in any covariant approximation.® The spurious solutions 
are also not connected with the ambiguity in the actual 
definition of the coupling constant,’ which arises 
because g is defined as the coefficient of a 6 function. 


Ill. THE EXACT AMPLITUDE 


In order to compute the exact amplitude for finding 
two bare particles in a state of two physical particles, 
we use Glaser’s ordered-operator solution’ of the 
equations of motion, 


Wi (x,t) =$4(2;)Z4 


x sexp{ =f inf (> 2 


eile p') wi 
x—_c'o),| (13) 
p+—p-' 


with 2.=wW.=?, 2=wWi=u, pi= cc and g’= gt2an 
such that |g’/2r| <1. In Eq. (13), Z~ is a divergent 


5P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 611. 

6 The product R(u)R(v) in Eqs. (8), (9) may also be factored 
as [e(t)7R(u) ][e(t)-7R(v) ]. We have only examined the equations 
for y=0 since if y0 there is not a well-defined scattering process; 
the phase shift for y= 1 would be of the form r(a+5)e(t). 

7G. C. Wick, Phys. Rev. 80, 268 (1950). 





SCATTERING 


renormalization constant and 


0 


! 
;(t2)=—— f dp Ci(p)eir, 


(29) 


(14) 


with (C*C),=C1*(— p)Ci(— p’), (C*C)2 =C2*(p)C2(p’). 

The physical vacuum state is defined by a|0)=6|0) 
=), Ci(p)=[0(— p)a(p)+0(p)b*(— p) ], etc. The state 
of two physical particles is |2)=29C,*(p1)C2*(p2) | 0). 
Since 


[C.(p), Ci(p’) , =9, 


the operators in Eq. (1) may be rearranged after the 
For instance, if ¢>0, 


[C.(p), Ci*(p') |, =5:6(p— p’), 


exponentials are expanded. 
X12(a,b) = f (00,0, )h(ta,u,) and 


| 7 7 ” 
fous)= {0} f ay { pf dp’ e'"C(q) 
Bre TS San tate 
fs (mye 
2ri p’ p+— p-’ 


>x<C,*(— pCi — ?’) Jo ), 


after the renormalization constant is absorbed. 
other factor, /(u,,4,), is similar, but it involves 


(0 :Co*(p)Co(p’): Co(q)C2* (p2) | 0). 


For ¢<0, the order of the factors :C,*C;: and C; in f 
and h are reversed. 

Evaluation of the integrals must be carried out 
using the prescription that (p,)* has a branch cut from 
zero to +, and is real when is real and positive. In 
the center-of-mass system, ~:=—f~2.=E/2 (E>0), 


and [see Eq. (7) ] is given by® 
(u,v) =[0(1)H1(—v)H2(u) —0(— 1) A (u)H2(—») | 
NS Xexp{iLE(u—v)/4]}, (16) 


8W. E. Thirring has computed an alternate expression for ® 
[Nuovo cimento (to be published) ]. The two forms are actually 
equivalent, since it can be shown that H,(z)=H2(z) exp[ig6(z) ]. 
An analysis of and other scattering amplitudes for bare particles, 
renormalization effects, and the significance of the periodic 
dependence on g is contained in Thirring’s paper. 
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sing/2 p#?dk/2k,  \o* 
ny()={1-“ f —( -1) cl (17) 
shee” RANE 


Dn 


sing/2 ¢* dk /2k — 
H(z) -| ao — —f ( -1) é =| (18) 
T E/2 k E 


Since [ exp(—ikz) ]/k,—>— 29d (k)O(z), |s| +2, Hy (z) 
—<exp[ ig0(z)], He(z)—-1, in this limit. Thus, the 
scattering introduces a phase factor exp(ig). 

Equation (11) yields the same phase shift only ifa= —6 
=g/2m. For this choice of a and b, the correspondence 
between the two expressions for ® is, in some ways, 
remarkably close; except for the factor involving 
6(u), 0(v), Eq. (11) is in the form of Eq. (16) with the 
same asymptotic behavior for space-like separations.’ 
However, for large time-like separations (such as 
u—2, v0) Eqs. (11) and (16) predict different 
phase shifts. 

The other main differences between Eqs. (11) and 
(16) involve the dependence on FE and g. When E=0, 
the exact amplitude is infinite, but the approximate 
function has a well-defined limit (if a=—}b, Go is 
independent of £). Moreover, when g=27n, n integral, 
H,=H,=1. There is complete plane-wave propagation 
of the two particles and no scattering. On the other 
hand, for any nonzero value of g, Eq. (11) predicts a 
complicated form for ® at small separations. For 
a=—n—4 or a=—n (n>1), ® is a regular function of 
u, v even though some of the gamma functions become 
infinite. Care must be used with respect to the Stokes 
phenomenon only when a tends to +1. 

These differences indicate that the ladder approxima- 
tion is not accurate for time-like separations, or if g>7. 
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* It can be verified that [1—H2(z) ] exp(iEz/2) =CU2(1+2'/2x; 
1+-¢’/2x; iEz/2), where U2 is a confluent hypergeometric function 
of the third kind (see reference 5, pp. 612-614). 
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The effect of heavy mesons and hyperons on the anomalous magnetic moments of nucleons is discussed. 
The present investigation suggests that (a) K mesons behave as pseudoscalar particles in strong inter- 
actions, and (b) there exists a hitherto unobserved highly unstable heavy neutral scalar meson, which is 


coupled strongly to the nucleons. 


1. INTRODUCTION 


EVERAL authors'* have recently developed a field 
theory of the strong interactions of strange par- 
ticles, which is in agreement with the relation 


Q=/;+ Y/2, (1) 


of the Gell-Mann scheme, where (Q is the charge of the 
system in units of e, J; is the third component of the 
isotopic spin, and Y is the hypercharge. They have also 
made the reasonable assumption that all mesons have 
spin 0 and all baryons have spin 3. However, the theory 
still involves the following uncertainties: 

(1) The most general form of the interaction energy 
density contains eight coupling constants. It is not 
known what the values of these coupling constants are, 
and whether they are related to each other in a simple 
way. 

(2) The parities of the strange particles in strong 
interactions are not completely known. In particular, 
it is not known whether K mesons behave as scalar or 
pseudoscalar particles in strong interactions. 

(3) If we assume that J, Q, and Y in relation (1) can 
take only the simple values 


1=0,3,1, Q=0,+1, Y=0, +1, (2) 


then we find that the various mathematical possibilities 
just correspond to all the observed baryons and mesons 
except for one missing particle. The missing particle is a 
meson with O=0, J=0, Y=0, i.e., it is a neutral meson 
of spin 0, which is identical with its antiparticle. It is 
not known from experiments whether such a particle 
actually exists. 

In order to throw some light on these uncertainties, 
we shall apply the field theory of strange particles to 
the problem of the anomalous magnetic moment of the 
nucleon, which is one of the simplest phenomenon 
involving the interaction of strange particles. The 
anomalous magnetic moments of nucleons due to their 
pion fields have already been calculated,‘ and found 
to be in disagreement with the experimental values. If 


1B. d’Espagnat and J. Prentki, Phys. Rev. 99, 328 (1955); 
Nuclear Phys. 1, 33 (1956); d’Espagnat, Prentki, and Salam, 
Nuclear Phys. 3, 446 (1957). 

2 J. Schwinger, Phys. Rev. 104, 1164 (1956); Ann. Phys. 2, 
407 (1957). 

3M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

4 See H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. II, Sec. 46. 


the present theory of the strong interactions of strange 
particles is along correct lines, it should enable us to 
bring the theoretical results closer to the experimental 
values. Thus, from the present investigation we should 
be able to arrive at some interesting conclusions about 
the strong interactions of strange particles. 

In the present treatment, we shall also take into 
account the effect of the hypothetical neutral meson of 
spin 0, which we shall call the p® meson. Since the p° 
meson has not been observed so far, it probably decays 
very rapidly into pions. We shall, therefore, assume 
that the p® meson mass is greater than twice the pion 
mass but less than the K meson mass. 

2. INTERACTION OF STRANGE PARTICLES 

We can write the interaction terms, which will be 

needed in the present investigation, as°: 
H (pion, nucleon) = :[v2g(piysn)xt++-V2¢ (niiysp)at* 
+(piysp)x°—g(niysn)x]:, (3) 
H (p° meson, nucleon) = :[g’(jinp)p°+¢'(vinn)p®]:, (4) 
H (K meson, nucleon, hyperon) 
= {v2 f(aind-)K++v2 f(S-nn) K** 
+v2 f(pm=+)K°+v2 f(E+np) K* 
+ f(pmd)Kt++ f (2p) K** 
— f (tind) K°— f (Zn) K* 
+ f’ (pnd) K++ f’ (Anp)K** 
+f'(iinA)K°+f’ (Inn) K*]:, (5) 
H (photon, proton) = :[—te(py,p)A, ]:, (6) 
H (photon, hyperon) 
= [—ie(Sty,2*)A,+ie(Z-y,2-)A,]:, (7) 
ie { On** Ont 
H (photon, pion) =: -= (=), 
ch\ dx, Ox, 


e 
tart | : (8) 


5 We use ordered products in all the interaction terms in 
accordance with the ideas of an earlier paper [S. N. Gupta, Phys. 
Rev. 107, 1722 (1957)]. 
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H (photon, K meson) 


te /OK** 
LAS 
Ch\ Ox, 


Kt*Kt+A ‘| oe 
Ch 


In the above interaction terms a* denotes the field 
operator for charged pions, and it contains the annihi- 
lation operators for x* mesons and the creation oper- 
ators for their antiparticles. The field operators p, n, 
x*, etc., have a similar meaning. An asterisk denotes 
the Hermitian conjugate, while p=p*y,, etc. The 
operator in (4) and (5) is equal to ys or 1 according 
to whether the meson parity is odd or even. 


3. ANOMALOUS MAGNETIC MOMENTS 
OF NUCLEONS 


The Feynman diagrams for the anomalous magnetic 
moments of the proton and the neutron are shown in 
Figs. 1 and 2, respectively, and their contributions can 
be obtained by the usual methods of calculation. Since 
we can only hope to obtain a rough estimate of our 
results with the present theory, we shall for simplicity 
ignore the mass differences between the nucleons and 
the hyperons. In fact, there is a fairly widespread 
belief that these mass differences are due to self-energy 
effects, which may well be ignored in the present 
approximation. 

The first two diagrams in Figs. 1 and 2 represent the 
effect of the pion field on the anomalous magnetic 
moments of the nucleons, and their contributions are 
known to bet 


u,p(w)=0.035(g*/4arch), 
(10) 
bn(w) = —0.261(g?/4arch), 


where uw, and yu, denote the anomalous magnetic 
moments of the proton and the neutron in nuclear 

















Fic. 1. Diagrams for the anomalous magnetic 
moment of the proton. 
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magnetons, and we have taken the mass ratio of pions 
and nucleons as 0.15. 

The remaining diagrams represent the effects of the 
K meson field and the p® meson field, and their con- 
tributions are as follows: 


Pseudoscalar K-meson theory 
u,(K)=(f?/4rch)[4(1 + f?/ f?)T(X?/ x?) 
—_ 21 o(r? K- I, 
(f?/4arch) [Ty (A2/ x?) + 20 0(d?/x*) J, 


(11) 
p,A(K 


Scalar K-meson theory 
up(K)=— (f?/4ach) [414+ f?/ f?)I12/n*) 
— 2J2(d?/x*) J, 
un(K) = — (f?/4rch) [Jy (0?/x?) +27 2(d?/ x?) J, 


Pseudoscalar p°-meson theory 
uy(p°) = — (g’?/4arch)Io(X’2/x°), 


Un(p°)=0, 


Scalar p°-meson theory 
0 fo \ (\ 19 /9\ 
Lp(p°) = (g” Anch)J2(r” c), : 
(14) 
un(p°)=0, 
where A/x denotes the mass ratio of K mesons and 
baryons, \’/x denotes the mass ratio of p® mesons and 
nucleons, and 
ir 
4—a+ 
Te 


2a—a? 1 
— |n- 
2 a 


2a 5 tes 4a*+ a? 
cos"! 
*\1 

(4a—a?)} 


T,(a)= 


8a—6a?+a? a} 
+— cos’ (=) 4a 
(4a— a’)} 2 


3a—a? 1 
— |n- 
a 


4a—5a?+<a' ai 
inn OOS” (5) | (18) 
2(4a—a?)! 2 





SURAJ N. 











Fic. 2. Diagrams for the anomalous magnetic 
moment of the neutron. 


The mass ratio of K mesons and baryons is different 
for different baryons, but we shall roughly take® 
\/x=0.5. We then find 

T,X K ) =().06, 
Jy (A?/x*) =0.23, 


T2(d?/x?) =0.06, 
J 2(d?2/x?) =0.12. 


(19) 


Further, since the p® meson mass lies between the K 
meson mass and twice the pion mass, \’/« lies roughly 
between 3 and 3, and we find 

I.(4)=0.06, 


Jo(4)=0.12, 


I.(2)=0.07, 


(20) 


so that we can take the mean values of J2(X’?/x?) and 


Jo(X?/x?) as 


T2(d'?/x?)=0.065, J2(X?/x*?)=0.135. (21) 


4. DISCUSSION 


Since the role of the p® meson is quite similar to that 
of pions in the interaction of baryons, g” is probably 
of the same order as g’. Similarly, f? and f? should be 
of the same order. Further, it is believed that g*/4ach 
has a value of about 14, while speculations on the value 
of f?/4ach range from as low as 1 to as high as g*/4arch. 
Therefore, for the purpose of the present discussion 
we shall take 

fr= fr, 


1< f?/4arch <g*/4ach. 


g? =", 
g’/4rch= 14, 


(22) 

The anomalous magnetic moments of nucleons due 
to the pion field have the observed signs, but the 
magnitude of yu,(7) is too large while the magnitude 
of 4(m) is too small. Therefore, from the above results 
for the effect of the strange particles on anomalous 
magnetic moments, it seems fairly reasonable to draw 
the following conclusions: 


The quantities J;(a), J2(a), Ji(a), and J2(a) are not too 
sensitive to a small change in the value of a. 


GUPTA 


(1) We first consider the anomalous magnetic 
moment of the neutron, because it is not affected by 
the hypothetical p° meson. We have 


Mn=un(r)+un(K), (23) 
where u(r) is given by (10). If K mesons are pseudo- 
scalar, u,»(K) is positive, which tends to bring the 
theoretical result closer to the experimental value. On 
the other hand, if K mesons are scalar, u,(K) is nega- 
tive, which tends to increase the discrepancy between 
the theoretical and the experimental results. This seems 
to suggest that K mesons behave as pseudoscalar 
particles in strong interactions.’ 

(2) Taking the K mesons as pseudoscalar, we can 
express the anomalous magnetic moment of the proton 
as 

Myp=Hp(m) +up(K)+up(0"), (24) 
where u(r) and u,(K) are given by (10) and (11), and 
u,(p°) is found to be positive for the scalar p® meson 
and negative for the pseudoscalar p® meson. The theo- 
retical value of 4, comes much closer to the experi- 
mental value if the p® meson is scalar, while the situ- 
ation is just the opposite if the p® meson is pseudoscalar. 
Thus, the present investigation favors the existence of 
a scalar p® meson. 

We would like to emphasize that the above conclu- 
sions are based on qualitative arguments, because in 
the present approximate treatment we cannot attach too 
much significance to quantitative results. 

Finally, it should be observed that, taking the K 
mesons as pseudoscalar, the p® meson as scalar, g’*=g’, 
and f?= f?, we obtain 


bp=0.17(g?/4rch) —0.06( f?/4xrch), 


(25) 
Un= —0.26(g?/4arch)+-0.18( f?/4arch). 

If we equate the above theoretical values of u, and yp 

to their experimental values, we get 


g’/4rch=13.8, f?/4rch=9.3. (26) 
These values of the coupling constants, obtained by 
crude calculations, cannot be regarded as completely 
reliable. It is, however, gratifying to find that the above 
value of g?/4mch is in excellent agreement with other 


estimates of this coupling constant. 

7It is interesting to note that the fourth-order contribution of 
the pion field to yw, is also negative, as has been shown by 
Nakabayasi, Sato, and Akiba, Progr. Theoret. Phys. (Japan) 12, 
250 (1954). This lends further support to the view that the strange 
particles should make a positive contribution to pn. 
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